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VERSION which incorporates to the pubhshed one^ most of the addenda and errata of 
math. NT/0104152. It adds an additional correction to 3.2.3.2 and so restates the parts 
related to 6.4.1.1 2) which relied on 3.2.3.2 in a way which adds extra assumptions. Also: it 
cuts some commas, the's and above's, it replaces few "make use" by "using" and "proves" 
by "proofs" . It contains some replacements of some "-" by "-" as well as some replacements 
of the form "2.6-8" by "2.6 to 2.8". It enlarges slightly Step B of 3.2.17. 



E^'WARNING: The initial order of §6 has been preserved; however, the corrections performed imply that 
^ the right order to read §6 is the one mentioned in its beginning paragraph. Six footnotes added. 
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ABSTRACT. We prove the existence of integral canonical models of Shimura 
varieties of preabelian type with respect to primes of characteristic at least 5. 
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§1. Introduction 

1.0. Let the pair (G, X) define an arbitrary Shimura variety (cf. 2.3) and let Sh(G', X) be 
the canonical model of this Shimura variety defined over the reflex field E{G, X) (cf. 2.6 
to 2.8). Let p be a rational prime such that G is unramified over Qp. Let f be a prime of 
E{G, X) dividing p and let be the localization of the ring of integers of E{G, X) with 
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respect to it. Let H he a hyperspecial subgroup of G(Qp). Let be the ring of finite 
adeles with the p-component omitted. A smooth integral model of Sh(G, X)/H over 0(^,) 
is a faithfully flat 0(„)-scheme 3\f together with a continuous right action (in the sense of 
[De2, 2.7.1]) of G'(A^) on it such that: 

- its generic fibre with its induced G(Ap-action is Sh(G, X)/i/ with its 
canonical G'(A^.)-action; 

- there is a compact open subgroup Hq of G{A^) with the property that for any 
inclusion Hi C H2 of open subgroups of Hq, the canonical morphism J-i/Hi — > 3^/H2 
induced by the action of G(Ay) on is an etale morphism between smooth schemes of 
finite type over 0(„). 

In what follows it is irrelevant which hyperspecial subgroup H of G{Qp) we choose 
(cf. 3.2.7 2)), and so we often do not mention it. 

Langlands [La, p. 411] expected the existence of a good smooth integral model of 
Sh.{G, X)/H over 0(^,), without expressing what "good" should mean. Milne (see [Mi4, p. 
169] and [Mi3, footnote of p. 513]) conjectured the existence of a smooth integral model 
of Sh.{G,X)/H over 0(v) having an extension property similar to the extension property 
enjoyed by the Neron model (over a discrete valuation ring O) of an abelian variety A (over 
the field of fractions of O). Such a smooth integral model, if exists, is called an integral 
canonical model with respect to v (and H) (or simply an integral canonical model, as the 
prime v is determined by it) of our Shimura variety Sh(G, X). For p > 2, if it exists, it 
is unique due to the extension property it enjoys (cf. 3.2.4). If p > 2 and if Sh(G, X)/H 
does have an integral canonical model, then this model, as an object of the category of 
all smooth integral models of Sh(G, X)/i/ over 0(„), plays the same role (i.e. it is a 
final object) played by the Neron model of A, viewed as an object of the category of all 
smooth models of A over O (i.e. of the category of all commutative smooth groups over 
O having A as their generic fibres). Sections 3.2 to 3.5 present the general definitions and 
properties pertaining to integral models of Shimura varieties. Some important features are 
gathered in 3.2.3.2 and 3.2.12, while the descent of such integral models (based on 3.1.3.1) 
is explained in 3.2.13. 

The extension property mentioned above is with respect to healthy regular schemes 
over Of^^y We call a regular scheme Y fiat over a discrete valuation ring of mixed charac- 
teristic healthy if for any closed subscheme Z of the special fibre of Y of codimension (in 
Y) at least 2, every abelian scheme over the open subscheme of Y defined hy Y\Z extends 
to an abelian scheme over Y . We were forced to introduce the notion of a healthy regular 
scheme due to the fact that the statement 6.8 of [FC, p. 185] is not true in general (cf. 
[dJO] ) . However a regular scheme formally smooth over a discrete valuation ring of mixed 
characteristic, having a residue field of characteristic greater than one plus its ramification 
index, is healthy [Fa4]; see also 3.2.2 1). A complete proof of this fact is included in 3.2.17. 
The general theory of healthy normal schemes as well as different extension properties 
(like the extended extension property) defined with their help are presented in 3.2. As an 
independent result we get (cf. 3.2.2.1 and 3.2.3.3 2)): 

Proposition. If O ^ 0\ is a formally etale homomorphism between two discrete valua- 
tion rings, with O a henselian ring of mixed characteristic, then we have: 
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1) A regular scheme Y over O is healthy iff Yq^ is healthy. 

2) An 0-scheme Y has the extension property iffYo^ has the extension property. 

For the case when the inclusion O ^ Oi is just of index of ramification 1 see 2) of 
3.2.2.3 A) and 3.2.2.4 a). 

Integral canonical models of Shimura varieties of PEL type (these varieties are form- 
ing a subclass of the class -to be briefly reviewed in 1.2- of Shimura varieties of Hodge 
type) were constructed in [LR] (cf. also the correction in [Ko]). To our knowledge no 
concrete integral canonical model of a Shimura variety which is not related to one of PEL 
type (in the sense that their adjoint varieties are isomorphic) was previously constructed. 

This paper is the first among a sequence of five papers devoted to the existence, 
the compactification, and the understanding of points with values in perfect fields and in 
(regular formally smooth rings over) Witt rings over perfect fields of the integral canonical 
models of Shimura varieties of preabelian type; examples will be provided. The other four 
papers will be [Va2] to [Va5] . 

In this paper we are concerned with the existence of integral canonical models of 
Shimura varieties of preabelian type. A Shimura variety Sh(Gi,Xi) is said to be of pre- 
abelian type if there is a Shimura variety Sh(G2, X2) of Hodge type such that their adjoint 
Shimura varieties are isomorphic: Sh(Gf''^, Xf*^) ^ Sh(G2*^, Xf*^). Along our work we will 
give a strong support to the general point of view that all properties enjoyed by the in- 
tegral canonical models of Siegel modular varieties and by the universal abelian schemes 
over them, are also enjoyed (under proper formulation) by the integral canonical models of 
Shimura varieties of Hodge type (even of preabelian type) with respect to primes having a 
residue field of characteristic bigger than 2 and by the special abelian schemes over them 
(see 1.2.2 for the meaning of special used here). 

1.1. Our basic result (see 5.1) is: 

Theorem 0. With the above notations, if the Shimura variety Sh(G', X) is of Hodge type 
and if the pair {G, X) satisfies a slight condition {*) with respect to the prime p (assumed 
to be greater than 2) (cf. 5.1), then Sh(G, X) has an integral canonical model with respect 
to any prime v of E{G, X) dividing p (and any hyperspecial subgroup H ofG{Qp)). 

Fixing the pair (G, X) (of Hodge type), the condition (*) is satisfied with respect to 
any prime p big enough (see 1.2.6). For the proof of our basic result we rely heavily on 
the crystalline machinery developed in [Fal] to [Fa3] . 

1.2. To explain 1.1, we start with an injective map /: (G, X) {GSp{W, S) (cf. 2.4). 
Here the pair {GSp{W, ip), S) defines a Siegel modular variety (cf. Example 2 of 2.5). The 
existence of such an injective map is what defines the class of pairs {G, X) (defining a 
Shimura variety) of Hodge type. Let Z(p) be the localization of Z with respect to p. We 
assume the existence of a Z^p) -lattice L ofW such that the alternating form t(j:W(E)W Q 
induces a perfect form if): L ® L ^ '^{p) (i-^- induced Z(p-)-linear map from L into its 
dual L* is an isomorphism) and there is a family of tensors (fa)aeao Z(p)-modules of the 
form (L®L*)®", n e N, fixed by G and of degree at most 2{p-2) (if e (L®L*)®" then 
the degree of Va is 2n), and which is Z(p)-well positioned with respect to ij) for the group 
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G (see 4.3.4 for a precise definition of tfie notion of a well positioned family of tensors). 
Let K := {g e GSp{W, ip)iQp) \ g{L (g) Zp) = L (g) Zp}. The hypotheses on L imply that 
K is a hyperspecial subgroup of GSp{W,'i/j){Qp) and that the Zariski closure G^f^^^ of G 
in GSp{L,'il;) is a reductive group over So the intersection H :— G{Qp) H K is a 

hyperspecial subgroup of G{Qp). We choose a Z-lattice Lz of W such that ip induces a 
perfect form i/;: Lz<^ Lz ^ Z and L — Lz®Z(^py Let {va)ae3 (with 2\o C ^J) be an enlarged 
family of tensors in the tensor algebra oiW® W* {W* being the dual Q-vector space of 
W) such that G is the subgroup of GSp(W, if)) fixing the tensors of this family. The choice 
of the lattice Lz and of the family (f a)a€a allows the interpretation of Sh(G, X){C) as the 
set of isomorphism classes of principally polarized abelian varieties over C of dimension 
g (with 2g = dimQ{W)), having all level structures, carrying a family of Hodge cycles 
(^a)ae0 and satisfying some additional conditions (cf. 4.1). 

1.2.1. It is well known that the Z(p) -scheme M parameterizing isomorphism classes of prin- 
cipally polarized abelian schemes of dimension g over Z(p) -schemes, having level- A?^ sym- 
plectic similitude structure for any N eN relatively prime to p, together with the canonical 
action of GSp(W, '0)(Ap on it, is an integral canonical model of Sh(GSp(W, ijj), S)/K over 
Z(p) (see 3.2.9). 

1.2.2. The normalization 3\f of the Zariski closure of Sh.{G, X)/ H in Mo(„) is a normal 
integral model of Sh.{G, X)/H having the (extended) extension property (cf. 3.4.1; see 
def. 2) and 3) of 3.2.3). This integral model is an integral canonical model of Sh(G, X)/H 
iff K is formally smooth over 0(^,) (cf. 3.4.4). The universal principally polarized abelian 
scheme over M gives birth to a principally polarized abelian scheme (/l, IPyi) over K, which 
we call special. Let F be the algebraic closure of the residue field k{v) of v. 

Hodge cycles are (presently) defined only in characteristic zero. But the Hodge cycles 
(of degree not bigger than 2(p — 2)) of an abelian scheme over a discrete valuation ring 
which is finite flat over a ring W{k) of Witt vectors of a perfect field k of characteristic 
p are well behaved (cf. [Fa3, Cor. 9]) with respect to the integral version of Fontaine's 
comparison map (see [Fa3, Th. 7]). Using the above hypotheses on the Z(p) -lattice L, we 
first exploit (cf. 5.2.12) the good behavior of Hodge cycles under the integral version of 
Fontaine's comparison map (i.e. we first pass from a reductive group in the etale Zp-context 
to a reductive group in the integral crystalline, de Rham context). Then we use (cf. 5.2.10) 
de Rham conjecture of [Fal] and [Fa2] to construct (cf. 5.3 and 5.4) local deformations of 
(principally polarized) abelian schemes of dimension g (having some level structures) over 
VF(F), carrying a family of Hodge cycles and satisfying the required additional conditions. 
With these deformations we prove the formal smoothness of K. The jiain new idea besides 
the ones of (the original versions of) [Fa3] is the use of the ring Re introduced in 5.2.1 
(here e e N). It is a projective limit of artinian W^(F)-algebras; this fact plays a key role 
in 5.3.2. 

We detail the above two steps. Let y: Spec(F) ^ y^w{v) be a closed point, and let V 
be a discrete valuation ring which is a finite flat extension of W{¥) such that y can be lifted 
to a point zy'- Spec(F) — > ^h'(f)- Let e := [F : Vr(F)] and let ET'e be the normalization of 
Re inj.ts fleld of fractions. First we show, starting from zy-, the existence of a morphism 
Spec(i?"'e) — > yiw{k) lifting y (5.3.1.1). Using the natural epimorphism ET'e -» W{¥) (cf. 
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5.3.4), we deduce the existence of a good lift Zy^(^^y. Spec(VF(F)) — > Jiw{v) of V- Second we 
use directly [Fa3, Th. 10 and the remarks after] in the context provided by zw{¥) (see 5.4 
to 5.5). 

1.2.3. On the way of proving the formal smoothness of 3\f we obtain (cf. 5.2.16) an 
improvement in the Principle B of [Bl, 3.1]. 

1.2.4. Chapter 5 is entirely devoted to the construction of such local deformations and 
to the proof of the formal smoothness of 3Sf, while the general (needed) theory of well 
positioned families of tensors for a reductive group is presented in 4.3. The most useful 
well positioned families of tensors (of a general nature) are presented in 4.3.10 b) (see also 
4.3.10.1) for the case of a semisimple group and in 4.3.13 for the case of a torus. For 
the case of a reductive group we use families of tensors formed by putting together well 
positioned families of tensors for its derived group and well positioned families of tensors 
for its toric part (i.e. for the maximal subtorus of its center): Lemma 3.1.6 allows us to do 
this (cf. 4.3.6 2)). The behavior of hyperspecial subgroups with respect to homomorphisms 
of reductive groups needed for this general theory is described in 3.1.2. 

The proof of 4.3.10 b) is in two parts. The first part is a criterion of when a Lie 
algebra over a reduced ring R comes from a semisimple group Gn over R. The second part 
is a criterion of when a representation of Lie(Gi?) comes from a representation of Gr. 

1.2.5. In 5.7.5 we illustrate our ideas in the case of classical Spin modular varieties of 
odd dimension (and rank two), while in 4.3.1 we show how, the previously known case 
of Shimura varieties of PEL type, is (for p > 3) a particular case of our approach via well 
positioned families of tensors. 

1.2.6. The condition (*) means: there is an injective map /: (G, X) ^ (GSp(VF, tp), S) for 
which there is a Z(-p) -lattice L of W satisfying the conditions mentioned in the first para- 
graph of 1.2. Fixing an injective map /: {G, X) > {GSp{W, ijj), S), for any rational prime 
p big enough (with an effectively computable bound, just in terms of the representation 
G — > GL{W)), we can find a Z(p)-lattice LofW satisfying these conditions (cf. 5.8.7 and 
5.8.1). 

We use only Z(p)-well positioned families of tensors having only tensors of degrees 
2 and 4, and the condition p>5 (cf. the inequality 4<2(p — 2)) is needed just for being 
allowed to use tensors of degree 4. The most useful tensors of degree 4 are presented in 
4.3.2. In essence we are using only three tensors of degree 4. Fixing the injective map 
/, these tensors are endomorphisms of End(VF) (we are identifying End(End(W^)) with 
{W W^*)®2 and End{W) with End{W*)): 

- the first one (cf. 4.2.1) is the projection 7r(Lie(G"^^'^), W) of End(W) on Lie(G"^^'') 
along the orthogonal complement of Lie(G'^®'^) with respect to the trace bilinear form on 
End(H^); 

- the other two tensors B and B* are elements of End(End(VF)) expressing that the 
Killing form on Lie{G'^^^) is perfect. 

Part b) of 4.3.10 together with a well known fact on Shimura varieties of Hodge type 
(expressed in the proof of 5.7.1 by s(Lie(G'^®'^), W) = 2) imply: 
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Fact. The family of tensors formed by 7r{Lie{G'^'^^), W), B and B* is 'Z(^pywell positioned 
for G"i«=^ 

The role of i/j is irrelevant here and so we do not need to mention with respect to ijj. 

1.2.6.1. The condition (*) is satisfied if there is a Z(p)-lattice L of W such that i/j: L{^p) ® 
L(p) — > Z(p) is perfect, the Zariski closure of G in GSp{L(^p^,'il;) is a reductive group over 
Z(p) and the above three tensors are integral with respect to it (cf. 5.7.1). This forms a 
simple criterion for a practical form of Theorem 0. 

1.2.6.2. The use of tensors (Hodge cycles) of degree 4 allows us to have a uniform treat- 
ment of all Shimura varieties of Hodge type, with no preference for Shimura varieties of 
PEL type. But we would like to remark that, as it will be seen along our work (cf. [Va2]), 
the study of Shimura varieties of Hodge type of Ai, Bi or Df type (see [De2] for the pos- 
sible types of a Shimura variety) is (somehow) easier than the study of Shimura varieties 
of Hodge type of Ci or Df type. 

1.3. We prove (6.5.1.1) the Z(p)-version of the main result of [De2]. In its simplified form 
(6.4.2): 

Theorem 1. For any adjoint Shimura variety Sh(Go,-^o) of ahelian type and for any 
prime p>5 such that Gq is unramified over Qp, there is a Shimura variety of Hodge type 

Sh{G,X) having Sh(Go5^o) o.^ its adjoint variety, with G unramified over Qp, and such 
that the pair {G,X) satisfies the condition (*) (of 5.1) with respect to p. Moreover, for 
any Shimura variety Sh(Gi,Xi) of abelian type having Sh(Go,-^o) o.s its adjoint variety, 
there is an isogeny G'^^'^ Gf'^^. 

1.3.1. There are three main tools needed for the proof of Theorem 1. The first two are 
provided by [De2, 2.3.10] and by the above Fact, via 1.2.6.1. But they are not enough: it 
is not always possible to find a Z(p)-lattice L of as in 1.2.6.1. For instance the Killing 
form of the Lie algebra of a simple split adjoint group of Bi Lie type over W{¥) is not 
perfect if p divides 2/ — 1, / e N. The third tool (cf. 6.5 and 6.6) is the construction of 
injective maps /: {G,X) ^ {GSp{W,'i/j), S) such that there is a reductive subgroup G of 
GL(W) (we are not bothered if it is or it is not contained in GSp{W, i/j); however see 6.6.2) 
containing G, unramified over Qp, and such that: 

- a variant of 1.2.6.1 (for instance cf. 5.7.4 and the proof of 6.5.1.1) can be applied 
to G'i^''; 

- we can "regain" G out of G by using endomorphisms of W fixed by G (i.e. we have 
a relative PEL situation, see 4.3.16). 

The construction of such injective maps is carried out in 6.5 and 6.6. It relies heavily 
on the classification [De2] of types of simple, adjoint Shimura varieties of abelian type: for 
each such type we have to proceed differently (but similarly). 

1.4. Theorem 1 implies a positive answer to Milne's conjecture in the case of Shimura 
varieties of preabelian type for primes p>5 (6.4.1): 
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Theorem 2.* // (G,X) defines a Shimura variety of preabelian type and if p>5 is a 
rational prime such that G is unramified over Qp, then Sh(G, X) has an integral canonical 
model with respect to any prime v of E{G, X) dividing p. 

As a scheme this model is a pro-etale cover of a quasi-projective smooth scheme over 
Chapter 6 is devoted to the proof of Theorem 2 (via Theorem 1). The passage 
from the existence of integral canonical models of Shimura varieties of Hodge type to the 
existence of integral canonical models of Shimura varieties of preabelian type is explained 
in 6.1 and 6.2. 

The passage from the Hodge type case to the abelian type case is achieved by taking 
quotients through group actions (cf. 6.2.2). The groups involved are M-torsion groups 
for some M e N (cf. the proof of 6.2.2). In all cases, except the case when we deal with 
Shimura varieties of whose adjoint varieties have a simple factor of Ai type, and with a 
prime p dividing / + 1, this is straightforward, as M is relatively prime to p (cf. 3.4.5.1 
and 6.2.2). When p divides M we have to express more concretely these group actions 
and to prove that they are free actions. This is achieved in 6.2.2.1, based on properties of 
adjoint groups to which a particular study of adjoint filtered Lie cr-crystals attached (see 
5.4.6) to maps Zw{w) as in 1.2.2 gets reduced (here a is the Frobenius automorphism of 
VF(F)). Regardless of how are M and p we need the fact (again cf. the proof of 6.2.2) 
that the integral canonical models obtained through Theorem are moduli schemes (of 
abelian schemes). This passage is supported by simple variants (cf. 3.2.14 and 6.2.3) of 
[Del, 1.15]. 

The passage from the abelian type case to the preabelian type case is achieved via 
the normalization procedure (cf. 6.1). 

The paper contains a complete proof of Theorem 2 for the abelian case, while the last 
step (6.1.2) needed for the proof in the case of Shimura varieties of preabelian type which 
are not of abelian type will be presented in [VaS], as it requires the formalism of smooth 
toroidal compactifications of integral canonical models of Shimura varieties (of preabelian 
type). For a discussion and another approach, see 6.8. In 6.8 a complete proof of 6.1.2 is 
included for the case when Jsf is a pro-etale cover of a proper scheme over and for the 
generic situation (i.e. for when p is big enough) of the general case. It is based on 3.2.11 
and [De2, 2.3.8]. For the sake of convenience, the results depending on the proof of 6.1.2 in 
the remaining cases (they are described in 6.8.6), are labeled (cf. 6.1.2.1) with a star. So 
also Theorems 2 and 3 are labeled. Warning: the labeled results are proved here entirely 
for the abelian type and for the generic situation. The independent result 5.6.5 h) is not 
proved here: it is labeled with two stars. 

1.4.1. For making some of the main results easily accessible to a larger mathematical 
community, we state in 6.4.10 a simple criterion of how to recognize an integral canonical 
model whose existence is guaranteed by Theorem 2. 

1.5. Different quotients of integral canonical models of a Shimura variety Sh{G,X) of 
preabelian type with respect to primes v of E{G, X) having a residue field of characteristic 
at least 5, can be glued together (see 6.4.3 and 6.4.4). To state this precisely let S be the 
set of primes whose elements are 2, 3 and the primes p > 5 for which G is ramified over Qp. 
It is a finite set. We write the ring of finite adeles as a product A/ = dlgGS^^) ^ ^f- 
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Let be a compact open subgroup of G{A^) of maximal volume (with respect to a Haar 

measure on the locally compact group G{A^)). It is a product of its g-components (for 
primes g ^ S), and every such g-component of it is a hyperspecial subgroup H'^ of G{Qq) 
(regardless of the chosen Haar measure). We have: 

Theorem 3.* We consider a compact open subgroup H§ of G{Y[q^g,Qp) such that for 

any prime I ^ S, either Hg x is l-smooth for {G,X) in the sense of 2.11 or there is 
no element o/Gf^((Vo) of order I; here Vq is the completion of the maximal unramified 
extension of Iji and Gzi is the reductive group over Z; having Gq, as its generic fibre 
and as its group of Zi-valued points. Then there is a quasi-projective smooth scheme 
M(iy§) over the normalization 0(s) of Z\jj^ — ] in E{G,X), uniquely determined by the 

fact that its generic fibre is Sh{G, X)/Hg x and that, for any prime v of E{G,X) 
dividing a rational prime q ^ B, the normalization of 'M{Hg)o^^y in the ring of fractions 
of Sh.{G , X) / H'^ is the integral canonical model of Sh.{G, X) with respect to v (and H'^). 

These smooth schemes are the analogue of the schemes (attached to Siegel modular 
varieties) parameterizing principally polarized abelian schemes (of a given dimension) hav- 
ing a finite symplectic similitude level-structure. They enjoy a very important extension 
type property (cf. rm. 1) of 6.4.6). They are models over "punctured" ring of integers 
(of number fields) of quotients of (some) finite disjoint unions of Hermitian symmetric 
domains by (some) arithmetic subgroups. In rm. 3) of 6.4.6 we explain why the notation 
M{H§) is quite justified. For the compact case (i.e. when Sh.{G,X) is a pro-etale cover 
of a projective smooth E{G, X)-sch.eine) see 6.4.11. The proof of Theorem 3 is based on 
6.2.4.1, which is a natural consequence of the ideas presented in 6.2.3, in the proof of 6.2.2 
and in 6.5 and 6.6. 

1.6. We present now the part of [Va2] which brings more light to some parts of the present 
paper. All that follows in 1.6 to 1.8 could have been equally well presented as remarks at 
different places of §5 and §6; but for the sake of convenience, we gathered all these results 
(referred to in §5 and §6) here. 

We extend the well known results (for Siegel modular varieties) concerning the ex- 
istence of an ordinary type and the existence of the canonical lift of an abelian variety of 
ordinary type, to any special principally polarized abelian scheme (^1, Ta) over an arbi- 
trary integral canonical model !N of a Shimura variety Sh(G, X) of Hodge type with respect 
to a prime v of E{G, X) dividing a rational prime p > 5 (cf. also [Val]). Let J^kiv) be the 
special fibre of N. Using the notations of 1.2 we obtain: 

- a G-ordinary type (with respect to the prime v and the injective map /: (G, X) > 
{GSp{W, 'ip),S)), which is the formal isogeny type associated to abelian varieties (obtained 
from A by pull back) over the geometric points of a Zariski dense open subscheme of y^k{v)', 

- G-ordinary points of T^kiv) (these are the points of 'Nk{v)j with values in a field, 
with the property that the abelian varieties over them obtained from A by pull back, have 
as a formal isogeny type, the G-ordinary type); 

- G-canonical lifts of G-ordinary points with values in perfect fields (these G-canonical 
lifts are points of K with values in rings of Witt vectors of perfect fields). 
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The G-ordinary type we obtain is a usual ordinary type iff the field k{v) has p 
elements. If this is so then the abelian variety over W{k) obtained from A by pull back 
through a G-canonical lift of a G-ordinary point (with values in the perfect field k) of 
}sffc(„), is the canonical lift of an abelian variety of ordinary type. 

1.6.1. The point defined by the generic fibre of the G-canonical lift of a G-ordinary point 
of y^kiv) with values in the algebraic closure of k{v) is a special point of y^E{G,x) (see 2.10 
for the definition of special points). 

We also prove another conjecture of Milne [Mi5, 0.1] (cf. 5.6.5, 5.6.6, 5.8.8 and [Va2]). 

1.6.2. To any point y: Spec(/c) y^k{v) (with k an algebraically closed field) we attach 
(see 5.4.6 for the case k = ¥) a Lie cr-crystal (g, cp): is the Lie algebra of a reductive group 
over W{k) whose fibre over Kq := W^(^) [^] is Gk,,, while cp is a cr-linear automorphism 
of (S) Kq (ct being the Frobenius automorphism of Kq) such that (p{pQ) C g. Any lift 
z: Spec{W (k)) 'N of y produces naturally a filtration = F'^{g) C F^{g) C F^{g) C 
F-i(0) = such that ^{^FHq) + F°(s) + P9) = Q- So (s, ^, ^^(g), F^s)) is a p-divisible 
object of the category M3'[-i^i]{W{k)) (defined in [Fal]). Also F^{g) is a parabolic Lie 
subalgebra of g and F^{g) is the Lie algebra of its unipotent radical. The point y is a 
G-ordinary point iff there is a lift z of it to W{k) which makes (by adding filtrations) the 
Lie cr-sub crystal of (g, (/?) corresponding to non-negative slopes to be a p-divisible object 
of the category M5'[o,i](M^(/c)) (of [Fal]). Such a lift z, if exists (i.e. if y is a G-ordinary 
point), is unique and defines the G-canonical lift of y. 

These Lie a-crystals allow us to achieve a stratification of y^k{v) iii G(A^) -invariant 
locally closed subschemes indexed by Newton polygons of the attached cr-crystals 0(1) (we 
tensor with W{k){l) to get only non-negative slopes) similar to the one enjoyed by special 
fibres of integral canonical models of Siegel modular varieties. The G-ordinary points of 
l^kiv) are the points of the (generic) Zariski dense open stratum. 

1.7. We also show how the results mentioned in 1.6.1, together with their proofs, can 
be used for handling the Langlands-Rapoport conjecture ([LR]; see [Mi5] and [Pf] for 
the correct formulation) for an arbitrary integral canonical model ?sf of a Shimura variety 
Sh(G, X) of preabelian type with respect to a prime v of E{G, X) having a residue field 
k{v) of characteristic p>5. 

Let F be the algebraic closure of k{v) and let $ be the Frobenius automorphism of it 
having k{v) as its fixed field. To the triple (G, X, v) it is attached a set M(G, X, v) on which 
G(Ap and $ act (cf. [Mi5] and [Pf]). The Langlands-Rapoport conjecture for K (or for the 
triple (G, X, v)) asserts the existence of a bijection of sets fj^: M{G, X, v) ^(F), preserv- 
ing the actions of G(A^) and $ on them. The existence of the canonical Lie stratification 
of the special fibre 'Nk{v) of ^ allows a formulation of the Langlands-Rapoport conjecture 
for any individual stratum of this stratification. To prove the Langlands-Rapoport conjec- 
ture for ?s[ is the same as proving the Langlands-Rapoport conjecture for each individual 
stratum. We do prove it for the open stratum. 

1.7.1. The proof of [Mi5, 0.1] together with [Mi5, 6.4] imply (cf. also [Mi5, 6.12]; [Mi5, 
6.12] is worked out under the hypothesis of [Mi5, p. 24]: it can be removed, cf. 5.6.4) 
that the Langlands-Rapoport conjecture is true for 3\f if Sh(G, X) is a Shimura variety 
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(whose adjoint factors are) of Ai, Bi, Ci or Df type, modulo a sufficiently good theory 
of reduction of Hodge cycles mod p (very important progress was made in this direction 
by Milne, conform the presentation in [Mi5]). We explain why the use of such a theory 
of reduction of Hodge cycles can be avoided for all Shimura varieties of preabelian type. 
We first prove that the integral canonical models of Shimura varieties of Df type can be 
treated entirely as the other Shimura varieties: if there is a special principally polarized 
abelian scheme {A, over 3\f (this implies that Sh(G', X) is a Shimura variety of Hodge 
type; so 'y^E{G,x) is a moduli space of principally polarized abelian schemes of a given 
dimension, having a family of Hodge cycles and some level structures, and satisfying some 
extra conditions, while Ae(g,x) is the universal abelian scheme over 'y^E(G,x))^ then for 
any point y: Spec(/c) with k an algebraically closed field of characteristic p, any 

principally polarized abelian variety over k which is G-isogenous to {Ay,pA ) (i.e. it is 
isogenous in a sense involving the cycles) is G-isomorphic (i.e. it is isomorphic in a sense 
involving the cycles) with {Az,pa^) for some /c- valued point z of (in other words the 
G-isogeny classes are as expected to be). Here the principally polarized abelian varieties 
{Ay,pAy) and {Ag,pA^) are obtained from (A, CPyi) by pull back through y and respectively 
z. 

As an application of this we show the existence in the general case of 1.7 of an 
injective map fy{: M{G, X,v) ^ X(F) preserving the actions of G(Ap and $ on them 
(the F- valued points of the open stratum of 'Nkiv) are in the image of fj^). Moreover we 
prove that fy^ is a bijection (and so that the Langlands-Rapoport conjecture for X is true) 
if the residue field k{v''^'^) of the prime v^'^ of E(G^'^j X^"^) divided by v has precisely p 
elements, or if (G^^,X^^) has all the simple factors of Ai, Bi or Df type, with I e N. 

1.8. In [Va3] we introduce the notion of an integral canonical model of a Kuga variety of 
Hodge type. Their existence is implied by the existence of integral canonical models of 
Shimura varieties of Hodge type. These models allow us to prove the existence of smooth 
toroidal compactifications of integral canonical models of Shimura varieties of preabelian 
type (this has been cojectured by Milne [Mi4, 2.18]): Any integral canonical model 'N 
of a Shimura variety Sh(G, X) of preabelian type with respect to a prime v of E{G, X) 
dividing a rational prime p > 5, admits plenty of smooth toroidal compactifications and has 
a minimal (normal) compactification 'N"^^. The smooth toroidal compactifications of !N 
are obtained from 3^"^'^ through blowings up. In particular, if y^E{G,x) is a pro-etale cover 
of a projective scheme over E{G,X), then 3\f is a pro-etale cover of a projective smooth 
scheme over 0(„). 

The toroidal compactifications of Shimura varieties of Hodge type are obtained 
through the same procedure (as the integral canonical models are obtained) of taking 
the normalization of the Zariski closure of smooth toroidal compactifications (over number 
fields) of quotients of Shimura varieties of Hodge type in (extensions to etale -algebras 
of) smooth toroidal compactifications of quotients of integral canonical models of Siegel 
modular varieties constructed in [FC] (cf. [Har] for the non-integral part over number 
fields). So we get special semi-abelian schemes over smooth toroidal compactifications of 
integral canonical models of Shimura varieties of Hodge type. 

See [Va3] for definitions and for the proofs of the results mentioned in 1.8. 
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1.9. A part of the results presented in this paper, is a completely revised and improved 
version of the first part of our thesis [Val] . For the sake of not making this paper too long, 
in 4.3.11, 6.3, 6.5.1.1 and 6.6 we use also the notations of other papers. 

The reader who is interested just to have a pretty good idea about what is going 
on in this article can follow the route: 3.2 (to pick up whatever the reader is not familiar 
with), 4.1, 5.1, 5.6 to 5.8 and 6.4. 

We would like to thank Prof. Gerd Faltings for his encouragements to approach 
gradually the topics mentioned above, for numerous discussions we had about his recent 
results [Fa3] and [Fa4] (results without which this work would have had fewer fruits), for 
his advices and correction of the proofs of 5.1 and 3.4.5.1. We would like to express our 
gratitude to Prof. James Milne, whose very beautiful and deep work [Mil] to [Mi6] is 
highly inspiring to us and whose conjectures (sec [Mi3] to [Mi5]) were the starting point of 
our work. We are also very much obliged to [De2]. We would like to thank Ben Moonen 
for asking us how healthy schemes behave with respect to the pull back operation through 
morphisms of schemes defined by homomorphisms of index of ramification 1 between two 
discrete valuation rings of mixed characteristic (this was the starting point for a great part 
of 3.2.1 to 3.2.3), and for the request of enlarging the presentations of 4.3.10 b) and 6.2.2. 
We would like to thank Prof. Pierre Deligne for pointing out a mistake in a preliminary 
version of 3.2.2 4). 

I would like to thank Princeton University, Max-Planck Institute from Bonn, FIM, 
ETH-Ziirich and UC at Berkeley for providing us with excellent conditions for the writing 
of this paper. This work was partially supported by the NSF grant DMS 97-05376. 

§2. Preliminaries 

We fix our notations by mostly reviewing some well known facts (cf. [Del], [De2] 
and [Mi4]). 

2.1. Notations and conventions. Reductive groups over fields are always assumed 
connected. Reductive group schemes are understood to have connected fibres. For a 
reductive group G over a scheme we denote by G*^®^, Z{G), G^^ and G^"^, respectively, the 
derived group of G, the center of G, the maximal abelian quotient of G and the adjoint 
group of G. We say that a reductive group G over Q is unramified over Qp {p being a 
rational prime) if Gq is unramified over Qp. For G an affine group scheme over a scheme 
S we often denote by Lic(G') its Lie algebra, and in the case when G is a reductive group 
scheme we denote by Aut{G) the group scheme over S defined by automorphisms of G. 

If X is a set endowed with an equivalence relation R C X x X, we denote by 
[x] e X/R the equivalence class of x E X. For a map f:A^B and for a subset Ai of A, 
we denote by f\Ai the restriction of / to ^i. If f: A ^ B and g: B ^ C are morphisms 
in some category we refer to (7 o / as the composition of / with g. All projective limits of 
schemes are assumed to be filtered, with affine transition morphisms. 

The expression (G, X) always denotes a pair defining a Shimura variety, while E{G, X) 
denotes its attached reflex field. Also Sh(G, X) denotes the Shimura variety defined by 
(G, X), identified in 2.3 to 2.8 (resp. in the rest of the paper) with the complex variety 
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(resp. with the canonical model of the complex variety). For an arbitrary compact sub- 
group K of G{Af), we denote by ShxiG, X) the quotient of Sh(G, X) by K. Any x & X 
and any a G G{Af) define a complex point [x, a] of ShxiG^X). 

If /c is a field we denote by k its algebraic closure. For a perfect field k, W{k) is 
the ring of Witt vectors of k. Always Vq denotes such a Witt ring for A; = and then Kq 
automatically denotes its field of fractions. If v is a prime of a global field E, we denote by 
k{v) its residue field and by 0(^jj^ the localization of the ring of integers of E with respect 
to it. The maximal abelian extension of E is denoted by E^^. For a local ring R we denote 
by R^, R^^ and R respectively its henselization, its strict henselization and its completion 
with respect to its maximal ideal. 

Let p be a rational prime. We usually write Z(p) instead of 0(p) . The ring of finite 

adeles Z (8)z Q is denoted by A/ and the ring of finite adeles with the p-component omitted 
is denoted by Aj. We use freely different Tate-twists: Q(l), Qp(l), Zp(l), A/(l) etc. For 
G a linear group over Q, G{A) is endowed with the coarser topology which makes all the 
maps G{A) — > Aq(A) = A, induced by morphisms G — > Aq, continuous (Aq being the 
affine line over Q). Similarly for G{Af). If G is a linear group over the field K of fractions 
of a discrete valuation ring (abbreviated DVR), then G{K) is endowed in the same manner 
with a topology. We denote by Fp the field with p elements and by F its algebraic closure. 

A continuous action of a totally discontinuous locally compact group on a scheme S 
is always in the sense of [De2, 2.7.1] and is a right action. The purity theorem stated in 
[SGAl, p. 275] is referred as the classical purity theorem. A quasi-projective or projective 
morphism is always understood in the sense of [Hart] . 

For every free module M of finite rank over a commutative ring R we denote by M* 
its dual. For any non-negative integer n, we denote by M®"^ the tensor product of n-copies 
of M. By the tensor algebra of M we mean ©n6Nu{o}^®''- If G M®" O M*®"^, with 
n and m non-negative integers, we denote by deg(fQ,) := n + m its degree. A family of 
tensors of the tensor algebra of M is usually denoted in the form (fa)aea; with J a set. 
A bilinear form on M is called perfect if it induces an isomorphism from M into its dual 
M*. Occasionally we also denote by K* the group of invertible elements of a field K. 
A pair (M, t(j) with M as above and with t(j a perfect alternating form on it, is called a 
symplectic space over R. We use the same notation for two perfect alternating forms if 
they are obtained one from another by extension of scalars. 

For a finite surjective etale morphism Spec(i?i) — > Spec(i?o) and for a reductive 
group G over Ri, Bjesji^/ji^G denotes the reductive group over Rq obtained from G by 
restriction of scalars. 

For an abelian variety A over a field k of characteristic zero we denote by Vf{A) 
the free A/-module (^m ker(n:yl^ ^k)) ®z Q- We use freely the terminology of Hodge 
cycles of A used in [De3]. A polarization of an abelian scheme A over a scheme Y is 
usually denoted by pA (or py), and by abuse of notation we still denote by pA (resp. 
Py) the different maps on the co ho mo logics (homologies) of A induced by it. A pair of 
the form {A,pa) (or {A,py)) always denotes a polarized abelian scheme over Y. For an 
abelian scheme A over Y, A^ denotes the dual abelian scheme of A, while for any N eN, 
we denote by A[N] the finite fiat group scheme over Y defined by the A/"-torsion points 
of A. By a level-N structure of an abelian scheme A (over Y) of dimension d, we mean 
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an isomorphism k: L(N)y A[N] of finite group schemes over Y; if moreover A has a 
principal polarization pA, then by a Icvcl-N symplectic similitude structure of {A,pa), we 
mean a similitude (symplectic) isomorphism {L{N)y, ip) — * {A[N],pa)- Here {L{N), if)) is a 
symplectic space over Z/A^Z of dimension 2d\ L{N) is viewed as a finite fiat group scheme 
over Spec(Z). If A is an abelian variety over C then H''{A,Q), Hi{A, Z), etc., i e NU {0}, 
refer to groups of the Betti cohomology and homology of A. 

We will have four more sections of notations at appropriate moments: 3.2.6, 4.3.3, 
5.7.2 and 6.6.1. 

2.2. The torus §. Let § be Resc/MGrrj. We have: §(M) = C* and §(C) = C* x C*. The 
last identification is made in such a way that the inclusion R ^ C induces z — > {z,z). 

To H an algebraic group over M and to a homomorphism x:S H, we associate two 
homomorphisms of algebraic groups: n^iGrn He given on complex points hy z ^ 
xc{z, 1), z G Gm{C) — C*, and (the weight homomorphism) Wx-Grm — H, given on real 
points by r ^ a;(r)-^ r e (G^(M) = R* C C* = §(M). 

2.3. Definition of a (complex) Shimura variety. A Shimura variety is defined by a 
pair [G, X), called a Shimura pair, comprising from a reductive group G over Q and from 
a (T(]R)-conjugacy class X of homomorphisms S Gr satisfying the following axioms: 

(SVl) for each x G X, the Hodge structure on the Lie algebra of G defined by Ad ox: S 

GLiQR) is of type {(1, -1), (0, 0), (-1, 1)}; 

(SV2) for each x G X, adx(z) is a Cartan involution of G'^; 

(SV3) G^'^ has no factor defined over Q whose real points form a compact group. 

Let X E X. Let Koo be the subgroup of G(]R) fixing x. It is a maximal compact 
subgroup of G(M) iff G^^(M) is compact (cf. SV2). We have X = G{R)/K^, with x 
corresponding to the equivalence class of the identity element. 

Axiom SVl implies that the homomorphism Wx is independent of x & X. We write 
it Wx- It is called the weight of the Shimura variety defined by {G,X). Axiom SVl 
also implies (cf. [De2, 1.1.14]) that X has only one complex structure such that, for all 
representations p:G-R GL{Wk.), with a finite dimensional real vector space, the 
Hodge filtration F{p o x) of ® C depends holomorphically on x E X. This complex 
structure is G(R)-invariant and the connected components of X are Hermitian symmetric 
domains (cf. [De2, 1.1.17]). 

For each compact open subgroup K of G{Af) 

ShK{G, X) := G{Q) \X X G{Af)/K 

is a finite disjoint union of quotients of X by arithmetic subgroups. This complex space has 
a natural structure of a quasi-projective (algebraic) variety over C [BB], which is smooth 
if K is small enough. In what follows ShK{G, X) is identified with this quasi-projective 
variety. 

For K C L compact open subgroups of G(A/), we get a finite surjective morphism (of 
schemes) /(L, K): Shx(G,X) ^ ShL{G,X) defined by [x,a] [x,a] {xeX,ae G(A/)). 
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If Ki = gKg~^ with g G G{Af) we get an isomorphism f{K, g): Shi<:(G, X) A Sh^i (G, ^) 
defined by [a;, a] ^ [x, ag~^]. The isomorphisms f{K,g) with g & K are identity automor- 
phisms. 

The (complex) Shimura variety Sh(G, X) is the projective hmit of the compatible 
system of morphisms /(L, K) together with the (right) continuous action of G{Af) on it 
defined by the rule [a;, a]^ = [a;,a^]. The continuity property of this action implies that 
if X is a normal subgroup of L, then f{L,K) identifies Sh.L{G, X) with the quotient of 
Sh.K{G, X) by L/K (this group acts on it through isomorphisms f{K,g), with g e L). 
The dimension of Sh(G, X) is the dimension of X as a complex manifold. 

We have 

Sh(G',X)(C) = G'(Q) \ X X G(A/)/Z(Q), 
where Z = Z{G) and Z(Q) is the topological closure of Z(Q) in Z{Af) ([De2, 2.1]). 

2.4. Definition of maps between Shimura varieties. The maps from a Shimura pair 
(G, X) into another Shimura pair {Gi,Xi) are group homomorphisms /: G — > Gi taking X 
into Xi. We denote such a map by /: {G, X) (Gi, Xi). The maps from the Shimura va- 
riety defined by (G, X) into the Shimura variety defined by (Gi, Xi) are in one to one corre- 
spondence with the maps /: (G, X) (Gi, Xi). The induced map X ^ Xiis holomorphic. 
If is a compact open subgroup of G(A/) and if Ki is a compact open subgroup of Gi(A/) 
such that f{K) C Ki, then the map / induces a morphism of schemes (cf. [BB]) /(-fCi, K): 
Sh^iG, X) — > Sh/i:^ (Gi, Xi) by the rule [x,a] — > [f{x),f{a)]. Passing to the limit we get 
the (map or) morphism between Shimura varieties (associated to / and still denoted by 
/) /: Sh(G, X) Sh(Gi,Xi). Sometimes we work with a map between Shimura pairs 
f:{G,X) (Gi,Xi) and sometimes we work with the (map or) morphism between 
Shimura varieties associated to it /: Sh(G, X) — > Sh(Gi,Xi). The map / is called in- 
jective (or an embedding) if it is injective as a group homomorphism; is called finite if the 
induced homomorphism at the level of derived groups is an isogeny; is called a cover if it 
is finite and as a group homomorphism is surjective, having as kernel a torus T satisfying 
H^{Gal{k/k),T{k)) — 0, for any field k of characteristic zero. If /: (G, X) (Gi, Xi) is a 
finite map, then we identify X with a disjoint union of connected components of Xi. 

Warning: If f:{G,X) — > (Gi,Xi) is a finite map, then we sometimes refer to 
/: Sh(G, X) Sh(Gi,Xi) as a morphism (of schemes), and sometimes as a finite map 
(of Shimura varieties), though as a morphism it is not finite, being just pro-finite. 

2.4.0. Products. The category Sh whose objects are Shimura varieties and whose mor- 
phisms are morphisms between them has finite products: If Sh(Gi,Xj), i = 1,2, are two 
Shimura varieties, then their product Sh(Gi,Xi) x Sh(G2,X2) is the Shimura variety de- 
fined by G = Gi X G2 and X = Xi x X2 (together with the logical projections defined by 
the projections of G onto its factors Gi and G2). 

Let ff. {Gi,Xi) — * (G, X) be finite maps, z = 1, 2. So Xi and X2 are disjoint unions 
of connected components of X . Let X3 be their intersection. It can happen that X3 is 
empty (for an example see 2.5.1). We assume now that X3 is not empty. Let G3 be the 
connected component of the origin of Gi x g G2 . So X3 is a set of homomorphism S — > Gsr 
satisfying the axioms SVl and SV2. The group G3(R) acts on X3 by conjugation. Let 
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= Uj^jXl be the disjoint union decomposition of into G3(R)-orbits. For any j E I 
we get a Shimura variety Sh.{G3, X^) and a commutative diagram 

Sh(G'3,X|) Sh{G2,X2) 

pi h 

Sh(G'i,Xi) — ^ Sh(G',X). 

The morphisms pi, j E /, are defined by the natural projections of G3 on Gj, z = 1, 2. 

We have a universal type property: for any pair (^1,^2) of finite maps pi. {Gq, Xq) — > 
{Gi,Xi) such that f2°P2 = fi ° Pi, there is a unique j E I for which there is a map 
Pq: (Gq, Xq) (G3, X3) such that pi = pf opg; moreover the map pq is uniquely determined. 
We express this property by: the category f-Sh whose objects are Shimura varieties (or 
pairs) and whose morphisms are the finite maps between them, has quasi fibre products. 
Any commutative diagram (or pair (^{,^2)) ^ above (formed by finite maps) is called a 
quasi fibre product of the finite maps fi and f2- 

So if Xs is empty then / is the empty set. There are examples (cf. 2.5.1) when / has 
more than one element. However if fi or /2 is a cover, then / has precisely one element 
(cf. [Mi4, 4.11]): if this is the case we speak about the fibre product of /i and /2. 

2.4.1. The adjoint and toric part varieties of a Shimura variety. Let {G, X) define 
an arbitrary Shimura variety. Then Sh.{G^^,X^^) (X^^ being the G^'^(R)-conjugacy class 
of homomorphisms S G^ containing the ones induced by X) is called the adjoint variety 
of Sh{G,X), and Sh{G'^^ , X'^^) (X^^ being the set with just one element defined by the 
homomorphism S — > G^ induced by X) is called the toric part variety of Sh.{G,X). We 
have natural maps from every Shimura variety into its adjoint variety and into its toric 
part variety. 

2.4.2. Special pairs. An injective map (T, {h}) ^ {G, X) with T a torus is called a 
special pair in {G,X). 

2.4.3. Automorphisms. The group Aut(5'/i(G, X)) (of automorphisms of the Shimura 
variety Sh(G, X)) is the subgroup of Aut{G){Q) (it is of finite index if G is an adjoint 
group) leaving X invariant. If G is adjoint and all simple factors of {G, X) are such that 
[De2, 1.2.8 (n)] applies, then we have A\it{Sh{G, X)) = Aut{G){Q). 

2.5. Examples of types of Shimura varieties. 

Example 1. Let T be a torus over Q. For any homomorphism h:S ^ Tm, the pair (T, {h}) 
satisfies the axioms SVl to SV3, and so defines a Shimura variety of dimension 0. We 
have Sh(T, {h}){C) — T(A/)/r(Q). Any Shimura variety of dimension is obtained in 
this way. 

Example 2. Let {W, ifj) be a symplectic space over Q. Let GSp := G Sp{W, ifj) be the group 
of its symplectic similitudes. The Siegel double space S consists of all rational Hodge 
structure on W of type {(—1, 0), (0, —1)} for which either 27ri'ip or —27riip is a polarization. 
It is a GSp(R)-conjugacy class of homomorphism S — > GSpR. The pair {GSp, S) defines a 
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Shimura variety. The Shimura varieties of the form Sh.{GSp, S) are called Siegel modular 
varieties. 

Definition 1. A Shimura variety Sh(G, X) is said to be of Hodge type if there is an injective 
map from it into a Siegel modular variety. We have Sh(G,X)(C) = (^(Q) \ X x G{Af) 
[De2, 2.1.1]. 

The extra conditions needed to be satisfied by a Shimura variety for being of Hodge 
type are: 

(SVH4) the weight is defined over Q; 

(SVH5) wx{Gm) is the only split subtorus of Z{G)r; 

(SVH6) there is a faithful representation p:G^ GL{W) such that the Hodge Q-structure 
on W defined hy pm.o x is of type {(—1, 0), (0, —1)}, Va; e X. 

This is just a reformulation of [De2, 2.3.2]: obviously SVH4 to SVH6 are satisfied 
by a Shimura variety of Hodge type, while SV2 and SVH5 put together imply that for any 
X & X, the inner automorphism of G-R/wx{Gm) defined by x{i) is a Cartan involution. 

Example 3. The product of two Shimura varieties Sh(Gi,Xi) and Sh(G2,^2) of Hodge 
type is not of Hodge type. But the Shimura variety Sh(G3,X3) defined by the subgroup 
G3 of Gi X G2 generated by G\ x (with the connected subgroup of Gi having the 
property that the quotient homomorphism G^ — > Gi/wxii^m) is an isogeny, i — 1,2) 
and XX2 (*5^m), and by an adequate union X3 of some of the connected components of 
Xi X X2, is a Shimura variety of Hodge type: it is enough to see this for the case when 
{Gi,Xi) = {GSp{Wi,i/ji),Si) and (G2,X2) = {GSp{W2,'i/j2), S2); but then we have an 
injective map 

is: (G3, Xs) (GSpiWi © W2, V'l © ^2), S^) 

defined by the natural inclusions of Sp{Wij ipi) and Sp{W2, 1/^2) in Sp{Wi © W2, i/Ji © V'2) 
{Xs in this case has two connected components, while Xi x X2 has four). 

We refer to the map is as a Segre embedding, and to any pair (G3,X3) as above 
(we do not have a unique choice for Xs; this is the same as the case of quasi fibre products 
discussed in 2.4.0 -see also 2.5.1 below-) as the Hodge quasi product of the two pairs 
(Gi, Xi) and (G2, X2) of Hodge type. Similarly we speak about a Hodge quasi product of 
n Shimura varieties of Hodge type and the Segre embedding defined by the product of n 
Siegel modular varieties, n e N. 

Definitions 2. A Shimura variety defined by a pair (G, X) with G an adjoint group is said 
to be an adjoint Shimura variety or of adjoint type. If G is a simple Q-group, then (G, X) 
is of one of the types: Ai, Bi, Ci, Df, Df, Df''^^'^, Eq or E7 (cf. the classification [De2] 
of Shimura varieties of adjoint type); Sh(G, X) is called a simple adjoint Shimura variety 
(of Ai, or Bi, etc. type). Any adjoint Shimura variety is a product of a finite number 
of simple adjoint Shimura varieties. A Shimura variety is said to be of special type if 
its adjoint Shimura variety is a product of simple adjoint Shimura varieties of Eq, £'7 or 

Definitions 3. A Shimura variety Sh(G, X) is called of preabelian type if there is a Shimura 
variety Sh(Gi,Xi) of Hodge type such that their adjoint varieties are isomorphic. If we 
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can choose Sh(Gi, Xi) such that Gf^'^ is a cover of G^^'^, then Sh(G, X) is called of abelian 
type. The simple adjoint Shimura varieties of abelian type are those of A/, S;, C;, Df- or 
Df^ type [De2, 2.3.8]. The product of two Shimura varieties of abelian (preabelian) type 
is of abelian (resp. of preabelian) type, cf. Example 3. 

So for any pair [G, X) which is neither of preabelian nor of special type, there is 
a finite map {G,X) {Gi,Xi), with Sh{Gi, Xi) an adjoint variety which is the product 
of a Shimura variety of preabelian type and of a Shimura variety of special type. The 
category i-Sh is a disjoint sum of categories indexed by isomorphism classes of Shimura 
varieties of adjoint type. 

Example 4- A Shimura variety of dimension 1 is called a Shimura curve and a Shimura 
variety of dimension 2 is called a Shimura surface. For instance the Example 2, gives birth 
to a Shimura curve if is a vector space over Q of dimension 2, called the elliptic modular 
curve. 

Definition 4- A Shimura pair (G, X) (resp. variety Sh(G, X)) is said to be of compact 
type if Sh.{G,X) is a pro-etale cover of a smooth projective E{G, X)-scheme. 

In [BHC] it is proved: (G, X) is of compact type iff the Q-rank of G^^ is zero. 

Example 5. {G,X) is of compact type if G^^ is a simple Q-group such that G^ has 
compact factors. 

2.5.1. Extra example. Let (G, X) be such that the semisimple group G^^'^ is simply 
connected, G^^ = G^, and X has precisely two connected components (for instance if 
Sh(G, X) is a Siegel modular variety; see also 5.7.5). Let (Gi, Xi) be the product of three 
copies of (G, X). So Gf^^ is simply connected, and Gf^ = Gm x Gm x Gm- We consider 
reductive subgroups G^ of Gi, i = 2, 4, containing Gf^''. So to give such a Gi is the same 
as to give a subtorus of Gf^. We choose Gf^ C Gf^, z = 2, 4, to be the diagonal embedding 
of Gm, the subtorus generated by Gf'' and the embedding Gm ^ Gf^ corresponding to 
the triple of characters (1,1,0) of Gm, and respectively the subtorus generated by Gl^ and 
the embedding Gm ^ Gf^ corresponding to the triple of characters (1, 3, 0). 

We get injective finite maps ff. {Gi,Xi) ■— > (Gi,Xi), i = 2,4. Here Xi has eight 
connected components, X2 has two, while X3 and X4 have four. Moreover we can assume 
that X2 C X3 = X4. So the maps and /4 do not have a fibre product: they have two 
quasi fibre products. 

Moreover, as G'"^{Q) is dense in G^^(M) (cf. [Del, 0.4]), composing the natural 
map P2: (G2, X2) (Gf*^, Xf^) with a suitable automorphism of (Gl'^, Xf^), we get a map 
Ps'. (G2, X2) (Gl'^, Xf^) such that the images of X2 in Xf'^ = Xi through the maps p2 
and p3 have an empty intersection. 

2.6. The reflex field. Let (G, X) be an arbitrary Shimura pair. For any field k of char- 
acteristic zero we have a right action (via conjugation) of G{k) on the set Hom(Gm,Gfc). 
Let C{k) := Hom(G^, Gfc)/G(/c). An inclusion Q C induces a bijection G(Q) ^ G(C). 
So the element [fj,x] £ G{C), corresponding to fix for any x E X, defines an element c(X) 
of G(Q). The group Gal(Q/Q) acts on G(Q). The refiex field E{G,X) of the Shimura 
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variety Sh.{G,X) is the subfield of Q corresponding to the stabihzer of c{X) in Gal(Q/Q). 
It is a finite extension of Q. 



2.7. The reciprocity map. Let (T, {h}) be as in Example 1 of 2.5. Its reflex fleld E := 
£'(T, {h}) is the field of definition of the cocharacter /ih of T. From the homomorphism 
fj,h' '^ruE ~^ '^E we get a new one 

AT T?^o (T ReSB/Q(p^) NormS/Q 

So, for any Q-algebra A we get a homomorphism Nh{A): Gm{E (8) A) — > T{A). 
The reciprocity map 



r(T, {/i}): Gal(E^7E) ^ T(Ay)/T(Q) 

is defined as follows: let r G Gal(-E'^'^/-E'), and let s G J^; be an idele (of E) such that 
rec£;(s) = r; then r(T, {/i})(t) = Nh{Af){sf), where s/ is the finite part of s. Here 
the Artin reciprocity map rec^ is such that a uniformizing parameter is mapped into the 
geometric Frobenius element. 

2.8. The canonical model of Sh(G,X) over E{G,X). By a model of Sh(G, X) over 
a subfield /c of C, we mean a scheme S over k endowed with a continuous action of G{Af) 
(defined over k), such that there is a G (A/ )-equi variant isomorphism 

Sh{G,X)^Sc. 

The canonical model of Sh(G, X) is the model S of Sh(G, X) over E{G,X) which 
satisfies the following property: if (T, {h\) is a special pair in (G, X) then for any a G 
G{Kf), the point [h,a] of S(C) = Sh(G',X)(C) is rational over E{T,{h}Y^, and every 
element r of Gal(£^(T, {h}Y^ / E(T, {h})) acts on [h, a] according to the rule 

r[/i, a] — [/i, ar(r)], 

where r := r(T, {h}). It exists and is uniquely determined by the above property up to a 
unique isomorphism (see [Del], [De2] and [Mi2]). 

Warning: from now on by Sh(G, X) we mean S. 

2.9. If f:{G,X) — > (Gi,Xi) is a map between two Shimura pairs, then E{Gi,Xi) is 
a subfield of E{G,X), and there is a unique G(Aj-)-cquivariant morphism (still denoted 
by /) f:Sh{G,X) Sh{Gi, Xi)e(g.x) which at the level of complex points is the map 
[x, a] — > [f{x),f{a)] ([Del, 5.4]). We get a G(Aj)-equi variant morphism (still denoted by 

/) 

/:Sh(G,X)^Sh(Gi,Xi) 

of E{Gi, Xi)-schemes. 
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2.10. Definition of special points. Let Sh.{G,X) be an arbitrary Shimura variety and 
let if be a compact subgroup of G{Af). A point w of Shj7(G', X) with values in a field k 
of characteristic zero is called special if there is a special pair (T, {h}) in {G, X), such that 
the intersection of the G(A/)-orbit of w in ShniG, X){k) with the image of Sh(T, {h}){k) 
in Sh.H{G,X){k) is non-empty. 

2.11. Definition of smooth subgroups. Let {G,X) be a Shimura pair. A subgroup H 

of G{Af) is called smooth for (G, X) if it is compact and if Sh(G, X) is a pro-ctale cover of 
Sh/f(G, X). A subgroup of a G (A/) -conjugate of a subgroup of G{Af) smooth for {G, X), 
is itself smooth for {G,X). For instance, any neat compact subgroup of G{Af) is smooth 
for {G,X). We do not know when the converse is true. We include two examples which 
point out that the converse is not always true. 

Example 1. If G is a torus, then any compact subgroup of G{Af) is smooth for (G, X) 
(see 3.2.8). 

Example 2. We assume G is a Q-simple, adjoint group. We assume Gq has two non- 
trivial factors Gi and G2 and there is a non-trivial, finite subgroup H of Gi(Qp). Then H 
is smooth for (G, X). This is a consequence of the structure of the set Sh(G, X)(C) (see 
[De2, 2. LI]): as G(Q) has trivial intersection with any G(A/)-conjugate of H, any g E H 
acts freely on this set and so on Sh(G, X). We get: there are compact open subgroup of 
G(A/) which contain H, are smooth for (G, X) but are not neat. 

Definition, a) H is called S-smooth for (G, X) (here S stands for strongly) if it 
is smooth and for each connected component C of Sh(G, X)c there is a compact, open 
subgroup Hi of G{Af) containing the subgroup H{Q) of H leaving invariant C and such 
that the set of complex points of the connected component of Sh//j(G, X)c dominated 
naturally by C can be identified (see [De2, p. 266-267]) with E \ X^, with X° a connected 
component of X and with E an arithmetic subgroup of G*'^(Q) which does not have 2- 
torsion. 

b) Let p be a rational prime. We say H is p-smooth if it is smooth for (G, X) and if 
for each connected component C of Sh(G, X)c there is a rational prime /(C) different from 
p and such that the image of any pro-p subgroup Hp{Q) of H{Q) (with H{Q) as in a)) in 
G'*'^(Qi(e)) is trivial. If S is a set of rational primes having at least two elements, we say 
H is S-smooth, if it p-smooth for any p e S. 

2.11.1. Torsion numbers. For any reductive group G over Q we denote by 'U(G) the 
set of primes / such that G is unramified over Q; . If G is a reductive group over a D VR of 
mixed characteristic (0,p) or over the field of fractions of such a DVR, let t(G) G N be the 
biggest non-negative integral power of p dividing the order of an element of G{R) of finite 
order. If G is a reductive group over Q, then its torsion number t{G) e N is defined by 

KG) ■= t{Gw{v)) U i(G'H^(F)[i])- 

pelX(G) p^lX(G), pa prime 
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2.12. Remarks. 1) For any Shimura pair {G,X) there are finite maps /: {Gi,Xi) — > 
{G,X) and /i: (G'i,Xi) ^ {02^X2) such that: 

- (6*2,-^2) is a product of Shimura pairs (Gi^Xi), i running through the elements 
of a finite set /, such that Gf^ is a simple Q-group, \/i G I; 

- they define a quasi fibre product of the natural maps /q: {G,X) — > (G^'^^X^) 
and /s: {G2, X2) ^ {Gf, Xf^) = (^ad^ ^ad). 

- there are injective maps ^ (G, X), i & I, producing (naturally) an 
isogeny n.e/G'f'^^G''i^'^. 

To see this let G^'^ = Yliei ^® factorization of G^'^ in Q-simple factors. Let 
Gf'^'^ be the semisimple subgroup of G isogenous to Gf^ and contained in the kernel of 
the canonical quotient homomorphism G Y[jei\{i} ^i'^- take the subgroup of 

G generated by Gf'^^ and by a maximal torus of the centralizer of Gf^"^ in G having the 
property that there is a homomorphism S Gr, corresponding to a point x & X, factoring 
through GjiR. As X^ we take the Gj(R)-conjugacy class of homomorphisms § — > G^r 
generated by such a factorization. Now we can take the maps / and /i to define a quasi 
fibre product of the maps /o and /2 (cf. 2.4.0). 

2) There are Shimura varieties Sh(G, X) with G a semisimple group which is not of 
adjoint type (plenty of examples can be constructed starting from [De2, 2.3.12]). 

3) Let {A, Pa) be a polarized abelian scheme defined over an integral ring R of 
characteristic zero. It is defined over a subring Ri of R admitting an embedding in C. 
We get an abelian variety over C. Passing to an isogeny we can assume that we have 
a principally polarized abelian variety {A',pA') over C. Let {WjI/j) be the symplectic 
space over Q defined by it, with W := Hi{A',Q). Let G be the Mumford-Tate group 
of A'. We get an injective map (G, X) ^ (GS'p(VF, -0), S') of Shimura pairs, with X the 
Hermitian symmetric domain defined by the G(]R)-conjugacy class of the homomorphism 
S — > Gr defining the Hodge Q-structure on W. We call it an injective map defined by the 
polarized abelian scheme {A,pa)- If A does not have a priori a polarization then we can 
pick one for its model we got over C. 

If moreover A has a family (^^a)aGa of Hodge cycles which is reductive with respect 
to the polarization pA (to be explained below), then we can choose Ri such that these 
Hodge cycles are defined over Ri (cf. [De3]). So we get a family of tensors {ta)aed 
tensor algebra of W (we can assume that no Tate- twist shows up; for instance cf. 4.1). 
By reductive family with respect to pA we mean: the connected component of the origin 
of the subgroup of GSp{W,ij;) fixing ta, Vcc e J, is a reductive group Gi over Q. The 
group Gi together with the Gi(]R)-conjugacy class of homomorphisms S Gur defined 
by X might not define a Shimura variety: axiom SV3 might not be satisfied. However, 
discarding from Gf^ the factors which over R are compact, we get a reductive subgroup 
G2 of Gi, which together with the G2(R)-conjugacy class X2 of homomorphisms S — > G2M 
defined by X, define a Shimura variety; we have Gf^ = Gf° and Gl'^ is the product of 
the simple factors of Gf^ which over M are non-compact. The resulting injective map 
(G2,X2) ^ (GS'p(VF, •0)) is call an injective map defined by {A,pa) and the reductive 
family of tensors {va)aed with respect to pa- 

§3. A general view of the integral models of Shimura varieties 
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We start by presenting in 3.1 some elements of the theory of reductive groups (and 

of hyperspecial subgroups) needed for applications to Shimura varieties. Then in 3.2 wc 
introduce generalities of the theory of healthy normal schemes and of the theory of integral 
models of Shimura varieties. Some special features of these theories are presented in 3.3 
to 3.5. 

3.1. Hyperspecial subgroups. We restrict ourselves to what we need. Let F be a 
complete DVR with a perfect residue field k and let K be its field of fractions. Let tt be a 
uniformizer of V. Let Gk be a reductive group over K. A subgroup H of Gk{K) is called 
hyperspecial if there is a reductive group scheme G over V, whose generic fibre is Gk and 
whose group of V^-valued points is H. It is a maximal bounded (compact if the residue 
field of V is finite) subgroup of Gk{K) [Ti, 3.2]. Let B be the building of Gr over K (cf. 
[Ti, 2.1 and 2.2]). The group Gk{K) acts on B. A subgroup H of Gk{K) is hyperspecial 
iff there is a hyperspecial point xh B (see [Ti, 1.10.2 and 2.4] for the definition of such a 
point) such that H = {h E GK{K)\h{xH) = x^} (cf. [Ti, 3.8.1]). Hyperspecial subgroups 
of Gk{K) do exist if Gk is unramified over K, i.e. if Gk is quasi-split and splits over an 
unramified extension of K ([Ti, 1.10.2]). The converse of this last statement is true if k 
has the property that every reductive group over k is quasi-split (for instance if k is an 
algebraic extension of a finite field or if k is algebraically closed) . 

3.1.1. Remark. Let Gk ^ Gik be an inclusion of reductive groups over K with 
Gf' = Gij^\ We assume that Gik is unramified over K. Then Gk is unramified over K 
and for any hyperspecial subgroup Hi of Gik{K), the intersection H := Hi n G{K) is a 
hyperspecial subgroup of Gk{K) (if Gi is a reductive group scheme over V, whose generic 
fibre is Gik and whose group of y- valued points is then the Zariski closure of Gk in 
Gi is a reductive group scheme over V, whose group of F-valued points is H; the ideas 
needed for proving this are presented in 4.3.9). 

3.1.2. The behavior of hyperspecial subgroups with respect to homomorphisms 
of groups. We digress a little bit on this subject as it is not covered in [Ti] or [Ja]. In 
this section we consider only affine group schemes of finite type over or and which 
have connected fibres over K. 

3.1.2.1. Proposition, a) Let Gi and G2 be two smooth affine groups over V. Let 
Jk- Gik ~^ G2K be a homomorphism such that it takes Gi{V) into G2{V). If the field k 
is infinite, then the homomorphism fK extends to a homomorphism f: Gi ^ G2- 

b) a) is not true if the field k is finite. 

c) Let f: Gi ^ G2 be a homomorphism of smooth affine group schemes over V . If 
Gi is a reductive group and if fK'-GiK —>■ G2K ^ closed embedding then f is a closed 
embedding. 

d) Let G\K c-i^d G2K be two reductive groups over K such that Gik <^ subgroup of 
G2K such that they are unramified over K. We assume that Gik 0, torus which splits 
over an unramified extension of K of odd degree, and that G2K '^^ « group of symplectic 
similitudes. Then there is a hyperspecial subgroup of Gik{K) included in a hyperspecial 
subgroup of G2k{K). 

e) We consider a) in the case when k is finite, when Gi and G2 are reductive 
groups over V, and when Jk is a closed embedding. Then a) remains true if any one of 
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the following two conditions is satisfied: 
(i) fK is an isomorphism; 

(a) Gi is a split group with a maximal split torus Ti which is a closed subgroup of G2, 
and there is a faithful representation p: G2 ^ GL{M) with M a free V -module of 
dimension not bigger than the characteristic of k. 

Proof: a) Let G be the subgroup of Gi x G2 obtained by taking the Zariski closure of 
the graph of fx- We get a homomorphism h: G ^ Gi inducing an epimorphism G{V) 
Gi{V) and a homomorphism G — > 6^2- They are defined by the projections of Gi x G2 on 
its factors. Let G = Spec(i?) and Gi = Spec(i?i). To h corresponds an inclusion Ri <Z R 
which becomes an isomorphism by inverting tt. 

So a) is equivalent to Ri = R. If R Ri then there is y G R\ Ri such that 
ny E Ri\ TiRi. For any x E Ri\ ixRi there is a ring homomorphism Ri ^ V such that 
X goes to an invertible element of V {Gi is smooth over V and the A;-valued points of Gi 
are Zariski dense in the special fibre of it, as k is an infinite field [Bo, p. 218]). So, such 
a homomorphism Ri V, corresponding to a; = Try, does not come from the restriction 
to -Ri of a ring homomorphism R ^ V. This contradicts the surjectivity property of the 
homomorphism G{V) — > Gi{V). We get R — Ri. 

b) Example: Let p be a rational prime and let e N \ {1} be congruent to 1 mod 
p — 1. Let M be a free module of dimension 2 over Zp, and let {vi,V2} be a basis of it 
over Zp. Let Gm be the subgroup of GL{M) such that a G Gm{Qp) acts by multiplication 
with Q!^ on vi and by multiplication with a on V2. We have G^(Zp) C GL(Mi)(Zp), with 
Ml the Zp-lattice of M (g) Qp generated by vi and '"^^'"^ . But Gm is not a subgroup of 
GL{Mi). 

c) We can assume that the field k is algebraically closed. Let G be the Zariski closure 
of Gi X in G2. It is a group scheme over V. Let fi'.Gi ^ G be the homomorphism induced 
by /. The homomorphism Gi{V) G{V) is an isomorphism, as it is a monomorphism and 
as Giiy) is a maximal bounded subgroup of Gi{K) — G{K). The dilatation procedure 
[BLR, Prop. 2, p. 64] allows us to write /i as a composition Gi — > G^ ^ G, with n > 3 
an integer, and with Gn a smooth (affine) group scheme over V, obtained from G through 
a finite sequence of dilatations. Wc have Gi^ = GnK = Gk and GniV) = GiV). For 
instance, in the first step we replace G by the dilatation G3 of /i(Gifc) (the reduced group 
subscheme of G^ defined by the image through fi of the special fibre of Gi) on G (part d) 
of loc. cit. shows that G3 is an afl&ne group scheme). Using [BLR, Prop. 1, p. 63], we get 
group homomorphisms Gi ^ G3 ^ G. Repeating the process, wc reach the case of group 
homomorphisms Gi Gn — > G, with Gn a smooth scheme obtained from G through a 
sequence of n — 2 dilatations. This results from the general theory [BLR, section 3.3] of the 
Neron defect of smoothness p of F-valued points of G. More precisely, there is a positive 
integer c, such that p{x)<c for any point x G GiV) (cf. [BLR, Prop. 3, p. 66]). From 
[BLR, Lemma 4, p. 174] we get that we can take n = c + 3. 

Coming back to the situation Gi Gn G, we get (cf. part a) above) Gi = Gn- 
But this implies that /i is an isomorphism as any dilatation of our sequence produces a 
commutative unipotent kernel of the special fibre. From [BLR, Prop. 2, p. 64] we see 
easily that it is enough to check this for the dilatation of a general linear group over V 
with respect to the trivial subgroup of the special fibre. But this case is obvious. 
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We invite the reader to give another (simpler) proof of c), by just copying the proof 
of a) above and by vising the fact that for any finite field extension Ki of K, Gi(Vi) is a 
maximal bounded subgroup of Gi{Ki) (with Vi the normalization of V in Ki). 

d) Let Tk ■— GiK and let G2K — GSp{WK,i^), with {WK,i^) a symplectic space 
over K. Let Ki be an unramified extension of K over which Tk splits. Let Vi be its ring of 
integers. We can assume that Ki is the smallest extension over which Tk splits. So Ki is 
a Galois extension of K. Let Ct be the subset of the (additive) group of characters of Tk^ 
through which Tk^ acts on Wk ® Ki, i.e. Wk ® Ki = (B-yeCr'^'y^ with t G Tk{Ki) acting 
as the multiplication with ^{t) on the non-zero Ki-vector space Wj. We can assume that 
Tk is a subgroup of Sp{Wk, V') (^s GSp{Wk, ip) is the extension of Sp{Wk, ip) through a 
one-dimensional split torus). 

As the alternating form t/j is T^-invariant, we deduce that if a G Ct then —a G Ct, 
and that ip{x,y) = for any x G and every y G (B-yeC^Wj, where Ct '■= Ct \ {«}• 
Moreover Gdil{Ki/K) acts on Ct as Tk and G2K are defined over K. For any a G Ct, let 
0(0:) be its orbit under the action of Gal(i^i/i^) on Ct- 

The key fact is the following assumption (which is always satisfied if [Ki : K] is an 
odd number): 

Va G Ct \ {0},-a ^ o{a). 

We can assume that ^ Ct- Argument: we have a direct sum decomposition of 
symplectic spaces over K 

{WK,i^) = {w^,i^^)(Biw\ij^), 

with the maximal subspace of Wk on which Tk acts trivially, with the subspace of 
Wk such that W^ ® Ki — ©7eCT\{o}W^7; and with the restriction of i> to VF*, i — 1,2; 
so if needed, we can replace (Wk, V') by (W^, 

Let a G Ct- Obviously o(— a) = {^7|7 G 0(0;)}. Let Ma be a Vi -lattice of Wa left 
invariant by the subgroup of Gal(i^i/i^) fixing a. For any 7 G o{a) let := p{Mc^), 
with p G GdX{Ki/ K) such that /9(a) = 7, and let be a Vi-lattice of VF--,, such that 

il^: N^®N^ — i> Vi is a perfect form. Here A^-y := M^®M_^. Let Mq^q,) := ©7eo(a)uo(-a)-^7- 
For any other pair o{ai) and o(— cti) of orbits of the action of Gal(i^i/i^) on Ct, we define 
similarly a free Vi-submodule Mo{ai) of Wk ® Ki. Let My-j be the Vi-lattice of Wk ® Ki 
defined by the direct sum of these Mo{a)', so 

We get that My^ is stable under the action of Gal{Ki/K) and ip: My^ ® My^ — > Vi is a 
perfect form. So Tr-^ extends to a subtorus Ty^ of Sp{Mvj^, V')- Let My be the ^-lattice of 
Wk formed by elements of My-^ fixed by Gal(Ari/Ar). We have My^ = My ©Vi. We deduce 
that Tk extends to a subtorus T of Sp{Mv,ip)- So the (unique) hyperspecial subgroup 
T{V) of Tk{K) is included in the hyperspecial subgroup Sp{Mv, V')(l^) of Sp{Wk, ip){K)- 

e) To see the first part of e), it is enough to work separately the case of a torus 
(which is obvious) and the case of a semisimple group. For this last case, it is enough to 
work with an inner automorphism and then everything results from [Ti, first paragraph of 
2.5] applied to the adjoint group. The proof of the second part of e) is similar to the proof 
of 4.3.10 b) (which can be used to obtain a refinement of this part of e)), and so it is left 
as an exercise. 
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3.1.2.2. Remarks. 1) Let Gix and G2K be two reductive groups over K such that Gi^ 
is a subgroup of G2K and such that they are unramified over K. It is not always true 
that there is a hyperspecial subgroup of Gi^(i^) included in a hyperspecial subgroup of 
G2k{K). 

We leave to the reader to find examples for this, with G2K = GSp{Wk, ip) a group 
of symplectic similitudes and with a torus splitting over an unramified extension of 
K of degree 2 and for which the key fact of the proof of 3.1.2.1 d) is not true, starting 
from the fact that any hyperspecial subgroup of G2k{K) is of the form GSp{Mvj ij)(y), 
with My a F-lattice of Wk for which there is £ G Gm{K) such that eip: My ® My V 
is a perfect form. We get such examples even for dim.KiWK) = 4. 

2) 1) above is always true if G2K is a general or special linear group over K. In fact 
in this case any bounded subgroup Hi of Gix{K) is included in a hyperspecial subgroup of 
G2k{.K)- To see this we can assume that Hi is a maximal bounded subgroup of Gij^{K). 
Now everything results from [Ja, 10.4] and [Ti, 3.4]. 

3) A third proof of 3.1.2.1 c) can be obtained using maximal tori. Its advantage: it 
remains valid for an arbitrary DVR. 

3.1.3. Lemma. Every reductive group G overQ unramified over Qp extends to a reductive 
group over Z(p) . 

Proof: It is enough to treat separately the case when G is a torus and the case when G is 
semisimple. If G is a torus, then it splits over a Galois extension of Q which is unramified 
above p, and so it extends to a torus over Z(p) . 

Let now G be a semisimple group, and let Gz be a semisimple group over Zp 
having as generic fibre Gq^. Let '■= Lie(Gzp) and let gz^p^ be its intersection with 
Lie(G). This intersection is taken inside Lie{GQ^). So = SZ(p) ® Zp. We get that the 
Zariski closure of G**^ in Aut{QZ(^^^) is an adjoint group G|'^^^ over Z(p) (this is so due to 

the fact that we get this over Zp). As G is a cover of G*^, we conclude that G extends to 
a semisimple group over Z(p) , obtained by taking the normalization of G^^^ in the field of 
fractions of G. This ends the proof of the Lemma. 

Another proof can be obtained using the following general result of descent: 

3.1.3.1. Claim. Let O be a DVR of mixed characteristic and let L be its field of fractions. 
Let Yl be a scheme of finite type over L. Let Y be a faithfully flat scheme of finite type 

over the completion O of O such that its generic fibre is isomorphic to the extension ofY^ 
to the field of fractions of O. We assume that either Y is an affine scheme or that O is a 
henselian ring. Then there is a uni^e scheme Y over O, having Yl as its generic fibre, 
and such that its extension to O isY (so the special fibres ofY and Y are the same). 

This is not necessarily true if we do not assume that Y is an affine scheme or that 
O is a henselian ring: [BLR, 6.7] can be adapted to the mixed characteristic situation. 
A similar thing can be stated for morphisms (and so in terms of equivalences of some 
categories). We include a proof of the above Claim which we think is useful in the study 
of different integral models of (quotients of) Shimura varieties. 

Step -1. We can assume that the special fibre Yg of Y is non-empty. It is well known 
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that the Claim is true if Y is affine (simple argument at the level of lattices) . So we can 
assume that Y is reduced. 

First we point out how the local rings of points of the special fibre of Y (assumed 
to exist) can be recovered: for any closed point y: Spec(/c) ^ Y§ (with k a field), the local 
ring of y in y is the intersection of the local ring of y in Y with the ring of fractions of 
Yl. Secondly we point out that the topological space underlying any scheme Z over O is 
fully determined by Zl and Z^. These two remarks take care of the uniqueness part. 

Step 0. We can work around a point y as above. In particular we can assume that Y§ 
is affine, and so sejparated. Further on we can remove from Yl a closed subscheme whose 
Zariski closure in Y docs not contain the point y, in such a way that its complement in Yl 
and respectively the complement of this Zariski closure in Y are separated schemes. This 
is possible due to the fact that Y and Yl are noetherian schemes and due to the fact that 
Y§ is separated. 

Conclusion: we can assume that Y (and so also that Yl) is a separated scheme. 
Now, in essence, everything results from the ideas presented in [BLR, 6.5]. We present the 
details. 

Step 1. We can assume that Yl and Y are normal schemes (as O is an excellent ring, the 
argument is the same as the one needed to assume that Y is reduced). 

Step 2. A. From now on we assume that O is a henselian ring. 

B. Even better, we can assume that O is a strictly henselian ring. 

This admits an argument using Galois-descent (cf. [BLR, 6.2]). In other words, if 
Spec(O^) is a finite Galois cover of Spec(O), with a DVR, and if we know that there 

is a scheme Y^ over whose extension to is the extension of Y to O^, then the fact 
that the special fibre of Y^ is definable over the residue field of O is the extra ingredient 
needed to make the Galois-descent (defined by the natural action, due to the uniqueness 
property mentioned in Step -1, of the Galois group Gal(0^/0) on Y^) effective. 

C. We can assume that the residue field of O is an algebraically closed field (i.e. we 
can replace the strictly henselian ring O by a pro-finite fiat DVR extension of it having 
the same index of ramification). 

D. We can replace O by any finite fiat DVR extension of it; so we can assume that 
the strictly henselian DVR O is as ramified as desired. 

E. We can replace the strictly henselian DVR O by the local ring of a generic point 
of the special fibre of a smooth scheme Z over O. 

The parts C and D admit the same argument involving descent as in part B. 
The part E is trivial (we can assume that we have a scheme Yz over Z whose 
extension to Z^ is the extension of Y to Z^; now we can take O-sections of Z to get Y). 

Replacing O by another DVR Oi which is obtained from O by the rules described 
in B to E above, the nilpotent "elements" of Y§ can be "absorbed": the normalization 
Y]" of Yoi has a reduced special fibre. Moreover Y{^ is a projective scheme if Y is. As a 
conclusion we can assume that Y§ is a reduced scheme and that O is strictly henselian (cf. 
E for this last part). 
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Step 3. We can assume that there is a scheme U over O such that its generic fibre is Yl 
and its extension to O is an open subscheme of Y having a complement in Y of codimension 
at least 2. 

For this we can assume that Yl is affine (even smooth over L). But this is the 
context in which [BLR, 6, p. 161] works (if Y is an affine scheme then the Claim is trivial). 
The arguments presented in loc. cit. work in the case when y is a normal scheme having 
a non-empty reduced special fibre. 

Step 4. From the Artin's approximation theorem (this is standard -see [BLR, Th. 12, p. 
83]-: O is an excellent ring, as L has characteristic zero) we deduce easily that there is a 
normal scheme Y' of finite type over O (we recall that O is a strictly henselian ring) having 
U as an open subscheme containing the generic fibre and all the points of codimension 1, 
and having Y§ as its special fibre. 

Step 5. Morally Yg. should be Y. The failure of being so might happen if the topology 

on the underlying set of YL is not the expected one. If Y^ is not Y we have to proceed as 
follows. 

We can assume that Yl and Y are normal complete schemes (cf. Nagata's embed- 
ding theorem; see [Na] and [Vo]), and that Y§ is reduced (cf. Step 2). Now we consider 
the normalization Y2 of the Zariski closure of the diagonal embedding of in F x Y^. 
We also consider the natural projections of it on the two factors. 

We first assume the existence of a scheme Y2 over O whose extension to O is 1^2- 
This is the extra ingredient needed to be able to repeat the above arguments on the 
application of Artin's approximation theorem to get similarly (to Y') a scheme Y over O 
whose topology of its underlying set is as expected to be (the topology of the underlying 
set of y is a quotient topology of the topology underlying the set of l^)- We deduce that 
the extension of y to O is y. So we can take Y = Y . 

In fact we can replace Y2 by any other proper scheme Y3 over O whose generic 
fibre is defined over L, and which admits a surjection onto Y2. Even more, it is enough 
to get such a good scheme Ys only after we replace O by an arbitrary DVR Oi which is a 
faithfully flat 0-algebra of the type allowed in Step 2. 

Step 6. To end the proof we are left with the proof of the existence of Ys for a suitable 
choice of ya. A well known application of Chow's (cf. also [Vo, 2.5]) shows that we can 
assume that we are dealing with an Y2 which is a normal faithfully flat projective O-scheme. 
In other words there is a surjective proper morphism Y3 — > y2, with Y3 a normal projective 
scheme over O, whose generic fibre is defined over L. 

We can assume (cf. Step 2 and the last part of Step 5) that y2 has a reduced special 
fibre. From Step 3 we deduce easily the existence of a normal projective scheme y2' over 
O such that there are open subschemes U2 and U2 of y2' and respectively of y2, containing 
the generic fibres and the points of codimension 1, and satisfying U'^^ = U2. We can view 

this last identity as a rational map from Y^^ to Y2. But this rational map extends to a 

surjective morphism Y^^ Y2, where Y^ is a projective scheme over O obtained from Y2 
through a blowing up centered on the special fibre (cf. [Hart, 7.17.3, p. 169]; we can view 
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Y"2 as embedded in a projective space P^, for some n e N). The scheme I3 is the searched 
for scheme over O. This ends the proof of the Claim. 

3.1.3.1.1. Remarks. 1) We preferred to include the above proof of 3.1.3 (it also works 
when Z(p) is replaced by an arbitrary DVR O) as it illustrates how descent can be performed 
also at the level of Lie algebras. Moreover it is constructive. 

2) The proof of 3.1.3.1 can be modified so that it works for an arbitrary henselian 
DVR O: the use of Artin's approximation theorem has to be replaced (in the case when 
O is of equal positive characteristic) by the use of C and D of Step 2 (for Step 1 cf. [Ma, 
Cor. 2 of p. 234 and 31. H]). 

3) We do expect that in 3.1.3.1 we can replace finite type by locally of finite type. 

3.1.3.2. Remark. Let now O be an arbitrary DVR having a perfect residue field. Let Gl 

be a reductive group over the field L of fractions of O, such that its extension to the field 
of fractions K of the completion y of O is unramified over K. Let if be a hyperspecial 
subgroup of G{K). Then any automorphism oi Gl taking H onto itself, extends to an 
automorphism of Go, with Go a reductive group over O such that Go{0) = H (such a Go 
does exist cf. 3.1.3.1): from 3.1.2.1 a) and e) we get an automorphism of Gy, obviously it 
comes from an automorphism of Go- 

3.1.4. Remark. Let {G,X) ^ {Gi,Xi) be an injective map of Shimura pairs and let p 
be a rational prime. If G'^'^^ and the connected component of the origin C of its ccntralizer 
in Gi are unramified over Qp, then there is an injective map {Go,Xo) {Gi,Xi) such 
that G'^''^ = G"^^^ {Gf, X^^) = (G^^^, X^'^) and Go is unramified over Qp. To see this it is 
enough to remark that there is (cf. [Ha, 5.5.3]) a maximal torus T of G such that: 

- a conjugate of some a; e X by an element of C(R) factors through Gqr, where Go 
is the subgroup of Gi generated by G and T; 

- is G(Qp)-conjugate to a maximal torus of Gq^ unramified over Qp (there is 
such a maximal torus as Gq^ is quasi-split, cf. [Ti, 1.10]). 

3.1.5. Remark. Let Gk = Gik x G2K be a product of reductive groups over K. Then 
Gk is unramified over K iff Gik and G2K are unramified over K, and then any hyperspecial 
subgroup H of Gk{K) is a direct product H — HiX H2, with Hi a hyperspecial subgroup 
of G,K{K),i^T;2. 

3.1.6. Lemma. Let R be an integral domain, faithfully flat over Z(p). Let M be a free 
R-module of finite rank. Let G° be a reductive subgroup of the generic fibre of GL{M) 
such that the Zariski closures of G^*^®^ and of the connected component T of the origin of 
Z{G'^) in GL{M), are both reductive group schemes over R. Then the Zariski closure of 
G° in GL{M) is a reductive group scheme over R. 

Proof: Let G^^, G^^'^^ and Tr be respectively the Zariski closures of G°, G^^^^ and T in 
GL{M). Let G := G^*^®^ n T. So G is a finite fiat group scheme over the generic fibre of 
Spec(-R). 

We claim that the Zariski closure Cr of G in GL{M) is a finite fiat subgroup of 
Tr and of G^^'^. This is a local statement in the etale topology of Spec{R). Of course, if 
Spec(i?i) — > Spec(i?) is an etale map, i?i might not be an integral ring, and so we need to 
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take the Zariski closure of C Xi^Spec(i?i) in GL{M)ji^. So we can assume that Tr is spht 
and that G^^'^^ has a maximal split torus T^, but we no longer assume that R is integral: 
just that it is reduced. Moreover we can assume that is a local ring. It is enough to 
show that the intersection Tr fl defines a finite fiat scheme over R. We consider the 
torus T| := Tr X T^, and its representation p on. M defined by the product of the inclusion 
Tr ^ GL{M) with the inverse of the inclusion GL{M). This is well defined as 

Tn and T^, as subtori of GL{M), commute. As R is local and is split we deduce that 
p is a direct sum of one-dimensional representations (associated to characters of T^). So 
its kernel is the extension of a finite fiat commutative group scheme over i? by a torus; 
but this last torus is trivial, as this is so over the points of Spec(i?) of codimension 0. So 
Ker(p) is a finite flat commutative group scheme over R. But this kernel is Tr fl T^. So 
Cr is a finite fiat group scheme over R. 

We come back to our situation: R is integral. Let G]^ be the quotient of x G^'^^ 
by Cr, where Cr acts as inclusion on Tr and as the inverse of the inclusion on G'r'^^. 
The group G]^ is a reductive group scheme over R (as we have a short exact sequence 
— s> G^'^^ — > G]^ Tr/Cr — > 0). We have a canonical homomorphism q:G]^ — > G^j, 
which is an isomorphism over the generic fibre of R. But 3.1.2.1 c) and 3.1.2.2 3) guarantee 
that each fibre of g is a closed embedding, and that g is a proper morphism. This implies 
that Q is a closed embedding: we can assume that R is finitely generated over Z^j,) , and so 
that it is noetherian; first we deduce that qisa, finite morphism, and then everything results 
from Nakayama's Lemma. From the definition of G^ we deduce that q is an isomorphism. 
This implies that Gjj is a reductive group scheme over R, ending the proof of the Lemma. 

3.1.6.1. Remark. The above Lemma remains true if Z(p) is replaced by an arbitrary 
DVR. Even more generally, it remains true if R is an integral scheme, and instead of its 
generic fibre (over some integral scheme), we work with its generic point, cf. 3.1.2.2 3). 

3.2. Healthy normal schemes and integral models of Shimura varieties. In 3.2.1 

and 3.2.2 we introduce the general theory of healthy normal schemes. The need of such a 
theory was felt when it has been discovered that the statement 6.8 of [FC, p. 185] is not true 
in general (for details see [dJO]). Then in 3.2.3 to 3.2.16 we present the general theory of 
integral models of Shimura varieties. For this theory, in essence (i.e. except [Fa4]), we need 
from the theory of healthy normal schemes only some definitions and remarks. However 
we felt that it is important to include in 3.2.1 and 3.2.2 more then just definitions (cf. 
the philosophy of 3.2.7 6) and rm. 3) of 3.2.3.2.1; they nourish our expectation that the 
theory of healthy normal schemes will blossom very much in the near future). In 3.2.17 
we single aside the proof of a result of Faltings [Fa4] which plays an essential role in the 
theory of integral models of Shimura varieties. It introduces some of the main tools used 
in the study of healthy normal schemes. As these tools are referred to in 3.2.1 and 3.2.2 
we suggest that after 1), 2) and 8) of 3.2.1 and 1) and 3) of 3.2.2, 3.2.17 should be studied, 
before the rest of 3.2.1 and 3.2.2. 
Let p be a rational prime. 

3.2.1. Definitions. 1) A pair (Y, U), with Y a fiat scheme over Spec(Z) and with U an 
open subscheme of Y containing the generic fibre 1q of Y and such that the complement 
of t/ in y is of codimension in Y at least 2, is called an extensible pair. A pair (Y, Uy), 
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with Y as before and with C/y a subset of the underlying set of Y which is an intersection 

of the underlying sets of open subschemes Ui of y, i G /, such that (Y^Ui), i & I, are 
extensible pairs, is called a quasi-extensible pair. Here / is an arbitrary set, often infinite. 
A normal scheme Y flat over Spec(Z) is called: 

2) healthy if for any extensible pair {Y,U), every abelian scheme over U extends to 
an abelian scheme over Y; 

3) quasi healthy if for any extensible pair {Y,U), every abelian scheme over U 
extends to an abelian scheme over the normalization of Y -not assumed to be finite over 
Y- in a finite etale extension of the ring of fractions of Y; 

4) almost healthy if any abelian scheme Aq over Yq having level-/ structures for 
any N & N, with I a rational prime which is invertible in any point of Y, extends to an 
abelian scheme over the normalization of Y -not assumed to be finite over Y- in a finite 
etale extension of the ring of fractions of Y; 

5) n healthy if for any extensible pair {Y,U), every abelian scheme over U of di- 
mension at most n extends to an abelian scheme over Y (here n e N); 

6) locally healthy if any open subscheme of it is healthy. 

7) Similarly we define the following types of normal schemes (fiat over Spec(Z)): n 
quasi healthy, n almost healthy, locally quasi healthy, locally almost healthy, and locally 
n (quasi or almost) healthy. 

8) Let D he a, Dedekind ring which is fiat over Z [|] . A regular scheme Y fiat over 
D is called very healthy if: 

i) for any prime w of D having a residue field k{w) of positive characteristic p, the 
only open subscheme of the fiber Yyj of Y over w containing all points of Yyj having as a 
residue field an algebraic extension of k{w), is Y^ itself; 

ii) for any geometric point y : Spec{k{w)) ^ Yo^ (with D^^, a complete DVR 
faithfully fiat over the localization D^^^ of D with respect to w, having k{w) as its residue 
field and having the same ramification index as D(^^^), the completion of the local ring of y 

is of the form Ry = V[[xi,X2-, Xm]], with V a DVR containing W{k{w)), and such that 
the degree [V : W{k{w))] is less than p — 1. 

A normal scheme Y fiat over Z(p) is called: 

9) p-healthy if for any extensible pair (F, U), every p-divisible group over U extends 
uniquely to a p-divisible group over Y; warning: here we use a hyphen (p-healthy), while 
in 5) we do not; 

10) p-f-healthy if for any extensible pair {Y, U), every finite fiat group scheme over 
U of p-power order extends uniquely to a finite fiat group scheme over Y; 

11) strongly p-healthy if any p-di visible group over Yq extends uniquely to a p- 
di visible group over Y; 

12) strongly p-f-healthy if it is p-f-healthy, and if any finite flat group scheme over 
Yq of p-power order extends in at most one way to a flnite flat group scheme over Y. 

13) As in 6) and 7) we speak about locally p-healthy, locally p-f-healthy, locally 
strongly p-healthy and locally strongly p-f-healthy normal schemes (fiat over Z(p)). 

Let now O be a DVR which is a faithfully fiat Z(p-)-algebra, and let e be its index 
of ramification. Let ttq be a uniformizer of O. 
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3.2.1.1. Remarks. 1) If D is a DVR faithfully flat over Z(p), in order that there are very- 
healthy regular schemes over D with a non-empty special fibre, the ramification index of 
D has to be smaller than p — 1. If this is so, then any projective limit of smooth schemes 
over D with etale transition morphisms, for which i) of 3.2.1 8) is true, (in particular any 
smooth scheme over D) is a very healthy regular scheme over D. 

2) According to a theorem of Raynaud (cf. [Ra, 3.3.3]), if e < p — 1, then Spec(O) 
is a strongly p-f-hcalthy regular scheme. 

3) In 3.2.1 4), actually Aq does extend to an abelian scheme over Y . This can be 
seen using the ideas of the Step A of 3.2.17. 

4) From the Neron-Ogg-Shafarevich criterion we get directly that any locally noethe- 
rian healthy normal scheme (and so any healthy regular scheme) is an almost healthy 
normal scheme. 

5) The quotients (assumed to exist) of healthy normal schemes through finite group 
actions are quasi healthy normal schemes. This motivates def. 3) of 3.2.1. 

6) The regular quotients of healthy normal schemes through finite fiat group actions 
are healthy regular schemes. This can be checked starting from Step A of 3.2.17. Similarly, 
the regular quotients of locally healthy normal schemes through finite flat group actions 
are locally healthy regular schemes. 

7) The quotients of almost healthy normal schemes through finite group actions are 
almost healthy normal schemes. 

8) There are plenty of examples of noetherian almost healthy normal schemes which 
are not regular (this results from 4) and 7) and from 3.2.2 1)), and there are plenty of 
examples of healthy regular schemes which are not very healthy (cf. 3.2.2 5)). 

9) Any regular scheme Y of dimension 2 fiat over Z(p-) is p-f-healthy (this is a 
consequence of [FC, 6.2, p. 181]). 

10) There are plenty of p-f-healthy regular schemes which are not strongly p-f- 
healthy (like affine lines over the spectrum of a complete DVR of index of ramification 
p-1). 

11) Any p-hcalthy regular scheme fiat over Z^p) is healthy. The proof of this is 
similar to Step B of 3.2.17. 

12) Any smooth scheme over a local henselian p-healthy regular scheme Spec(-R) of 
dimension at least two, having the property that the only open subscheme of its special 
fibre (defined by ttq = 0) containing its fiber over the maximal point of Spec(i?), is the 
special fibre itself, is p-healthy. The proof of this is entirely the same as Steps B, C and D 
of 3.2.17 (to be compared with 3.2.2.2; an argument similar to the one of 3.2.2 4), involving 
Weil restriction of p-divisible groups, allows us to replace i? by a finite etale -R-algebra). 

13) The class of very healthy regular schemes over a Dedekind ring D flat over 
Z [|] is stable under localizations, completions (of local schemes) and passages to smooth 
schemes for which condition i) of 3.2.1 8) is still satisfied. 

14) We could have worked out 3.2.1 for locally integral schemes instead of normal 
schemes. But in such a generality we have basically no results. To study any type of 
healthy normal schemes we can restrict our attention to integral normal schemes. 

15) We consider a projective limit Z of quasi-compact healthy normal schemes 
with transition morphisms such that their fibres over any point of Spec(Z) are dominant 
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morphisms. We assume that one of the following two conditions is satisfied: 

- every fibre of Z over a point of Spec(Z) of finite characteristic has a finite number 
of points of codimension (in this fibre) zero; 

- the transition morphisms are pro-etale morphisms between schemes regular in 
points of positive characteristic and of codimension 1. 

Then Z is a healthy normal scheme (if the first condition is satisfied, the argument 
is standard; if the second condition is satisfied, we have to use as well [BLR, Cor. 2, p. 
177]). The similar statement for almost healthy normal schemes is not true. 

16) Step A of 3.2.17 explains why for checking that a normal scheme Y is (quasi or 
almost or locally) healthy it is enough to deal with principally polarized abelian schemes. 
This is very useful as the moduli stack over Spec(Z) parameterizing principally polar- 
ized abelian schemes of a given dimension is algebraic (and so quasi-compact and quasi- 
separated) [FC, 4.11, p. 23]. This means that in many situations (like in the last part of 
the proof of 3.2.2.1) we can work out things as in the case when we have a quasi-compact 
and quasi-separate situation. 

3.2.1.2. Questions. 1) Is it true that any local healthy regular scheme over of 
dimension at least 2, is p-healthy? 

2) Is the completion of a local healthy regular scheme, a healthy regular scheme 

itself? 

We expect a positive answer to these questions. In many cases it is known that the 
answer to 2) is yes (cf. 3.2.2.3 B)). 

3.2.1.3. Problem. Characterize the healthy regular schemes independently of the use of 
abelian schemes or of p-divisible groups. 

3.2.1.4. Expectations. 1) If y is a local healthy normal scheme, then we do expect that 
its (strict) henselization is also a healthy normal scheme (to be compared with rm. 4) of 
3.2.2). Similarly for other types of healthy local schemes. 

2) We do expect the existence of noetherian almost healthy and of quasi healthy 
normal schemes which arc not healthy. It should be possible to construct such examples 
starting from the fact that the classical purity theorem for regular rings is not true for 
normal noetherian rings. 

3) We do expect that for any G N there are healthy normal schemes which are 
not A" + 1 healthy normal schemes. 

4) In 2), 3), 5), 9) and 10) of 3.2.1 we could have worked with quasi-extensible pairs 
instead of extensible pairs. This would have made no difi'erence for 2), 3), 5) and 10) of 
3.2.1, but we do think (we do not have an example to prove this) it would have made a 
difference for 3.2.1 9). The advantage of working with quasi-extensible pairs (instead of 
extensible pairs) consists in the fact that given a fiat Spec(Z)-scheme Y it is enough to 
work with only one quasi-extensible pair (y, t/y), with Vy the subset of Y defined as the 
intersection of the underlying sets of all open subschemes U oiY such that (F, C/) is an 
extensible pair. 

5) Though we defined 2) to 7) of 3.2.1 for schemes over Spec(Z), we have no un- 
derstanding of the types of healthy schemes over Z(2) • In particular we do not know if 
Spec(Z2[[T]]) is a healthy scheme; however we do expect this to be true (cf. [Va2]). 
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6) We do not know even one example of a healthy normal scheme over Spec(Z[|]) 
which is not locally healthy. We do expect that (at least under some mild conditions) any 
healthy regular scheme over Spec(Z[i]) is locally healthy. It is a nice problem to check 
that all healthy regular schemes to be introduced in 3.2.2 5) are locally healthy. 

3.2.2. Remarks. 1) According to [Fa4], if e < p — 1, then any regular formally smooth 
scheme over O is a healthy regular scheme. As a direct consequence of this and its proof 
we get that any very healthy regular scheme over a Dedekind ring D (flat over is 
a healthy regular scheme, and, if D is a Z(p)-algebra, then it is also a p-healthy regular 
scheme (see 3.2.17 for a proof of these statements). 

2) Any healthy regular scheme is an almost healthy regular scheme. But we do 
not know if (or when) an almost healthy normal (regular) scheme is healthy. However an 
integral almost healthy regular scheme whose first fundamental group is trivial is a healthy 
scheme (cf. the classical purity theorem). 

3) The role of the Dedekind ring D in the definition of a very healthy regular scheme 
(over D) is essentially just to fix the notations. We can define an abstract very healthy 
regular scheme to be a fiat scheme Y over Spec(Z) with the property that for any local ring 
Oy of a point y of y of positive characteristic p, there is a faithfully flat O^-algebra Ry, 
with Ry of the same form as the one in 3.2.1 8). As in 1), any abstract very healthy regular 
scheme is a healthy regular scheme, and any abstract very healthy regular Z(p)-scheme is 
p-healthy (cf. 3.2.17). 

The class of abstract very healthy regular schemes is stable under localization, 
completion, passage to regular formally smooth schemes, and under pull backs through 
morphisms defined by ring homomorphisms between discrete valuation rings of mixed 
characteristic having the same index of ramification. 

4) Let q:Yi Y be an etale morphism of fiat Z-schemes. We assume that there 
is an extensible pair (Y, U) such that (Yi, q^^{U)) is an extensible pair and q~^{U) is an 
etale cover of U (this is equivalent to the fact that q defines an etale cover over Yq and 
over local rings of Y which are discrete valuations rings of mixed characteristic) . We have: 

A) If y is a healthy normal scheme, then Yi is a healthy normal scheme. 

To see this let (Yi, Ui) be an extensible pair, and let Ajj^ be an abelian scheme over 
Ui. We can assume that Yi and Y are integral. We can also assume that there is an open 
subscheme U of U such that (Y, U) is an extensible pair and q~^{U) = Ui. 

We consider the abelian scheme over U obtained from the abelian scheme Au-^ 
through the Weil restriction of scalars (the morphism ?7i — > C/ is etale and finite). It 
extends to an abelian scheme over Y (as Y is a healthy normal scheme). Prom this by 
standard arguments we deduce that Ajj^ extends to an abelian scheme over Yi. 

As a consequence we get: 

B) If q is an etale cover, then Yi is a healthy normal scheme iff Y is so. 

This remains true if we replace healthy schemes by any other type of healthy schemes 
defined in 2), 3), 5), 6) and 8) to 12) of 3.2.1, but we do not know if (or when) this remains 
true if the word healthy is replaced by almost healthy. 

Even better: 

C) If is a pro-etale cover, then Yi is a healthy normal scheme iff Y is so. 
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To see this we can assume that Yi and Y are both integral schemes. Let now Au^ 
be an abelian scheme over an open subscheme Ui of Yi with the property that (Yi, Ui) is 
an extensible pair. There is an etale cover q2'-Y2 — > Y, with Y2 an integral scheme, such 
that q factors through q2 and the abelian variety over the generic point of Yi obtained 
from Auj^ , is defined over the generic point of 12- Now the theory of descent implies that 
this abelian variety over v extends to an abelian scheme over an open subscheme U2 of I2 
with the property that {Y2, U2) is an extensible pair. Moreover its extension to Ui is Ajj^ 
(we can assume that Ui factors through U2)- Now everything results from B). 

A similar C) can be stated for the type of healthy schemes introduced in 6), 8) and 
10) of 3.2.1. 

5) There are plenty of healthy regular schemes which are not very healthy. Section 
3.2.17 is the source of inspiration for such examples. For instance, if / and p are two primes 
such that I > p > 3, then the local schemes of whose completion is of the form 

Y = Spec{W{k) [[x, y, z]]/{x' + y'' + + p)), 

with k a perfect field of characteristic p, is a healthy regular scheme. This can be easily 
seen by using Steps A to D of 3.2.17. (Hint: Using Step A we can assume that our local 
scheme is Y itself. Then we can assume that k = k and so that Y is a strictly henselian 
local scheme. Next we check that the closed subscheme Spec{W{k)[[y, z]]/{y'^ + 
of y is a healthy regular scheme.) But obviously Y is not a very healthy regular scheme 
over W{k\ It can be checked that Y is also not an abstract healthy regular scheme. 

6) The following definition is not mathematically acceptable, and so it is not used 
outside this remark; however we do expect the possibility of defining the class of regular 
0-schemes it introduces, in terms of different indices of ramifications of different regular 
closed subschemes of it. So we do see the possibility of a mathematically acceptable 
definition of this class, which would lead to a deep understanding of the healthy regular 
O-schemes. 

Definition (tentative) . We call a regular O-scheme S-healthy (the letter S stands for the 
word strongly) if the completion of the henselization of an arbitrary local ring of it of 
mixed characteristic can be proved to be healthy by using Steps A to D of 3.2.17 (as in 
the hint of 5)). 

Any very healthy regular O-scheme is S-healthy, any S-healthy regular O-scheme is 
locally healthy. We do not know what is the relation between i?-healthy regular schemes 
(to be defined in 3.2.2.3.1) and S-healthy regular schemes over O. In our opinion the most 
important subclasses of healthy regular schemes over O are: of S-healthy, of locally healthy, 
and of quasi-compact healthy schemes over O (to which we have to add, in the case when 
e < p — 1, the subclasses of abstract very healthy schemes over O, of i?-healthy schemes 
over O, and of regular formally smooth schemes over some DVR 0\ which is a faithfully 
fiat 0-algebra having e as its index of ramification). 

3.2.2.1. Proposition. We assume that O is a henselian DVR. Let Y he a regular scheme 
overO and let O ^ Oi be a formally etale inclusion, with Oi a DVR. Then Yq^ is a healthy 
regular scheme iff Y is a healthy regular scheme. 
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Proof: Obviously Yoi is a regular scheme. If Y^^ is a healthy regular scheme, then from 
the theory of descent, we deduce that Y and Yoi are healthy regular schemes. So we 
can assume that Oi is complete. Using B) of 3.2.2 4) we can assume that Oi = O. Let 
Yi :^Yo,. 

We assume now that F is a healthy regular scheme. We can assume that Y is 
an integral 0-scheme, with a non-empty special fibre. Let (Yi, Ui) be an extensible pair, 
and let Au^ be an abelian scheme over Ui. There is an extensible pair {Y,U) such that 
Ui = U XyYi (as the special fibers of Y and Yi are the same). 

We treat first the case when Y is an affine (integral) scheme. Then Au^ is defined 
over a scheme Uq'^-, with O'^ a finitely generated O-subalgebra of O. As O is an excellent 
ring (as its field of fractions has characteristic zero), we deduce from [BLR, Th. 12, p. 83] 
the existence of an O^-algebra O25 smooth over O, and such that we have a homomorphism 
O2 — > O of O^-algebras. Let O3 be the localization of O2 with respect to its prime ideal 
dominated by the maximal ideal of O. 

Remark 3.2.2 4) gives us the right to assume that the first fundamental group 
of Y is trivial (and so that Y is an almost healthy regular scheme), and that O is a 
strictly henselian DVR. Prom the smoothness of O2 (over O) we deduce the existence of an 
epimorphism S3: O3 ^ O of 0-algebras. Now it is easy to check that the resulting (abelian 
scheme) model of Au^ over C/og extends to an abelian scheme over Yq^'- using the fact 
that is a regular scheme (being the localization of a smooth Y-scheme), we can follow 
entirely the independent section 3.2.17 (the role of V being replaced by Y; the existence of 
S3 guarantees that everything is the same). We deduce that Au-^ does extend to an abelian 
scheme over Yi. 

The same argument works for the case when Y is quasi-compact (i.e. a local O- 
algebra as above does exist in this case also). The general case is treated similarly: 
we can assume that Au^ (cf. 3.2.1.1 16)) is principally polarized; as the moduli stack 
of principally polarized abelian schemes of a given dimension over 0-schemes is algebraic 
over O (and so it is quasi-compact and quasi-separated) we deduce (see also below) the 
existence of a local 0-algebra O3 having the same properties as above. The rest of the 
argument is the same. 

In fact we can avoid using stacks as follows. Let V be the normalization of O in the 
field of fractions of Y. It is a strictly henselian DVR (as O is so and as the special fibre 
of the regular scheme Y is non-empty). The generic fibre of Y is geometrically connected 
over the field of fractions K{V) of V. As Vi := V ®o Oi is a DVR, this implies that Yi 
is an integral scheme. Moreover its generic fibre is geometrically connected over the field 
of factions of Vi. Now it is an easy exercise to check (starting from the fundamental exact 
sequence of [SGAl, p. 253], applied to the generic fibre of Y, viewed as a i^(V)-scheme) 
that the first fundamental group of Yi is trivial (we view y as a F-scheme and Yi as a 
Vi-scheme); as Y is regular we can refer to loc. cit. even if Y is not quasi-compact. From 
this and the classical purity theorem we deduce that Au^ has level- structures, for any 
A G N satisfying {N,p) — 1. So we can replace the referred stack, by a Mumford scheme 
^d{Au (we view it as a quasi- projective smooth scheme over Z[-^]) (cf. [Mu]). Here 
d(Auj) is the relative dimension of Au^^ , while A > 2 is an integer satisfying (A,p) = 1. Let 
m : t/i — > 'A(i(Auj^),i,N be such that Ajj^ is the pull back through m of the universal abelian 
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scheme over A(1(Auj^),i,n (i^i what follows we do not need to mention polarizations). We can 
assume V = O and Vi = Oi. As any morphism between spectra of fields of characteristic 
is regular, using descent and [FC, 2.7 of p. 9] we deduce the existence of a subfield L of 
Oi[^] which is finitely generated over K{V) and such that the generic fibre of m factors 
through Y Xo L. 

Let Ci, Ci be a finite cover of A(1(Aui),i,n by affine, open subschemes whose 
complements are smooth and have pure codimension 1, / G N. For i G {1, ...,/}, let Zi be 
an arbitrary affine, open subscheme of U such that its special fibre is mapped by m into 
Ci- Let Wi be the maximal open subscheme of Zi Xq Oi such that the restriction rrii to 
it of the natural morphism Z^ Xq Oi — > ^(i(Ac/j,i,Ar factors through Cf, it is affine and 
contains the special fibre of Zi Xq Oi. We deduce the existence of a finitely generated 
O-subalgebra of L fl Oi such that, provided we replace U by the open complement in it 
of a closed subscheme of its special fibre of codimension in this fibre at least 1, nii factors 
through an open, affine subscheme of ZiXoO^ containing the special fibre. As the notation 
suggests, we can assume that depends only on i G {!,...,/} and not on Zi (cf. simple 
arguments on global sections based on [Ha, ex. 2.4, p. 79] and on dilatations; for this part 
we can assume that the generic fibre of Y is affine) . We deduce the existence of a finitely 
generated O-subalgcbra O'l of Oi containing all O^'s, having L as its field of fractions and 
such that Ajj-^ is the pull back of an abelian scheme over Z, with Z an open subscheme of 
Uo[ containing the generic points of its special fibre, the special fibre oiU XoOi,Y Xq L 

and Uo[i with U an affine, dense, open subscheme of U. So Yo; \ Z has codimension at 
least 2. 

We consider a projective compactification Ad^Aui),!,^ of -^dCAf/J.i.Ar PC, §5 

of Ch. V]; so the complement of Ad(Au-i^),i,N ■Ad(Aui),i,N is of pure codimension 1. We 
embed ^d(Ac/j),i,Ar in a projective space P*^ over . Let 3" be the pull back to Z of the 
canonical line bundle 0(1) on P^. Now the existence of O2 and O3 as above and such that 
the morphism Z Xo[ O3 — •^d(yi[/j,i,Ar extends to a morphism Uos — Ad(Au-t^),i,N^ 
easily checked starting from [Ha, 7.1, p. 150] and standard arguments with Weil divisors 
(cf. also [FC, iv) of 10.1, p. 88], the fact that the pull back of 5" to Z Xq/ O2 extends to a 
line bundle on y Xq O2 and [Ma, Th. 38]). This ends the proof of the Proposition. 

3.2.2.2. Lemma. Let Spec{R) be a local henselian healthy regular scheme over O of 
dimension at least 2. Let Z he a normal R-scheme which is a projective limit of smooth 
schemes of finite type over Spec{R) such that: 

- each member of the projective system has the property that the only open subscheme 
of its special fibre (defined byizo = containing its fibre over the maximal point of Spec{R) 

is the special fibre itself; 

- the transition morphisms are dominant modulo tiq; 

- either the transition morphisms are etale or each connected component of Zqs\, is 
such that its special fibre has a finite number of points of codimension (in this special fibre) 
zero. 

Then Z is a healthy normal scheme. 

Proof: Remark 3.2.2 4) gives us the right to assume that Spec(i?) is a strictly henselian 
local scheme, and so that it is an almost healthy scheme, cf. 3.2.2 2). So we can assume 
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that O = O^^ and that Z is connected. It is enough (cf. 3.2.1.1 15)) to prove this Lemma 

for the case of a smooth scheme Y over Spec(i?) satisfying the condition that the only 
open subscheme of its special fibre containing its fibre over the maximal point of Spec(i?) 
is the special fibre itself. This condition implies the existence of a Zariski dense set of good 
sections Spec(i?) — > Y; here by good we mean that, fixing an open subscheme U oiY such 
that (y, U) is an extensible pair, we take only sections s: Spec(i?) — > Y such that the pair 
(Spec(i?), s~^{U)) is also an extensible pair. Now everything is entirely similar to Steps C 
and D of 3.2.17 (cf. also the proof of 3.2.2.1). This ends the proof. 

Let now O Oi be an inclusion between two discrete valuation rings which are 
faithfully fiat over We assume that it is of index of ramification 1 and that O is a 

henselian DVR. We recall that a faithfully flat inclusion O3 ^ O2 between two discrete 
valuation rings is said to be of index of ramification 1 , if a uniformizer of O3 is a uniformizer 
of O2, and if at the level of residue fields we get a separable field extension. 

3.2.2.3. Corollary. A ) Let Y he a healthy regular 0-scheme such that one of the following 
two conditions is satisfied: 

a) any maximal point ofY of positive characteristic has a local ring whose henseliza- 
tion is a healthy regular scheme of dimension at least two; 

b) any smooth scheme over a DVR of mixed characteristic which is a local ring of 
Y , is a healthy regular scheme. 

We have: 

1) For any projective limit Z of smooth schemes of finite type over O having etale 
transition O-morphisms whose fibres are dominant morphisms, Yz is a healthy normal 
scheme. 

2) Yo^ is a healthy regular scheme. 

B) If the completion Y Y of a local henselian healthy regular scheme Y is a projective 
limit of smooth affine schemes over Y , then this completion is a healthy regular scheme. 

Proof: The scheme Yz is normal: it is a projective limit of normal schemes with dominant 
transition morphisms. To check 1) let {Yz, U) be an extensible pair, and let A be an 
abelian scheme over U. The conditions a) and b) imply that we can assume that there is 
an extensible pair (y, U{Y)) such that U = U{Y)z (in case a) cf. 3.2.2.2). We can assume 
that Z is local, and even more using descent and C) of 3.2.2 4), we can assume that Z 
is strictly henselian. So, as in the last paragraph of the proof of 3.2.2.1 we come back to 
an essentially finite type picture, i.e. we can assume that Z is a localization of a smooth 
scheme of finite type over O. So the part of the proof of 3.2.2.1 involving passage to O^^ 
and taking sections applies: we get that A extends to an abelian scheme over Yz. 

To see 2), we can assume (cf. 3.2.2.1) that both O and Oi are complete DVR's. 
Now everything results by using in this order part 1), 3.2.2.1 and 3.2.2 4), once we remark 
that Spec(Oi) is a pro-etale cover of the spectrum of a DVR O2, which is the completion 
of a henselian DVR of whose spectrum is a projective limit of smooth affine O-schemes 
whose transition O-morphisms are etale and have fibres which are dominant morphisms 
between integral schemes (as the inclusion O ^ Oi has index of ramification 1). 

Part B) results from 3.2.2.2 if Y is of dimension at least 2 (the case when Y is of 
dimension 1, i.e. when Y is the spectrum of a DVR, is trivial). The only extra thing 
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we need to add: as Y has a finite number of points of its special fibre of codimension 1 
in it, any abefian scheme over U, with [Y, U) an extensible pair, is defined over an open 
subscheme Uz of a smooth scheme Z of finite type over Y, with {Z, Uz) an extensible pair, 
and with the natural morphisms Y ^ Y and U ^ Y factoring through Z and respectively 
through Uz- This ends the proof of the Corollary. 

3.2.2.3.1. Definition. A healthy regular scheme over Z(p) is called i?-healthy (i? stands 
to honor the theorem of Raynaud mentioned in 3.2.1.1 2)) if the local rings of the generic 
points of its special fibre have indices of ramification smaller than p — 1. 

3.2.2.4. Remarks, a) Part 2) of 3.2.2.3 A) is in essence the maximum it can be said in 
full generality for the case of a ring homomorphism O — > Oi of index of ramification 1, as 
the spectrum of any DVR of mixed characteristic is a healthy regular scheme, and as the 
condition b) of 3.2.2.3 A) is a natural one (in this context). Of course there are variants 
of 3.2.2.3 A) when we intermingle the conditions a) and b) of 3.2.2.3. 

b) Using def. 3.2.2.3.1, from 3.2.2.3 A) we get (cf. 3.2.2 1)): a regular scheme Y 
over O is i?-healthy iff Yoi is an i?-healthy regular scheme. 

c) There are i?-healthy regular schemes which are not abstract healthy regular 
schemes (see 3.2.2 5)). 

We start now by clarifying and restating the definitions introduced in [Mi4, Ch. 2] , 
and commented in the footnote of [Mi3, p. 513]. So the conjecture [Mi4, 2.7] also gets 
restated (see 3.2.5). 

Let (G, X) define a Shimura variety and let w be a prime of E{G, X) dividing the 
rational prime p. Let H he a, compact open subgroup of G{Qp). We assume now that O 
is a faithfully flat 0(„)-algebra. Let L be its field of fractions. We have L D E{G, X). Let 
/: [G^X] — > (Gi,Xi) be a map and let Hi be a compact open subgroup of Gi(Qp) such 
that / takes H into Hi. Let vi be the prime of E{Gi, Xi) divided by v. Let Oi be a DVR 
which is a faithfully fiat 0(i,^)-subalgebra of O. Let Li be its field of fractions. 

3.2.3. Definitions. 1) An integral model of ShniG^ X) over O is a faithfully flat scheme 
M over O together with a G(Aj)-continuous action and a G(Aj)-equivariant isomorphism 

ML^ShH{G,X)L. 

When the G(Ap-action on M is obvious, by abuse of language, we say that M is an integral 
model. 

1') By a (map or) morphism from an integral model M of Shj^ (G, X) over O to an 
integral model Mi of Sh//^ (Gi, Xi) over Oi we mean a G(A^)-equivariant Oi-morphism 

whose restriction to generic fibres is the natural Li-morphism Sh//(G, X) l Sh//^ (Gi, -^i)li 
defined by / (to be compared with 2.9). 

In particular if / is the identity map of (G, X) we get the definition of morphisms 
between two integral models of Sh/f(G, X) over O. 
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2) The integral model M is said to be smooth (resp. normal) if there is a compact 
open subgroup Hq of G(Ay.) such that for any inclusion H2 C Hi of compact open sub- 
groups of Hq, the natural morphism JA/H2 M/i^i is a finite etale morphism between 
smooth schemes (resp. between normal schemes) of finite type over O. In other words, 
there is a compact open subgroup Hq of G{A^j-) such that M is a pro-etale cover of the 
smooth scheme (resp. of the normal scheme) M/i^o of finite type over 0(„). 

2') The integral model M is said to be quasi-projective, projective or proper if for 
any (it is enough just for one) compact open subgroup Hq of G(A^) the scheme M/i^o is 
respectively quasi-projective, projective or proper. 

3) A scheme T over O is said to have the extension property, abbreviated EP (resp. 
the extended extension property, abbreviated EEP), if, for any healthy regular scheme 
(resp. for any almost healthy normal scheme) Y over O, every L- morphism Tl 
extends uniquely to an 0-morphism Y ^ T. Similarly, using J?-healthy regular schemes 
instead of healthy regular schemes, we speak about a scheme having the i?-extension 
property (abbreviated REP). 

4) A scheme T over O is said to have the weak extension property, abbreviated 
WEP (resp. the smooth extension property, abbreviated SEP), if, for any abstract very 
healthy regular scheme Y over O (resp. for any regular formally smooth scheme Y over a 
DVR which is a faithfully fiat O-algebra and has the same ramification index as O) , every 
L-morphism Yl — > Tl extends uniquely to an O-morphism y — > T. 

5) A scheme T over O is said to have the quasi extension property, abbreviated 
QEP (resp. the local extension property, abbreviated LEP), if, for any quasi-compact 
healthy regular scheme (resp. for any locally healthy regular scheme) Y over O, every 
L-morphism Y^ Tl extends uniquely to an O-morphism y — > T. Similarly we define 
the quasi extended extension property (abbreviated QEEP). 

6) A smooth integral model of Shij (G, X) over 0(^,) (resp. over its completion 0(„)) 
having the EP is called an integral canonical model (resp. a local integral canonical model) 
of our Shimura variety Sh(G', X) with respect to v and H (or simply with respect to H as 
the prime v is determined by the integral model). 

3.2.3.0. Remark. Other extension properties can be defined starting from quasi healthy 
schemes, or from locally healthy schemes. Not to be to long, this is not going to be done 
here. 

3.2.3.1. Remarks. 0) Allowing {G,X) and v to vary we get that def. 3) to 5) of 3.2.3 

make sense for any DVR which is a faithfully fiat Z(p-) -algebra. Moreover 1) and 1') of 
3.2.3 make sense for any compact subgroup H of G'(A^) not necessarily open, but for 2) 
and 2') of 3.2.3 we do need to assume that H is also open. 

1) Any scheme over O having the EEP, has the EP (cf. 3.2.2 2)), and any scheme 
over O having the EP, has the WEP (cf. 3.2.2 3)). If e < p - 1 then any scheme over O 
having the WEP has the SEP. We do not know when the converses of these statements 
are true. 

2) Any quotient JvI/Hq (with Hq a compact open subgroup of G(A^)) of a normal 
integral model M of Sh//(G, X) over O having the EP, is separated. 

To see this we first remark that any DVR of mixed characteristic is a healthy regular 
scheme. We use the valuative criterion of separatedness. We need to check it just for a 
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DVR of mixed characteristic, as M is a pro-etale cover of the normal scheme M/Hq of 
finite type over O and has a separated generic fibre. Now everything results from the EP. 

3) A scheme Y over O has any of the extension properties we defined iff the reduced 
scheme Fred attached to it has it. A reduced scheme Y over O has any of the extension 
properties we defined iff any connected component of its normalization in its ring of frac- 
tions has it. This reduces the study of schemes over O having an extension property to 
the case of integral normal schemes over O. All these results from the fact that we defined 
the different extension properties in terms of normal schemes. 

4) Any scheme over O having the EP (resp. EEP) has the LEP and the QEP (resp. 
has the QEEP). We do not know if (or when) the converse is true. 

5) If y is a scheme over O having any type of extension property, and if Yi^ is a 
closed reduced subscheme of Yl, then the Zariski closure Yi of Yil in Y also has the same 
type of extension property. Moreover: the normalization of Yi in any pro-etale scheme 
over the spectrum of the ring of fractions of Yi has the same type of extension property. 
We will use this trivial fact without any further comment. 

5') If Y is an 0-scheme having the EP, and if q:Y ^ Yi is a morphism which is 
an isomorphism on generic fibres, then Yi has the EP. This remains true for any of the 
extension type properties we defined above. 

6) If Yl — > Y is a pro-etale cover of O-schemes, then Yi has the EP (or QEP, or 
WEP, or SEP) iff Y has it (for the EP and QEP this is a consequence of C) of 3.2.2 4); 
for the WEP and SEP cf. def. 4) of 3.2.3). 

7) A regular formally smooth scheme over O having the SEP is uniquely determined 
by its generic fibre. 

3.2.3.2. Let M be a smooth integral model of ShniG^X) over O. Let Hq be a compact 
open subgroups of G(Ay) such that the quotient morphism M M/Hq is a pro-etale 
cover. 

Proposition, a) IfM has the SEP (resp. WEP or EP) then M/Hq has the following 
extension type property: If (Y, U) is an extensible pair with Y a regular formally smooth 
scheme over a DVR Oi which is a faithfully fiat 0-algebra having the same index of 
ramification as O ( resp. with Y an abstract very healthy regular scheme, or resp. with Y a 
healthy regular scheme), then any morphism U — > M./Hq extends uniquely to a morphism 
Y ^ M/Ho; 

b) We assume thatJA. has the SEP and satisfies the valuative criterion of properness 
with respect to discrete valuation rings of mixed characteristic (for instance these hold if 
M has the EP and e < p — 1). We have: 

i) Let 'MP/Hq be an open closed subscheme of'M./Ho, and let q^-.M^/Hq — > Z 
be a proper morphism, with Z a faithfully fiat scheme of finite type over O , which is 
an isomorphism on generic fibres. Then the natural map 'MP / Hq{0^^) — > Z{0^^) is a 
bijection; 

a) The morphism of i) is in fact finite. 

Proof: The proof of a) is a consequence of the classical purity theorem and of the fact that 
the class of schemes Y mentioned in a) are stable under pro-etale covers (cf. rm. 4) of 
3.2.2). We now prove b). 
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i) We can assume that O = O^^, that Z is normal and connected and that C := 
JAP /Hq is connected. We first remark that C is a separated scheme (the argument is 
the same as in 3.2.3.1 2)) of finite type over O (cf. def. 2) of 3.2.3) and has a smooth 
quasi-projective generic fibre (the generic fibre is a model of the quotient of a Hermitian 
symmetric domain by an arithmetic subgroup). 

Ia) We consider a proper morphism qf: G — > Z, with Z a faithfully flat scheme of 
finite type over O, having the properties mentioned in i) of b). From the smoothening 
process (cf. [BLR, Th. 3, p. 61]) we deduce the existence of a Z-scheme Zi, smooth over 
O, quasi-projective over Z, and having the property that the induced map ZiiO) — > ZiO) 
is a bijection. Moreover the generic fibre of Zi is the same as the generic fibre of Z (or of 

e). 

is) Let be a connected component of M which is a pro-etale cover of C. So 
X e Ci is a pro-etale cover of the normal O-scheme Ci of finite type. As q is proper, the 
normalization of any local ring of Zi which is a DVR in the field of fractions of is a 
regular ring of dimension 1. This implies the existence of a morphism from the spectrum 
of any such normalization into (as M satisfies the valuative criterion of properness with 
respect to discrete valuation rings of mixed characteristic). So there is a rational map qi 
from Zi to C defined on points of codimension 1, and inducing an isomorphism on generic 
fibres. From the mentioned extension type property of M/Hq (cf. a)), which is also enjoyed 
by its connected component C, we deduce that qi is in fact a morphism. Moreover the 
induced maps Z\{p) — 6(0) — > 'Z{0) are bijections. This implies that q\ is a surjective 
morphism (as C is a smooth scheme and as O = 0^^\ So i) of b) holds. 

ii) As Z is normal, we need to show that q is an isomorphism. We just need to show 
that q is an isomorphism in codimension 1. If this is not so, then there is a connected 
component Cp of the special fibre of C dominating a reduced closed subscheme Zp of the 
special fibre of Z of dimension d < dim(Cp). So Zp is a closed subscheme of the non-smooth 
locus of Z. Let C be the open subscheme of C defined by Gp and the generic fibre of C. 

From [BLR, p. 72] we deduce that the morphism 6 — > Z lifts to a morphism 
qp'. C — > Z, where Z is obtained from Z through the first blowing up needed to get Zi: we 
always blow up a reduced connected component of the maximal reduced closed subscheme 
Sz of the special fibre of Z having the property that it is included in the non-smooth 
locus of Z and the points of it with values in the residue field of O^^ which admit lifts 
(in Z) to 0®*^-valued points, are Zariski dense in it. As C is smooth and its fibres over 
Z arc proper schemes (over residue fields of points of Z), we deduce that qp dominates 
a closed subscheme Zp of the special fibre of Z of the same dimension d: the morphism 
C — Z factors through an open subscheme of Z which is affine over Z, cf. the properties 
of dilatations [BLR, p. 62]. So Zp is included in the non-smooth locus of Z. We can 
apply induction to get that qi has a section above C such that Qp dominates a closed 
subscheme of the special fibre of Zi of dimension d. Contradiction. We conclude that q 
is an isomorphism in codimension 1, and so an isomorphism. This ends the proof of the 
Proposition. 

Expectations. Under the hypotheses of b) above we expect that the following statements 
can be proved without assuming that M is a quasi-projective integral model: 
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iii) If Spec(O) — > Spec(Oi) is a finite Galois cover, with Oi an 0(^)-subalgebra of 
O, then M is the extension to O of a smooth integral model Mi of Shu^G, X) over Oi. 
Also Ml inherits the properties of M mentioned in b); 

iv) The quotient of M/Hq through a finite free action exists as a scheme (not only 
as an algebraic space). 

We present the reasons for these expectations. 

iii) To prove iii) we can assume that both O and Oi are complete (for instance cf. 
Raynaud's result mentioned in [BLR, p. 166])). Let C := Gal(0/Oi) = Gal(A;/A;i), with 
k and ki the residue fields of O and respectively of Oi. We view C as a finite etale group 
scheme over O. Due to the fact that M has the SEP and that its generic fibre is definable 
over the field of fractions of Oi (being definable over E{G, X)) we deduce the existence of 
a natural action of C on M, compatible with the action of G(A^) on M. It provides us 
with a Galois-descent datum (see [BLR, 6.2]). To prove iii) we just have to show that it is 
effective. It is enough to work with M/ifo instead of M. 

iiiA) From [BLR, Lemma 4, p. 155] and [Mul, p. 112] we deduce the existence 
of a quasi-projcctive smooth scheme of finite type over Oi such that Uq is an open 
subscheme of JvI/Hq containing the generic fibre and all the points of codimension 1. Let 
Z he a faithfully flat projective scheme over Oi having as an open subscheme. We can 
assume that its generic fibre is smooth (cf. the resolution of singularities in characteristic 
0). We can assume that the generic fibre of is dense in the generic fibre of Z. We get a 
rational map from M/i^o to Zq defined on the generic fibre and in points of codimension 
1. 

uzb) Let y: Spec(fc2) ^ M/i^o be an arbitrary maximal point of positive character- 
istic. Here /c2 is a finite field extension of ki. Let Spcc(02) be the etale cover of Spec(O) 
having Spec(A;2) as its special fibre. Let z: Spec(02) JA/Hq be an arbitrary lift of y. Let 
Zi be obtained from Z as above, using the smoothening process. So Zi is the smooth locus 
of a scheme Z[ obtained from Z through a sequence of blowings up centered on special 
fibres. We get a natural bijection Z\{0^^) — > Z{0^^). As Z is a projective O-scheme, we 
can view z as an 02-valued point Z2 of Zi. Let y2'- Spec(/c^) ^ Z\ be the maximal point of 
the special fibre of Zx through which the /c2-valued point of Zx defined by Z2-, factors. Let 
Spec(O^) be the etale cover of 0\ having k'^ as its residue field. Let Spec(O^) Zi be a 
lift of I/2- Let Spec(O') be the Galois cover of Spec(Oi) generated by O. Let W\ be the 
closed subscheme of Z\ which is the Zariski closure of the closed subscheme of its generic 
fibre defined by the complement of the generic fibre of U'^ . Let Zi be the open subscheme 
of Zx defined by the complement of W\. As in ib) we get a morphism q: Z20 ^/Hq, 
which at the level of generic fibres is an isomorphism. 

iiic) We can assume that Z2 factors through Z2. To see this we have to use blowings 
up centered on special fibres. First we blow up y2 on Zi. We get similarly a point ?/2 on 
the resulting scheme Z^- Now we blow up y'l on Z2. After a finite number of operation 
we achieve the separation of the point Z2 from Wi. This is possible due to the fact that in 
characteristic zero we do have such a separation: let Oy^ be the local ring of y2 in Z2, and 
let n G N be the valuation (with respect to the normalized valuation of O2) of the image 
in O2 (through the epimorphism Oy^ -» O2 defined by Z2) of an element of Oy^ defining 
Wi in Spec (0^2 ); after at most n blowings up we achieve the desired separation. 



41 



So we get a C-equivariant morphism Spec{Oy^ (S>Oi O) — > JA/Hq. Its image contains 
the C-orbit of y in JA/Hq. The same is true for any other maximal point of Z2 whose 
inverse image to Z20 dominates the C-orbit of y. So this orbit should be contained in 
an affine open scheme of JA/Hq. If 0[ — Oi, this is obvious. The general case should be 
handleable by standard arguments on local rings: we just need to show that the intersection 
of the local rings of the points of the C-orbit of y is a semi-local ring whose localizations 
with respect to maximal ideals are local rings of the points of the C-orbit of y; this should 
be provable using the fact that q is an isomorphism above points of M/i^o of codimension 
1, starting from [Ma, Th. 38]. 

We assume now that we were able to get that the C-orbit of y is contained in an 
affine open subscheme of JA/Hq. As y was an arbitrary maximal point of the special fibre 
of JV[/Hq, from [Mul, p. 112] we deduce that the quotient of JVI/Hq through the action 
of C exists as a scheme. This scheme is Mi/iifo- Taking its normalization in the ring of 
fractions of the extension of ShniG, X) to the field of fractions of Oi, we get the desired 
integral model Mi of ShH(C, X) over Oi (obviously Mio = 3VC). The last part of iii) 
involving the inheritance property is trivial. 

iv) The above ideas of iii) can be entirely adapted for the case of quotients. The 
easy details arc left as an exercise. We just need to replace the operation of extension 
of scalars (from Oi to O) used above, by the operation of taking the normalization (of a 
reduced scheme whose ring of fractions is the subring of the ring of fractions H of M/Hq 
fixed by the action) in IF. 

3.2.3.2.1. Remarks. 1) We call the part of i) of 3.2.3.2 b) involving C^^-valued points 
as the maximality property. 

2) We think it is possible to prove that M/Hq is a quasi-projective scheme over O 
by just refining 3.2.3.2. In the case when (G, X) is of preabelian type and {v, 6) = 1 we 
will prove this in 6.4.1 using the extra fact that different schemes related to M are moduli 
schemes of abelian varieties (subject to some conditions). 

3) In [Va6] we will develop the general theory of integral canonical models of smooth 
schemes of finite type over the field of fractions of a Dedekind domain (of mixed charac- 
teristic), starting from 3.2.3.2 and rm. 1) of 6.4.6. 

3') The ideas and results of 3.2.3.2 can be used in a much larger context (not 
involving Shimura varieties). For instance for a) we just used the fact that IH/Hq has a 
pro-etale cover having some extension type property, while for expectation iii) (resp. iv)) 
we used (besides the mentioned fact) the fact that the descent (resp. the quotient) we are 
dealing with is known to be effective at the level of generic fibres. 

4) Expectation iii) is not true in the larger context if the finite morphism Spec(O) — > 
Spec(Oi), with Oi a DVR, is not an etale cover, as it can be easily seen through examples 
involving Neron models of abelian varieties. 

3.2.3.3. Proposition. Letio'-O^Oi be a faithfully flat inclusion of discrete valuation 
rings, with Oi having also e as its index of ramification. We have: 

1) A scheme Y over O has the WEP or the SEP iff Yqi has it. 

2) If moreover O is a henselian local ring and ifio is formally etale, then a scheme 
Y over O has the EP (or QEP) iffYo^ has it. 
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3) If %o has index of ramification 1, then a scheme Y over O has the REP iff Yq^ 
has the REP. 

Proof: We just need to check that the class of schemes involved in the definition of these 
extension properties is stable under pull backs via io and that any Oi-scheme belonging 
to such given class, as an O-scheme also belongs to the given class. This last part is trivial, 
while the first part is a direct consequence of def. 4) of 3.2.3 for 1), of 3.2.2.1 for 2), and 
of 3.2.2.4 b) for 3). 

3.2.3.4. Remark. We do expect that the condition on O of being a henselian DVR 
used in 3.2.3.3 2) is not needed. For this we need to prove that for any etale morphism 
Spec(Oi) Spec(O), with Oi a DVR, a scheme Y over O is a healthy regular scheme iff 
Yoi is so. 

3.2.4. Remark. We assume that G is unramificd over Qp and that if is a hyperspecial 
subgroup of G{Qp). Then, if p > 2, any (local) integral canonical model ?sf of ShniG, X) 
is uniquely determined up to a unique isomorphism (cf. 3.2.3.1 7); i.e 'N has the SEP as it 
has the EP: this results from 3.2.2 1) and from [Mi3, 4.7] which shows that v is unramified 
over p). If p = 2 then we know the uniqueness of an integral canonical model of Shij (G, X) 
only when G is a torus (cf. 3.2.8). 

3.2.5. Milne's conjecture [Mi4]. If G is unramified over Qp and if H is a hyperspecial 
subgroup ofG{Qp), then ShniG, X) has an integral canonical model with respect to v and 
H. 

3.2.6. Notations and Definitions. By (G, X, i/, v) we always denote a quadruple 
where: (G, X) defines a Shimura variety, v is a prime of E{G, X) dividing a rational prime 
p such that G is unramified over Qp, and H isn. hyperspecial subgroup of G(Qp). The maps 
from a quadruple (G, X, H, v) into another quadruple (Gi, Xi, ifi, f i) are defined by maps 
/: (G, X) (Gi,Xi) taking H into Hi and inducing an inclusion E{G,X) D E{Gi,Xi) 
with V dividing vi. We denote it by /: (G, X, H, v) — * (Gi, Xi, Hi, vi). The map / is called 
injective, or finite, or a cover if as a map /: (G, X) (Gi, Xi) of Shimura pairs it is so. If 
(G, X, H, v) is a quadruple then (G^^, X^^, H""^, v^'^) (with H""^ as in the part b) of 3.2.7 
2) and with v^'^ the prime of E{G^'^, X^'^) divided by v) is called its adjoint quadruple and 
{G^^ , X^^ , H^^ , v^^) (with H^^ the only hyperspecial subgroup of G^^{Qp) and with v'"^^ 
the prime of E^G'"^^ , X^^) divided by v) is called its toric part quadruple. We have maps 
from (G, X, H, v) into its adjoint and toric part quadruples. 

By (G, X, H) we always denote a triple which can be extended to a quadruple 
(G, X, H, v). The definitions of maps between quadruples extend to triples. We also speak 
about the adjoint and the toric part triple of a triple (G, X, H). 

By an integral canonical model of a quadruple {G,X,H,v) we mean an integral 
canonical model of Shij(G, X) over 0(„). We denote it by Sh„(G, X, H). It is clear what 
we mean by Sh.y{G, X, H) having the EEP. Similarly, we speak about integral smooth 
(or normal) models of (G, X, H, v) over O, or about a local integral canonical model of 
(G, X, H, v). We say that (G, X, H, v) or (G, X, H) is of abelian (preabelian, etc.) type if 
(G, X) is so. 

If all the quadruples (G, X, H, v) extending a triple (G, X, H) have uniquely deter- 
mined integral canonical models, then we denote by Shp(G, X, H) the model of Shij (G, X) 
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over the normalization of in E{G, X), obtained by gluing along their generic fibres the 
integral canonical models of all these quadruples. We call it the integral canonical model 
of the triple {G,X,H). Similarly we define a (smooth or normal) integral model over O 
of {G,X,H). The rm. 2) of 3.2.7 shows that if Sh.p[G,X,H) exists, then for any other 
hyperspecial subgroups Hi of G(Qp), Shp(G, X, ifi) exists and as a scheme it is isomor- 
phic to Sh.p{G,X,H). This means that it is irrelevant with which hyperspecial subgroup 
H of G{Qp) we work and so we sometimes write Shp{G, X) instead of Shp{G, X, H) and 
Shy{G,X) instead of Sh„(G, X, if). We say that Shp(G, X) exists if for a (any) hyperspe- 
cial subgroup H of G{Qp), Shp{G,X,H) exists. We call Shp{G,X) the Z(p)-model or the 
Z(p) -canonical model of our Shimura variety Sh(G, X). We say that Shp(G, X, H) has the 
EP (or the EEP) if as a Z(p)-scheme it has it. 

3.2.7. Remarks. 1) Milne's conjecture can be reformulated: any quadruple {G,X,H,v) 
has an integral canonical model. 

2) If a quadruple {G,X,H,v) has an integral canonical model M, then any other 
quadruple of the form {G, X, Hi,v) has also an integral canonical model, which is isomor- 
phic to M as an 0(„)-scheme. This results from the following fact: 

3.2.7.1. Under the canonical action of Aut{Sh{G, X)) on G (cf. 2.4-3) and so on G{Qp), 
the hyperspecial subgroups of G{Qp) are permuted transitively. 

So actually (G, X, H, v) (G, X, Hi,v). To see this we first remark that: 

a) Any two hyperspecial subgroups of G{Qp) are conjugate by an element of G^'^{Qp) 
[Ti, p. 47]. 

b) There is a hyperspecial subgroup H'^'^ of G^'^{Qp) normalizing H {H'^'^ is the group 
of Zp-valued points of the quotient G^^^ /Z, where G^^"^ is the derived subgroup of 
the reductive group Gz^ over Zp having Gq^ as its generic fibre and having H as 
its group of Zp-valued points, and where Z is the center of G^^J). 

c) G^'i(Qp) = G'"^{Q)H^^ [Mi3, 4.9]. 

d) li g & G^'^{Q) takes X onto X, then (G, X, Hi,v) has an integral canonical model 
if and only if (G, X, gHig~^ , v) has an integral canonical model. 

e) G'"^(Z(p)) := G^'^{^)P\H^'^ permutes transitively the connected components of 
(cf. 3.3.3). 

f) If an element of G^'^(R) leaves invariant a connected component of X, it leaves 
invariant X. 

So a), b) and c) imply that there is ^ e G'^'^(Q) such that Hi = gHg~^. Prom e) 
we get that we can replace g with gh, with h G G^'^(Z(p-)), in such a way that gh takes a 
(fixed) connected component X^ of X into itself. So f) implies that gh G G*'^(Q) produces 
by inner conjugation (of G) an isomorphism (G, X, H, v) ^ (G, X, Hi, v). 

The integral canonical model M of our Shimura variety Sh(G, X) with respect to v 
and H, will be often referred to as an integral canonical model of Sh(G, X), as the prime 
V is determined by it and as it is irrelevant with which hyperspecial subgroup we work. 
Similarly, we will often speak about a local integral canonical model of a Shimura variety. 
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without mentioning the hyperspecial subgroup and the prime with respect to which it is 
defined. 

3) The category qf — Sh (tr — Sh) whose objects are quadruples (respectively triples) 
as in 3.2.6 and whose morphisms are finite maps between them has quasi fibre products 
(as in 2.4.0). If ff. {Gi, Xi, Hi,Vi) {Gq, Xq, Hq,vq), i = 1,2, are finite maps such that 
the intersection Xi fl X2 is not empty (see 2.4.0), then a quasi fibre product of /i and /2 
is described by maps p\: (G3, X3, ifa, 1)3) — > {Gi,Xi, Hi,Vi), i — 1,2, where {Gs,X^) is as 
in 2.4.0, := {Hi x H2) fl G'3(Qp), and is uniquely determined as E{G3,X^) is the 
composite field of E{Gi, Xi) and E{G2, ^2)- 

If fl or /2 is a cover then the set / introduced in 2.4.0 has precisely one element; 
so we speak about the fibre product of /i and /2. 

This allows us to define the standard quadruple situation of Shimura varieties of 
preabelian type (abbreviated SQSPT). For a given quadruple {G, X, H,v) of preabelian 
type, this is a commutative diagram 

{G4, X4, H4, V4) 

P2 

{G2,X2,H2,V2) 

such that: 

a) all its maps are finite; 

b) the two squares are quasi fibre products; 

c) /2 is a cover with E{G,X) = E{G2,X2) (see 10) below); 

d) G2^^ is either a simply connected semisimple group, or is isomorphic to Gf"^^ (as 
we need); in both situations we have = (^2®^; 

e) there is an injcctive map /: {Gi, Xi, Hi, vi) ^ {GSp{W, ip), S, Kp,p). 

To show its existence once we assume the existence of / and /i (cf. 6.4.2), we 
just need to modify the map /i in such a way that the intersection of X2 and Xi (inside 
X^'^) is non-empty. As G'^*^(Z(p)) := G^'^(Q) fl H^^ permutes transitively the connected 
components of X**^ (cf. 3.3.3), by composing an arbitrary map fi with an automorphism 
(cf. 9) below) of {G^'^, X^'^, H^"^), we can always achieve a non-empty intersection Xi ("1X2. 

When Gf'^^ = (^2'^'^, all the quadruples of the above diagram are of abelian type, 
and then we refer to it as the standard quadruple situation of Shimura varieties of abelian 
type (abbreviated SQSAT). 

4) Let ICM-Sh (ICM-tr-Sh) be the category whose objects are quadruples (G, X, H, v) 
(resp. triples {G, X, H)) having an integral canonical model and satisfying {v, 2) = 1 (resp. 
satisfying {p, 2) = 1, where p is the prime such that H C G(Qp)), and whose morphisms 
are the maps between quadruples (resp. triples). Any such integral canonical model is 
formally smooth over the localization of Z with respect to some prime p> 2 and has the 
SEP (cf. 3.2.4). So we have a functor 3^ from ICM-Sh (ICM-tr-Sh) to the category of 
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{Gs,Xs,Hs,vs) 

PS 



Pi 



{Gi,Xi,Hi,vi) 

fl 



(G,X,H,V) — ^ (G^d^j^ad^^ad^^ad) 
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schemes: it associates to a quadruple {G,X,H,v) (resp. to a triple {G,X,H)) its inte- 
gral canonical model Sh.y{G,X,H) (resp. Slip (G, X, if), with p as before), and to a map 
(G, X, H, v) (Gi, X^,Hi,vi) (resp. (G, X, H) ^ (Gi, Xi, ifi)) the morphism 

Sh„ (G, X, ) ^ Sh„, (Gi , Xi , i7i ) 

(resp. Shp(G, X, if) — > Shp(Gi, Xi, i^i)) whose generic fibre is the natural morphism 
Shjj(G,X)-.ShH,(Gi,Xi). 

4') With the notations and definitions of 1) and 1') of 3.2.3, we get the category 
SIM{Sh.H{G, X), O) of smooth integral models of ^\vh{G, X) over O. If there is such an 
integral model having the SEP, then as an object of this category, it is a final object. 

5) The definition of a healthy or of an almost healthy normal scheme appeals to 
abelian schemes, while the definition of an abstract very healthy regular scheme is intrinsic. 
We could have defined the notion of an integral canonical model of a Shimura variety using 
the WEP (or SEP) instead of the EP. Defining it using the WEP instead of EP or even 
instead of SEP would have been definitely more convenient (and then we would have been 
speaking about integral canonical models having the EP). We preferred to work out def. 
6) of 3.2.3 using the EP due to the following reasons: 

- it is closer to the spirit of Milne's original (though inadequate, cf. footnote of 
[Mi3, p. 513]) definition in [Mi4, Ch. 2]; 

- the philosophy of 6) below; 

- it makes sense and works also for p = 2: the WEP is enjoyed by any scheme over 
Z(2), and we just hope that the SEP works for p = 2 (cf. 3.2.1.4 5) and 3.2.9); 

- all integral canonical models of Shimura varieties (of preabelian type) whose ex- 
istence we are able to prove in this paper (or in [Va2-3] and [Va5]) have the EP (and so 
they have the WEP and the SEP); 

- the worries that 3.2.3 6) might not work for Shimura varieties which are not of 
preabelian type are not so justified (cf. 8) below); 

- the greatest advantage of using the EP instead of the SEP (and even instead 
of the WEP) consists in the fact that in this way we can get (the simplest way is by 
extension of scalars; but there are other ways like dealing with cases of bad reduction or 
like taking quotients of extended integral canonical models to be introduced in 3.5.1) (very 
often uniquely determined) (smooth or normal) integral models having the EP, of some 
quotients of Shimura varieties (of preabelian type) over discrete valuation rings which do 
not have the index of ramification 1 (or some e G N, e < p—1) (cf. also rm. 3) of 3.2.3.2.1); 

- it it easy to see, using Neron models and the fact that any DVR of mixed char- 
acteristic defines a healthy scheme, that the EP is a stronger property than the WEP or 
than the SEP (cf. also 3.2.3.1 1)). 

6) In our philosophy (cf. [Va6]), the healthy regular schemes over Spec(Z) are 
forming the largest class 3^ of regular schemes over Spec(Z) which contains all the smooth 
schemes over Spec(Z[i]) and it is such that for any extensible pair (1", t/), with Y a regular 
scheme (belonging to 51) over a Dedekind ring D faithfully flat over a localization of Z, 
every morphism from t/ to a familiar smooth moduli scheme over D (such as moduli of 
semistable curves, of semistable vector bundles of a projective smooth curve, of polarized 
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abelian schemes satisfying some extra conditions, etc.) extends uniquely to a morphism 
from Y into that moduh scheme over D. 

7) In 3.2.3 1) we could have defined an integral model M (of ShniG, X)) without 
requiring that M is faithfully flat over O. But we can not see any use of such integral 
models M which are not faithfully flat: the Zariski closure Mi of Ml in M is "the only 
part of M influenced (controlled) by M^" • So it makes no sense to say that M is an integral 
model of Ml = ShniG^X). 

8) It is well known (cf. §4) that Shimura varieties of Hodge type are moduli schemes 
of principally polarized abelian schemes of a given dimension, endowed with a family of 
Hodge cycles and some level structures, and satisfying some additional conditions. So it 
looks reasonable to deflne an integral canonical model of a Shimura variety of preabelian 
type (cf. Definitions 3 of 2.5) in the way wc did. As in this paper we are dealing only 
with Shimura varieties of preabelian type, we would like to indicate briefiy why the def. 6) 
of 3.2.3 of an integral canonical model of a Shimura variety should work also for Shimura 
varieties which are not of preabelian type. We have four reasons for this: 

a) We expect the possibility of interpreting a large class of quotients of Shimura va- 
rieties of special type over the completion of their reflex flelds in flnite primes, as 
moduli schemes of p-divisible groups (or of something similar) endowed with tensors 
(a notion with which we will be dealing extensively in [Va2]; here, for a glimpse of 
what we have in mind see 5.6.5). Remarks 1) and 3) of 3.2.2, together with the 
expectations of 3.2.1.4 6), of 3.2.3.4 and of 3.2.1.2, do motivate why we dared to 
work with the EP instead of the WEP (for a scheme which is a moduli of p-divisible 
groups) . 

b) There are generalized Shimura filtered a-crystals of special type (cf. [Va2] for the 
meaning of this). Here we just give an idea: for instance, there are quadruples 
(M, (f, {ua)aedi Gw(^k)) as in 5.6.5 satisfying d), and a variant of f) and g) of 5.6.5, 
and such that G^(fc) is a simple adjoint group of E7 Lie type, etc. The local 
deformation theory of 5.4 remains true for generalized Shimura filtered cr-crystals 
(cf. [Va2]). 

c) The philosophy of 6) above. 

d) The philosophy of [Mil, paragraph 9, p. 343-345]. 

Moreover once we know the existence of local integral canonical models of Shimura 
varieties of special type, we should be able to get, using the above four reasons (and 6.4.1), 
the existence of integral canonical models of Shimura varieties of special type. 

9) The group Aut((G, X, H)) of automorphisms of a triple {G, X, H) (or of a quadru- 
ple {G, X, H,v)) is the subgroup of Aut{Gz(^p)){'^{p)) (it is of finite index if G is an ad- 
joint group) leaving X invariant (cf. 3.1.3.2; here Gz(p) is the reductive group over Z(p) 
having G as its generic fibre, and such that Gz(p)(^p) = cf. 3.1.3). If G is ad- 
joint and all simple factors of {G,X) are such that [De2, 1.2.8 (ii)] applies, then we have 
Aut((G',X,if)) = A^it(G'z(^^)(Z(p)). 

10) For any quadruple (G, X, H, v) and for any isogeny (of connected groups) Gi 
G'^^^ , there is a cover (Go, -^0, Hq, vq) — > {G, X, H, v) with Gq*^^ — Gi (and if needed also 
with E(G°,X°) = E{G,X)). This is a direct consequence of the proof of [MS, 3.4] (i.e. 
we can take Go unramified over Qp, if G is unramified over Qp). 
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11) For any quadruple (G, X, if, f) there are finite maps f:{Gi,Xi,Hi,vi) — > 
(G, X, H, v) and fi. (Gi, Xi,Hi,vi) (G2, X2, i?2, '^^2) such that: 

- (G2, ^2, -f^2, '^^2) is a product of quadruples (G^, X^, i/j, Vj), z running through the 
elements of a finite set, with Gf^ a simple adjoint Q-group; 

- they define a quasi fibre product of the natural maps /q: (G, X, i7, f ) — > (G^*^, X'^'^, i/' 
and /2: (G2, X2, H2, ^2) ^ {Gf, Xf, Hf, vf) = (G^^ X^^ iJ^^ 

- there arc injective maps {Gi,Xi,Hi,Vi) ^ (G, X, H,v), i & I, producing an 
isogeny n.e/G'f'^-^G'^-. 

This results from 2.12 1) using an argument similar to the one used in 3.1.4. 

12) The advantage of working with triples instead of quadruples consists in the 
fact that if {G,X,H) — > {Gi, Xi, Hi) is a finite map between two triples having integral 
canonical models, with H C G(Qp) for a prime p > 2, then the natural morphism (cf. 4)) 
Sh.p{G, X, H) — > Shp(Gi, Xi, ifi) is (at least) in the majority of cases the composite of 
a pro-etale cover with an open closed embedding (cf. 6.4.5). But the natural morphism 
Shi,(G, X, H) — > Sh„^ (Gi, Xi, i/i), with v a prime of £^(G, X) dividing p and the prime v\ 
of E{Gi, Xi), is not so if there are other primes (besides v) of E{G, X) dividing vi. This 
together with C) of 3.2.2 4) makes such triples more suitable for passing the EP enjoyed by 
an integral canonical model of a triple to a smooth integral model of another triple having 
the same adjoint triple (for instance cf. 6.2.3). 

3.2.8. Example. We consider a Shimura pair (T, {h}) with T a torus. Let p be a rational 
prime. Then T is unramified over Qp iff T splits over an unramified extension of Qp. If this 
is so then T(Qp) has a unique hyperspecial subgroup Ht- For any compact open subgroup 

of T{K^^), ShjLf^^^p (T, {h}) is the scheme associated to a finite product of finite field 
extensions of E{T, {h\) which are unramified over p (this results from the reciprocity map 
2.6 and from the fact that T{Q)Ht = T{Qp) [Mi4, 4.11]). So, for every prime vt of 
E{T, {h}) dividing p, (T, {/i}, Ht, Vt) has an integral canonical model, obtained by taking 
the normalization of 0(^,^) in Shjj^(T, {/i}). This integral canonical model is uniquely 
determined even for p = 2. 

3.2.9. Example. We consider a Siegel modular variety Sh.{GSp{W,ip), S). Let e N be 
defined by dimQ(VF) = 2g. Then any quadruple of it (GSp(W, ip), Kp,p) has an integral 
canonical model M over Z(p) : as a scheme it parameterizes isomorphism classes of prin- 
cipally polarized abelian schemes of dimension g (over Z(p) -schemes) having (compatibly) 
level- symplectic similitude structure for any G N relatively prime to p; we have a 
natural continuous action of GS'p(VF, V')(Aj) on this scheme. 

This can be seen as follows: [Del, 4.21] takes care of the generic fibre of M. The 
results of [Mu] implies the existence and the smoothness of the integral model M. The 
fact that it has the EP is explained in [Mi4, p. 170-171]. 

The definition of an integral canonical model of a quadruple (G, X, H, v) was in- 
spired by the desire that this example works. 

3.2.10. Definition. We call an injective map (T, {h}, Ht, vt) ^ (G, X, H, v), with T a 
maximal torus of G, a special quadruple of (G, X, H, v). 

3.2.11. Lemma. Every quadruple has special quadruples. 
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Proof: This results easily from an argument similar to the one in 3.1.4. Let Gzf^^s^ be a 
reductive group having G as its generic fibre. For any maximal torus Tii^ ^ Gz^, there 
is a special quadruple (T, {/i}, Ht, vt) of {G, X, H, v) such that the Zariski closure T^^ of 
TQj, in is (Zp) -conjugate to Ti^^. 

Similarly, we can impose different conditions on the G(Q/)-conjugacy class of Tqj, 
for I belonging to a finite set of rational primes different from p (cf. the argument in 3.1.4). 
We express this property by: every quadruple has plenty of special quadruples. 

3.2.12. The relation between different types of models. Let {G,X,H,v) be an 

arbitrary quadruple. It can have more than one smooth integral model over 0(„) (or 0[v))- 
Starting with such a smooth integral model, we can cook from it new smooth integral 
models of it by using blowings up (dilatations) and by removing a G (Ay) -invariant closed 
subscheme of its special fibre, which is not the whole special fibre. If dim{X) > 1 it should 
be always possible to construct a smooth integral model of our quadruple whose special 
fibre does have a G(A^) -invariant closed subscheme, strictly included in the special fibre 
of it (cf. [Va2], where this is proved for the case when {G,X) is of preabelian type with v 
not dividing 2). 

Fact. We assume that (G, X, H, v) has an integral canonical model M and that v does not 
divide 2. If e < p — 1 then any normal integral model Mi of it over O having the SEP is 
isomorphic to Mo- 

Proof: Let Hq be a compact open subgroup of G(Aj) such that for any inclusion H2 C Hi 
of open subgroups of Hq, the morphisms 'M/H2 ^ M./Hi and 'M1/H2 — * Mi/i^i are etale 
covers. We have a natural G(A^)-equi variant morphism Mo — Mi, as Mi has the SEP. 
It is enough to show that the induced morphism q: Mq/Hq — > Mi/Hq is an isomorphism. 
Due to the EP of M, q satisfies the valuative criterion of properness with respect to discrete 
valuation rings of mixed characteristic. Prom this and Nagata's embedding theorem ([Na], 
[Vo]) we deduce that q is proper. As e < p — 1 part ii) of 3.2.3.2 b) applies. So q is an 
isomorphism. This ends the proof of the Fact. 

3.2.12.1. Remark. If e>p — 1 and dim(X) > we do not know if (or when) Mo has 
the SEP. 

3.2.13. Fact. Let (G, X) be an arbitrary Shimura pair and let v be an arbitrary prime 
of E{G,X) dividing p. Any integral model Mi of '$ihfj{G, X) over W{k{v)) (with H a 
compact open subgroup of G{Qp) ) which as a scheme is normal and has a quotient Mi/i^o 
(with Hq a compact open subgroup of G{hF^)) of finite type over W{k{v)), descends to an 
integral model over an etale DVR extension 0(v') of 0(^yy 

Proof: Claim 3.1.3.1 allows us to descend "M/Hq to a scheme JvU'^/Hq of finite type over 
O^^y So JvU'^/Hq descends to a scheme M" / Hq over an etale DVR extension of 0(„). 

Now the normalization of M^ /Hq in the ring of fractions of the extension of Shfj{G, X) 
to the field of fractions L' of 0(^y>-j (there is a natural G(A^)-continuous action on this 
normalization) is an integral model of Sh^(G, X) over 0(t,'). Obviously its extension to 
W{k{v)) is Ml. This ends the proof of the Fact. 
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3.2.13.1. There are variants of descent when we work with an arbitrary DVR O faithfully- 
flat over 0(„), instead of The expectation of 3.2.3.2 iii), if true, implies that in many 
cases we can assume that k{v') = k{v). But we do not know (cf. 3.1.3.1) when we can take 
0(„/) = This motivates why we also introduced the notion of local integral canonical 
models: if a quadruple (G, X, v) has an integral canonical model then it has a local 
integral model, but we do not know (even if (v, 2) = 1) if the converse is true. 

3.2.14. Remark. Let f:Sh{G,X) •— Sh(Gi,Xi) be an injective map and let p be a 
rational prime such that G and Gi are unramified over Qp. We assume the existence of 
a hyperspecial subgroup H of G{<Qp) included in a hyperspecial subgroup Hi of Gi(Qp). 
Then for any compact open subgroup of G(A^), the natural morphism 

ShHPxH{G, X) ShHPxHi (Gi, Xi) Xe{Gi,Xi) E{G,X) 

is a closed embedding. 

The proof of this is entirely similar to the proof of [Del, 1.15] (being just the 
Z(p)-vcrsion of it), starting from 3.3.1. In particular Sh^f(G, X) is a closed subscheme of 
ShH,(G'i,Xi) XEiG,.x,)E{G,X). 

3.2.15. Remark. Let f:{G,X,H,v) ^ {Gi, Xi, Hi,vi) be an injective map between 
two quadruples having integral canonical models M and respectively Mi . We assume that 
V does not divide 2. Then M is the normalization of the Zariski closure of Shi^(G, X) in 
3VtiO(„) (due to 3.2.14 this makes sense). 

This results by putting together 3.2.12 and 3.4.1. If we also have G'^^^ = Gf"^"^, then 
M is an open closed subscheme of Mi and for every compact open subgroup Hq of (j'(Aj), 
M/Hq is an open closed subscheme of Mi/Hq (we have E{G,X) = £'(Gi,Xi), cf. [Del, 
3.8], and so 0(„) = 0(„^)). In this case we do not need to refer to 3.2.12 or 3.4.1: 3.2.14 is 
sufficient. 

3.2.16. Remark. Let (G, X) = {G\ x G2, X\ x X^) define a Shimura variety which is a 
product of two Shimura varieties defined by {Gi, Xi], i ~ 1,2. Let p be a prime such that 
G is unramified over Qp and let H = Hi x H2 (cf. 3.1.5) be a hyperspecial subgroup of 
G{Qp). Here Hi C Gi{Qp), i — 1,2. Let v he a prime of E{G,X) dividing p and let Vi 
be the prime of E{Gi, Xi) divided by v. If {Gi, Xi, Hi, Vi) has an integral canonical model 
Ml, z = 1, 2, then {G, X, H, v) has an integral canonical model M defined by the product 
over 0{y) of the extensions to 0(^,) of the two integral canonical models Mi and M2. 

3.2.17. The proof of 3.2.2 1) and 3). Let D he a Dedekind ring fiat over Z[|]. Let 
{Y, U) he an extensible pair, with Y a very healthy regular scheme over D. Let Au he 
an abelian scheme over U . We have to prove that Ajj extends to an abelian scheme over 
Y . For this we can assume that L> is a DVR faithfully flat over Z(-p) (for some prime 
p > 3), that Y — Spec(-R) is a local regular scheme of dimension d + 1 (with (i G N), that 
U = Spec{R) \ Spec{R/I) with / an ideal of R of height at least 2, and that the residue 
field of R is an algebraic extension of the residue field of D. 

Step A. It is enough to show that Bu := {Au x Ajj)'^ extends to an abelian scheme 
over Y (we can apply [FC, 2.7] to the projectors of Bu onto its factors). The abelian 
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scheme Ajj is a projective scheme over U (cf. [FC, 1.10 a)]) and so it is polarizable. 

The Zarhin's trick [Za] imphes that Bjj has a principal polarization pjj. Let A^>4 be an 
integer relatively prime to p. Let Uq := Bu[N]. It is an etale cover of U. Let Yi be the 
normalization of Y in the ring of fractions of Ui . From the classical purity theorem we get 
that Yi is an etale cover of Y. Using descent (based on [FC, 2.7]), it is enough to show- 
that Bjji '■= Bjj Xu Ui extends to an abelian scheme over Yi. So we can assume that 
Ui — U; so the principally polarized abelian scheme {Bu,Pu) has a level-N structure. Let 
^d(Bu),i,N be the moduli scheme over Z^p) parameterizing principally polarized abelian 
schemes (over Z(p)-schemes) (of dimension d{Bu) equal to the relative dimension of Bu) 
endowed with a level-N structure. We get a morphism qu: U — > ^d(B(/),i,Ar corresponding 
to {Bu.pu) and its level-N structure. We need to show that qu extends to a morphism 
qy'- Y Ad{Bu),i.N- Let have the same meaning as in 3.2.1 8). 

We can replace Rhj Ri := R(E)d^w and then we can replace Ri by the completion 
Rq of a localization of -Ri in a point of it having k{w) as its residue field. This admits an 
argument at the level of extensions of morphisms: to show that qu extends, it is enough to 
show that for any Rq as above, the morphism qu^: Uq — > ^d(Bc7),i,Ar) with Yq := Spec(i?o) 
and Uq := Yq \ Spec{Ro/IRo), extends to a morphism qy^'-Yo — Ad(Bu),i,N- From the 
very definition of a very healthy regular scheme, we get that Rq = V[[xi, Xd]], with V a 
finite fiat DVR extension of W {k{w)) of degree e < p — 1. We get an abelian scheme Buq 
over Uq. 

In the case of an abstract very healthy regular scheme, the same argument at the 
level of extensions of morphisms, allows us to reduce the proof of 3.2.2 3) involving healthy 
schemes to the case of an abelian scheme Bu^ over a scheme Uq as above. 

Now we forget how Buo has been obtained and we just use the fact that it is an 
abelian scheme over Uq. The fact that it has a polarization implies that below we can 
deal with abelian schemes over complete, local, affine schemes and not over affine, formal 
schemes. From now on we follow [Fa4]. Let K := V[^]. 

Step B. We assume first that d = 1. Let n,m G N. Then BuqIp"^] extends to a finite fiat 
group scheme Gn = Spec (On) (with On the ring of global sections of the ring sheaf of the 
ringed space BuqIp""]) over Yq (cf. 3.2.1.1 9)). 

The natural homomorphisms Gn — > Gn+m are closed embeddings. To see this let 
GnK be the generic fibre of the restriction Gnv of Gn to Rq/xiRq = V. The finite group 
GnK extends uniquely to a finite fiat group scheme Gnv over V, and so Gnv is the Zariski 
closure of GnK i^i Gn+my^ [-f^^' 3.3.6]; hence the corresponding ring homomorphisms 
On+m ~^ On become surjective by tensoring with V, and thereby, cf. Nakayama's Lemma, 
they are epimorphisms. 

Due to the uniqueness of an extension of a fiat finite group scheme over Uq (to a 
fiat finite group scheme over Yq) (cf. 3.2.1.1 9)) we get that Gn+m/Gn—^Gm- So the 
p-divisible group of Bu^ extends to a p-divisible group Gy^ over Yq} 

Let Ad{Bu),i,N be a projective, toroidal compactification ofAd(^Bu),i,N-i such that the 
complement of Ad{Bu),i,N in ^d{Bu),i,N has pure codimension 1 and there is a semiabelian 



1 The rest of this Step B does not follow [Fa4] . 
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scheme over it extending the universal abehan scheme over ^d(Bc7),i,Ar (cf- [FC]). Let Yq 
be the normahzation of the Zariski closure of Uq in Yq ^ v •^d{Bu),i,Ny- ^ projective, 
normal, integral lo-scheme having Uq as an open subscheme. Let By^^ be the semiabelian 

scheme over Yq extending Buq- As Yq is strictly henselian and due to the classical purity 
theorem, Bjj^ has level- TV structure for any TV e N prime to p. So from Neron-Ogg- 
Shafarevich criterion we get that By^ is an abelian scheme in codimension at most 1. As 
the complement of Ad^Bu),!,^ •^d(B(7),i,Ar has pure codimension 1, we get that By^ is an 
abelian scheme. A theorem of Tate implies that the p-divisible group of By^ coincides with 
the pull back Gy^ of Gyq to Yq in codimension at most 1. So as Yq is normal, the p-divisible 

group of Syjj is Gyj^. The complement Cq of Uq in Yq when endowed with the reduced 
structure, is a connected, projective scheme over the field of fractions of Yq (cf. [Hart, 11.3 
of p. 279]). From the last two sentences we get that the morphism qy^ : Yq Ad(Bu),i,N' is 
constant on Cq. We easily get that qy^ factors through a morphism qyq '■ Yq Ad(Bu),i,N- 
So Buo extends to an abelian scheme Byq over Yq. 

Step C. We now treat the general case by induction on d E N. Let now d>2. First we 
apply the inductive assumption to Ry := Rq [^] (with y an arbitrary regular parameter of 
-Ro): Ry is a regular scheme of dimension d (the local rings of the maximal points of Ry 
are very healthy regular schemes over different DVR's, so the inductive assumption can 
be applied). So we can assume that Uq — Spec(i?o) \ Spec(-Ro/TOo) with mo the maximal 
ideal of Rq. 

Step D. Let x := xi and Ux '■= Spec{RQ/xRo) \ Spec{RQ / mo) . By induction Buq x Ux 
extends to an abelian scheme Bi over Spec{Ro/xRo). Let 7bi (resp. Tgt) be the tangent 
space of Bi (resp. of B{). Both are free module over R^ := Rq/xRq of dimension d{Bu). 
The liftings of an abelian scheme over Rq/x'^Rq which is a lift of Si, to an abelian scheme 
over Rq/x'^^^Rq, are parameterized by sections of a principal homogeneous space of ® 
Tgt. But this free -Ra;-module has the same sections over Spec(-Ra;) as over Ux- So there 
is a unique way of lifting (compatibly) Bi to an abelian scheme By^ over Yq which over 
Uq is BlJ^y This completes the induction, and ends the proof of the part of 3.2.2 1) and 3) 
involving healthy regular schemes. 

The above Steps B to D can be easily adapted to get the part of 3.2.2 3) pertaining 
to p-healthy regular schemes. This ends the proof of 3.2.2 1) and 3). 

3.3. The complex points of an integral canonical model. Let p be a rational prime 
and let (G, X, H) be an arbitrary triple, with H a hyperspecial subgroup of G(Qp). 

3.3.1. We have 

ShH(G,X)(C) = G(Z(^)) \ {X X G(Ap)/Z(G)^ 

where ^(^(p)) := G{Q)nH and Z{Gy is the topological closure of Z{G){Q)nH in G'(Aj) 
[Mi3, 4.11]. 

3.3.2. Lemma. G(A^) permutes transitively the connected components of ShniG, X)c- 

Proof: If G'^^^ is simply connected, this results from 3.3.1 and from [Del, 2.5] (by passage 
to limit). For an arbitrary G, we have to use the well known trick [MS, 3.4] (cf. 3.2.7 9)) 
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for reducing the problem to the case when G^^'^ is simply connected (as described in [Mi4, 
4.19]). This ends the proof. 

3.3.3. Corollary. G(Z(p)) permutes transitively the connected components of X. 

3.4. Methods of constructing integral models. Let Sh(G, X) be an arbitrary Shimura 
variety. In essence there are four methods of constructing good integral models of quotients 
of Sh{G,X): 

1) By proving first that a suitable quotient of Sh(G, X) is the moduli scheme pa- 
rameterizing some objects which make sense over 0(^)-schemes (with v a prime of 
E{G,X)), and that in fact we have a moduli scheme over O(^). Such a moduli 
scheme over 0(„), in a suitable context, is (expected to be) an integral canonical 
model of Sh(G',X) (cf. 3.2.8 and 3.2.9). 

2) By taking the normalization of the Zariski closure of a quotient of Sh(G, X) into a 
good integral model of a quotient of another Shimura variety Sh(Gi,Xi) (here we 
need an injective map (G, X) ^ (Gi,Xi)) (cf. what follows below). 

3) By taking the normalization of a good integral model of a quotient of Sh(G, X) into 
the ring of fractions of a quotient of another Shimura variety Sh(Gi,Xi) (here we 
need a finite map (Gi.Xi) — > (G, X)) (cf. 6.1.2). 

4) By taking the quotient through a (torsion) group action on a connected component 
of a good integral model of a quotient of Sh(G, X) (here the group action is related 
to a finite map (G, X) ^ (Gi,Xi)) (cf. 6.2.2). 

These methods are supported by well known ideas pertaining to Shimura varieties 
(like 3.2.14 and 3.2.7 9)). Variants for 1) are obtained by working over a DVR faithfully 
flat over (instead of 0(„)). The method 2) is used as well for constructing integral 

canonical models of a Shimura variety Sh(G, X) of abelian type for which there is a Shimura 
variety Sh(Gi,Xi) of Hodge type with G"^""' = Gf'^ and (G^'^,X^'i) = (Gf.Xf) (cf. 
3.2.15, 5.1 and 6.2.3). The method 4) is used for passing from the existence of integral 
canonical models of these Shimura varieties to the existence of integral canonical models 
of all Shimura varieties of abelian type (cf. [Mi4, 4.11 and 4.13]; see also 3.4.5 and 6.2.2). 
The method 3) is used for the passage from the abelian type case to the preabelian type 
case (cf. 6.1). 

We start with an injective map /: (G, X, H, v) ^ (Gi, Xi, w i). We assume that 
(Gi, Xi, Hi,vi) has a normal integral model Mi over 0(„). Let M be the normalization of 
the Zariski closure of Sh(G, X)/H in Mi (cf. 3.2.14). It has an obvious G(Ap-continuous 
action (p being the rational prime divided by v). Let E := E{G,X). 

3.4.1. Proposition. The integral model M is a normal integral model of {G,X, H,v). It 
has the EP (or EEP, or WEP, or SEP) if Mi has it. 

Proof: Obviously M has the EP (or EEP, etc.) if Mi has it. Let Hq be a compact open 
subgroup of G(Aj) such that: 

i) the subgroup Hq x H of G(Aj) is smooth for (G, X); 

ii) there is a compact open subgroup Kq of Gi(A^) including Hq and such that for any 
compact open subgroup Ki of Kq, JAi/Ki is a normal scheme of finite type over 
0(^y) and etale over Mi/-fCo- 



53 



The existence of such a subgroup Hq is imphed by the fact that Mi is a normal 
integral model and by 2.11. 

Let Hi C H2 be two open subgroups of Hq. Let 7i be the normalization of the 
Zariski closure of the generic fibre of M/Hi in Mi/ Hi, for i — 1,2 { Me / Hi is a, closed 
subscheme of Mis/Hi, cf. 3.2.14). We get the following diagram: 

M = M > Ml 



M/Hi ) > Ml/ Hi 



M/H2 y-i > M1/H2. 

The conditions i) and ii) and the fact that M is i/^-invariant imply that the two right 
squares are Cartesian. So M is a pro-etale cover of IPi and The generic fibre of M/Hi 
is a scheme of finite type over E. The scheme M\/Hi is a projective limit of schemes 
of the form Mi/T with T an open subgroup of Kq including Hi. So there is an open 
subgroup Ki of Kq, with Hi d Ki, such that the morphism Me/ Hi Mie/ Ki is a closed 
embedding. As the morphism M/Hi ^ Mi/ Ki is integral, we deduce that O^i is integral 
over the Zariski closure Sj of CPi^ in Mis/Ki and has the same generic fibre as Sj. As Sj is 
an excellent scheme (it is of finite type over 0(^y)), we get that CP^ is finite over Sj, and so 
of finite type over 0(„). Both and J'2 are faithfully flat over 0(„). Moreover gi and §2 
are integral morphisms between flat schemes over having the same generic flbre. The 
normality of Ti and J'2 implies that gi and g2 are isomorphisms; so M/i^i M/H2 is an 
etale morphism between schemes of finite type over O(^) (as the morphism IPi — > J'2 is so). 
We conclude that M is a normal integral model. This ends the proof of the Proposition. 

3.4.1.1. Remark. The above Proposition as well as 3.4.2 and 3.4.3 below remain true if 
H and Hi are just compact open subgroups of G{Qp) and respectively of Gi(Qp) satisfying 
f{H) = /(G(Qp)) n Hi, or if 0(„) is replaced by an arbitrary DVR O faithfully flat over 

3.4.2. Remark. The above proof shows that M is a pro-etale cover of a normal scheme 
T of finite type over 0(„). As is a universally catenary ring, all the maximal points of 
M have dimension d+ 1, where d — dim X (as the dimension formula holds between O(^) 
and any connected component of CP [Ma, p. 85]). 

3.4.3. Remark. For any compact open subgroup Hq of G(Ap small enough, M/Hq is 
the normalization of a closed subscheme of Mi/Hq. If M is a subscheme of Mi, then we 
do not need to take any normalization. 

3.4.4. Corollary. We assume that Mi has the EP. Then M is an integral canonical 
model iffM (as a scheme) is formally smooth over 0(„). 

3.4.5. Expectation. Let M be a smooth integral model of a quadruple {G, X, H, v) over 
a DVR O. Let p be the rational prime divided by v. Let Hq be a subgroup of G(A^) such 
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that the subgroup Hq x H oi G{Af) is smooth for {G, X). We do expect that under some 
mild conditions (hke Hq x H is p-smooth for {G, X) and the index of ramification e of O 
is less than p — 1) M is a pro-etale cover of JA/ Hq. 

This expectation is based on two facts. First we can prove it (under the restriction 
e <p—l and under some mild assumptions on Hq) for the case of a quadruple of preabelian 
type (for p > 5 cf. 6.4.2.1; for p = 3 cf. [Va2]). Second we have the following considerations. 

Let Hq be an open subgroup of Hq such that M is a pro-etale cover of M/Hq (cf. 
the definition of a smooth integral model). We can assume that Hq is a normal subgroup 
of Hq. Let Cq be the quotient of Hq/Hq by its subgroup acting trivially on M./Hq. It is a 
finite group. Then 1\1/Hq is the quotient of JA/Hq by Cq (cf. the definition of a continuous 
action). The action of Cq on the generic fibre of JH/Hq is free (as Sh(G, X)/if x Hq is 
an etale cover of Sh(G, X)/i7 x Hq). But then it is expected (cf. 3.4.5.1 below) that the 
action of Cq on M/Hq is free. If this is so then M/Hq is an etale cover of M/Hq (and so 
M is a pro-etale cover oiM/Ho). 

3.4.5.1. Proposition. Let p be a rational prime. Let V be a complete DVR which is a 

faithfully fiat 'L(^pyalgebra, and has an index of ramification e < p — 1. Let C he a finite 
(abstract) group acting on a regular formally smooth V -algebra R in such a way that it acts 
freely on R [i] . Let Vi be the DVR obtained by adjoining toV a primitive p-th root of unity. 
We assume that either the order of C is relatively prime to p, or it is p and the subring 
R'~" of R formed by elements fixed by C is such that the affine scheme Spec{R'~" <Siv Vi) is 
locally factorial. Then C acts freely on R. 

Proof: We assume that we do have a situation with a non-free action. We can assume that 
C is a finite cyclic group of prime order /. Let TVy be a uniformizer of V and let ky be its 
residue field. We can also assume that is a local ring. 

If / is different from p this is well known. We can assume further on that V is a 
complete DVR of index of ramification e < p — 1, that ky is an algebraically closed field, 
and that R = V[[xi, ...Xd]] is the ring of formal power series in d variables with coefficients 
in V. We can write R = ®^^^R'^, with C the dual group of C (i.e. the group of characters 

of C), and with C acting on R"^ through the character 7 G (7. Now it is trivial to see that 
if for a non-trivial character 7 of C, i?^ is different from zero, then the action of C on 
R[^ is not free (i.e. there is an element y of the maximal ideal mn of f?, whose image in 
mji/m^ is non-zero and is different from the image of ttv in mji/m^, and which belongs 
to an R'^, for a non-trivial character 7; this disturbs the free action of C on R[^ as we 
can see by induction on d). Contradiction. For this part we do not need that e < p — 1. 

Let now / = p. We abbreviate the notion of unique factorization domain by UFD. 
From the theory of tamely totally ramified extensions of W{kv), and from the fact that e 
is smaller than p — 1, we deduce that the index of ramification of Vi is ei, a multiple of 
p — 1 relatively prime to p. In fact ei = l.c.m.{p — 1, e). 

Let us recall a well known fact: 

3.4.5.2. Let M be a torsion free V -module separated with respect to the ny-topology, and 
let 1m be its identity automorphism. Then any V -automorphism qm of M such that 

= 1m ond qm modulo ttv is the identity, is the identity automorphism. 
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Proof: Writing qm = 1m + t^v^m with 6m £ End(M), by induction on n e N, we can 
check that 6m is of the form Hy~^CM with cm £ End(M). As M is separated with respect 
to the TTy-topology, we deduce that End(M) is separated with respect to this topology. 
So 6m = 0. This is the only place where we need that e < p — 1 (3.4.5.2 is not true if 
e>p- 1). This proves 3.4.5.2. 

So the case I = p results once we show that the action of C on R/ttvR is trivial. As 
V is complete we deduce that the completion of R is of the form F'ffa^i, ...,a;d]], with V a 
finite etale DVR extension of V. The F-algebra V is a subring of R {R is normal). The 
group C acts on Vi trivially (we assumed that the action is non-free). So V' C R''^ . This 
allows us to replace V by V and Vi by V(, where Spec(V]') is a connected open-closed 
subscheme of Spec(Vi 0v V)- Not to complicate the notations, we assume that V = V. 
So Ri := R <Siv Vi is an integral domain. 

Let TTi be a uniformizer of Vi. Let Oi be the local ring of the generic point of the 
special fibre of Spec(i?i). The group C acts on it. Let R^ and O2 := 0*^ be the subrings 
of i?i and respectively of Oi formed by elements fixed by C. We have Ri = R'^ ®v Vi- 
The sets 7ri7?i and niRi are prime ideals of Ri and respectively of R^ . 

Both Oi and O2 are discrete valuation rings having the same index of ramification 
equal to ei (both being Vi-algebras). Let %i be the field of fractions of 0^, i = 1, 2. 

As Vi contains the p-th roots of unity, and as the action of C on is non-trivial, 
there is y G 3Ci such that C acts on it through a non-trivial character 7 of C. So e OC2, 
but y ^%2- By reasons of dimension, we deduce that %i is a Kummer extension of %2- 
We get the situation: 

(3.4.5.3) 3Ci is a Galois extension of %2 of degree p, obtained by adjoining a p-th root of 
an element of %2. 

In all that follows y denotes an element of 3Ci\3C2 such that j/^ e IK2. We repeatedly 
replace it by yi = yy*^ ^ with y'~^ E %2- 

If the action of C on the residue field of Oi is non-trivial (i.e. if the action of C 
on R/ttvR is non-trivial), then we deduce easily that the residue field ki of Oi is a Galois 
extension of the residue field ^2 of O2 (^2 C /cf , where is the subfield of ki formed by 
elements fixed by C; but ki is a Galois extension of k^ of degree p, and so by reasons of 
dimension we must have fcf = ^2). We deduce that Spec(Oi) is a Galois cover of Spec(02). 

The morphism Spec(i?i) Spec(i?p) is etale above points of Spec(i?f ) of char- 
acteristic zero or of codimension 1. So Spec(i?i") is regular in all these points (and so is 
regular in codimension at most 1). 

Step a). From the fact that Ri is a local UFD, we deduce that the Picard group of 
Spec(-Rf^) is trivial and isomorphic to its divisor class group. This implies that we can 
assume that y is an invertible element of In other words we can replace yhyyi := yy'~^ , 
with y'-" G %2j such that, in any point of Spcc(/?i) of codimension 1, yi is invertible; so y^ 
is an invertible element of Ri (this can be deduced from [Ma, Th. 38] , as is a normal 
ring). In detail: For any prime p of Ri of codimension 1, as the ring extension R^ Ri 
is etale above it, we deduce the existence of an element yp G %2 such that y^yp is an 
invertible element of the localization of R^ with respect to the prime p. The elements yp, 
with p running through all the primes of i?f of codimension 1 are defining a Weil divisor. 
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As this Weil divisor is linearly equivalent to the zero divisor, we deduce the existence of 
an element y'^ E 'X2 producing this Weil divisor. We can take now yi = yy'~^ . 

As a conclusion: the extension %i of %2 is obtained by adjoining a p-th root (still 
denoted by y) of an invertible element of . 

By dropping the assumption that is a UFD, we can assume that ky is separable 
closed and that Ri is a complete local ring. So the first fundamental group of Spec(i?i) is 
trivial. Moreover i?f is a complete local ring (as i?i is so, and as the inclusion i?f ^ Ri is 
finite). We deduce that the first fundamental group 7ri(i?^) of Spec(f?f ) is trivial (7ri(i?p) 
is a subgroup of C; but it is not C as the inclusion R^ ^ R\ of complete local rings having 
the same residue field, is not etale). 

We assume now that e divides p— 1. Soei — p —1. 

Step b). If the image of y in ki is not in /c2, then we deduce by reasons of dimension that 
ki is obtained from ^2 by adjoining a p-th. root of an element of k2. We get a contradiction 
with the fact that ki is a Galois extension of k2. So the image of y in ki is in k2. Replacing 
y with yi = yy'^ , with y*^ E i?f , we can assume that y is congruent to 1 modulo the ideal 
of Ri generated by tti. We can assume that ^ = p. 

Step c). Let now y = 1 + niyo, with yo E Ri. So is congruent to 1 + p7ri(yo + Ho) 
modulo 7r^+^i?f (or modulo 7r^+^i?i as n^^^Ri n i?f = 7r[+^i?f ). Let zq E Rf which 
modulo niRi is yo + y^. The equation + x = zq defines an etale i?i*-algebra. As 
TTi (-Ri*) is trivial, we deduce that there is t/^ e Ri such that is congruent to yo modulo 
TTiRi. Replacing y with yi = y{l — ttij/^), we can assume that y is congruent to 1 modulo 
TrfRi (we have p>2ase<p — 1). 

Step d). Now by trivial induction on n G N, we can assume that y is congruent to 1 
modulo TTi~^^Ri (if y = 1 + n^yo, with n E N greater than 1 and with yo E then y^ is 
congruent to 1 + 7Ti~^^~^yo modulo tt^'^^Ri or modulo tv^^^Ri). 

Step e). This implies, as Ri and Ri are complete with respect to the yri-topology, that 
we can assume that y^ — 1. As Vi contains the p-th roots of unity, this contradicts the 
fact that 3Ci is a field. 

The case when ei is not p — 1 is entirely similar. The only difference is that the 
above Steps c) and d) have to be applied intermingled. The trivial details are left to the 
reader. 

The contradiction of the Step e) ends the proof of 3.4.5.1. 

3.4.5.4. Remarks. 1) It is an easy exercise now to see that once we assume in 3.4.5.1 
that Spec(i?*~" Cg>y ^1) is a locally factorial scheme, the condition on the order of C (of being 
p) can be weaken: it is enough to assume that C is a p-elementary finite group. From the 
fact that Spec(i?^ (g)^ Vi) is a locally factorial scheme we deduce easily that Spec(i?^) is 
locally factorial, but we do not know if (or when) the converse to this is true. 

2) Proposition 3.4.5.1 can be formulated for regular formally smooth schemes instead 
of affine such schemes as the condition of having a free action is local. We have inserted 
3.4.5.1 for the case / = p mainly to give an idea how bad the singularities can be for a 
non-free action (cf. 1)). We hope to use it later on to study the singularities of different 
quotients of different extended integral canonical models (to be defined in 3.5.1) (cf. 3.5.3). 
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3) For the order of C equal to p, the Lemma 3.4.5.1 is not true if we do not 
assume that Spec(i?*^ ®y Vi) is a locally factorial scheme, as it can be seen through 
examples involving smooth schemes X over a DVR O faithfully flat over Z(p) and of index 
of ramification 1, whose relative dimension is greater than p — 2. But if the relative 
dimension of X over such a DVR O is less than p — 1, then any finite group acting on it 
in such a way that it acts freely on its generic fibre, acts freely on X. This can be checked 
starting from 3.4.5.2 and the fact that any representation of a cyclic group of order p of 
degree less than p — 1 over such a DVR O is trivial. 

3.4.6. Remark. We come back to 3.4.1 to 3.4.3. In practice p is different from 2 and 
then we can take Hq to be a product of its g-components [q being an arbitrary prime 
different fromp), with a compact open subgroup of G(Q2) small enough, and with any 
other component H"^ of it a maximal compact subgroup of G(Qq) (which can be chosen to 
be a hyperspecial subgroup of G{Qq) if G is unramified over Qq). 

3.4.7. Corollary. We assume that Mi has the EP. If Sh(Gi,Xi) is a Siegel modular 
variety and if p is big enough (without an effectively computable lower bound) then M. is a 
closed subscheme of Mi . 

Proof: From 3.2.12 we deduce that Mi is the extension to 0(„) of the integral canonical 
model of {Gi,Xi, Hi,vi) (see 3.2.9). Let be a compact open subgroup of G{Af) which 
is a product of its q'-components H'^ (so H'^ is a hyperspecial subgroup of G{Qq), for any 
big enough prime q). We assume that it is smooth for {G,X) and that Sh~(G, X) is a 

closed subscheme of the extension to E of Sh~(Gi, Xi), with K a compact open subgroup 
of Gi(Aj-) which is a product of its g-components, contains H, and is small enough (cf. 
3.2.9 and 4.1) so that Sh.~{Gi, Xi) e extends to a smooth moduli scheme Mi(i^) over 
Oe [-^] (with N eN big enough and with Oe the ring of integers of E). 

Taking big enough we can assume that the Zariski closure M,{H) of Sh~(G, X) in 

Mi(K) is a smooth scheme over Oe [-^] , that H'^ is a hyperspecial subgroup of G{Qq) for 
any prime q>N, and that (cf. the proof of 3.4.1) for any such prime q, the normalization 
of M{H)z(y) in the ring of fractions of Sh~^(G, X) is the integral canonical model of the 
triple (G, X, H^). We can take now p>N. This ends the proof of the Corollary. 

3.4.8. Definition. With the notations of 3.2.3 1) and 2), a smooth (resp. normal) 
integral model M (of Sh(G, X)/iy over O) is said to be strongly smooth (resp. strongly 
normal) if for any compact open subgroup Hq of G{hF^) such that the subgroup Hq x H 
of G{Af) is smooth for {G,X), M is a pro-etale cover of M/Hq. Similarly, M is said to 
be quasi-strongly smooth (resp. quasi-strongly normal) if for any compact, open subgroup 
Hq of G(Ay) such the subgroup Hq x H oi G{Af) is p-smooth for {G, X), M is a pro-etale 
cover of M/ifo- 
3.4.8.1. Remark. If M is a (quasi-) strongly normal integral model of Sh//(G, X) over O 
having the SEP, then any smooth integral model of Sh.H{G, X) over O is (quasi-) strongly 
smooth (cf. rm. 4') of 3.2.7). In particular, if there is a strongly normal integral model of 
Sh.H{G,X) over 0(„) having the EP and if e < p — 1, then any smooth integral model of 
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Sh.H{G, X) over O is strongly smooth. We do not know if (or when) the condition e < p—1 
is truly needed. 

3.5. Extended integral canonical models. Let {G, X, H, v) be an arbitrary quadruple 
and let p be the rational prime divided by v. 

3.5.1. Definition. A normal scheme M over 0(„) together with a G{A^) x i/-continuous 
action is called an extended integral canonical model of {G, X, H, v) if: 

a) There is a G(Ap x i?-equivariant isomorphism Msicx) -^Sh.{G,X); 

b) M/H is an integral canonical model of {G, X, H, v). 

Similarly, we speak about an extended local integral canonical model of {G, X, H, v) 
or about the extended integral canonical model of {G,X,H). 

3.5.2. Remark. The 0(^,)-scheme M is determined by the integral canonical model 
M/H, being the normalization of JVl/H in the ring of fractions of Sh(G, X). So M exists iff 
(G, X, H, v) has an integral canonical model. If v is relatively prime to 2, then any extended 
integral integral model of (G, X, H, v) is uniquely determined up to unique isomorphism, 
cf. 3.2.7 2). 

3.5.3. Problem. For H a compact open subgroup of G(Ay) x H determine the type of 
singularities oi M/H. 

§4. Shimura varieties of Hodge type and special families of tensors 

Let {G, X) be a Shimura pair defining a Shimura variety of Hodge type. Let 
/: (G, X) ^ {GSp{W, ip), S) be an embedding of it into a Shimura pair defining a Siegel 
modular variety. We fix a family {sa)o!e3 of tensors in spaces of the form VF®"^ (g) w*'^'^, 
m, n G N, such that G is the subgroup of GSp{W, ifj) fixing its tensors. As G is reductive, 
the existence of finite such families is implied by [De3, 3.1]. We allow the above family 
of tensors to be infinite. Let L be a Z-lattice of W such that we have a perfect form 
i(;:L^L^Z. 

We start by reviewing the interpretation of the complex Shimura variety Sh(G, X)c 
as a moduli space with respect to the Z-lattice L of W and the above family of tensors. 
Then in 4.2 and 4.3 we treat the problem: for a rational prime p for which G is unramified 
over Qp, find a Z-lattice L and a family of tensors (sa)aea (subject to the above condi- 
tions) which are Z(p)-well adapted for using successfully the integral version of Fontaine's 
comparison theory [Fa3], and so for proving (cf. §5) the existence of Shp{G,X). 

4.1. Shimura varieties of Hodge type as moduli schemes. As G contains the group 
of multiplications by scalars (cf. Definition 1 of 2.5), our tensors are in spaces of the form 
{W (g) W*)^"^ W®"^ (g) W^*®"^, m e N. If Sa G (M^ ® w*-^»m{a) ^j^g^ deg(sa) = 2m(a). 
The form 2nitlj is a bilinear map W ^ W Q(l) •= 27riQ, inducing an isomorphism 
W W*{1). Any x E X defines a Hodge Q-structure on W and on W*, and the above 
isomorphism W W*{1) is an isomorphism of Hodge Q-structures. This gives us the 
right to think of the tensors Sq. as being in spaces of the form W*®'^'^{m). Let L* C W* 
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be the dual Z-lattice of L. What follows is very close to [MS, Ch. 2] except that we do 
not work in a rational context: we work with principally polarized abelian varieties and 
not with their isogeny classes. 

We consider quadruples of the form [A,pA, (^0)0:63, k] where: 

a) {A, Pa) is a principally polarized abelian variety over C; 

b) (fa)aea is a family of Hodge cycles of A] 

k 

c) k is an isomorphism Hi{A^ Z)(8)A/ Vf{A) W<SiAf taking the Betti realization 
Wa of Vet into Sa,\/ a e ^, mapping Hi{A, Z)®Z onto LCSZ and inducing a symplectic 
similitude between {Hi{A, Z) ® X^pa) and (L Z, -0). 

We define A{G, X, W, i/j) to be the set of isomorphism classes of quadruples of the 
above form satisfying the following conditions: 

(i) there exists a similitude isomorphism {Hi{A, Q),pa) —* {W, ip) taking the Betti re- 
alization Wa of Va into Sq, Vo; G J; 

(ii) composing the homomorphism /i^:S —>■ GSp{Hi{A,'R),pA), defined by the Hodge 
structure on Hi{A,R), with an isomorphism GSp{Hi{A,R),pa) ^ GSp{W <S>'M.,tl;), 
induced by an isomorphism as in (i), we get an element of X. 

We have a right action of G{Af) on A{G, X, W, ip) defined by: 

[A,pA,{vc.)aes,k] - g^ [A' ,PA', {Va)ae3, 9~^k]. 

Here A' is the abelian variety, from the same isogeny class as A, defined by the Z-lattice of 
Hi{A, Q) induced from L®% through the isomorphism ok : Hi{A, Q) C?) Aj-^VF $?) Ay, 
while pa' is the only rational multiple of pa which produces a principal polarization of 
A' (see [Del, 4.7] for the theorem of Riemann used here). Here as well as in e) below we 
identify a polarization with its Betti realization. 
There is a G (A/ )-equi variant bijection 

fiG,x,w,^) ■.Sh{G,X){C)^A{G,X,W,^P) 

defined as follows. To [h, g] e Sh{G, X){C) = G{Q)\X x G{Af) we associate the quadruple 
[A, Pa, {Va)ae3^ ^] where: 

d) A is associated to the Hodge structure {W,h) and the Z-lattice Hi{A,Z) of 

9-' 

W induced from the Z-lattice L of through k:Vf{A) = W ® Af ^ W ® Af (i.e. 
k{Hi{A,Z)(^Z) = L(g)Z); 

e) Pa is the only (rational) multiple of ip which gives birth to a principal polarization 

of A; 

f) Va G 3, the Betti realization of is s^- 

The inverse g(G,x,w,i>) of f{G,x,w,^) is defined as follows. Let [A,pA, (fa)Qea, k] e 
A{G, X, W, ip). We choose a similitude isomorphism ia'- (i^i(A, Q),]3a) — * iW, ip) as in (i). 
It produces an isomorphism ia'- GSp{Hi{A,Q),pa) GSpCW^ip). We define h E X to 
be lAR o Ha {hA being the homomorphism S — > GSp{Hi{A,'R.),pA) defining the Hodge 
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fe-1 

structure of A) and g e G(A/) to be the composite map W ®Af Vfi^) = Hi{A, Q) (g) 
A/ ^ W^(8)A/. Then 

9{G,x,w,iP){[Apa, {va)aed,k]) = [h,g]- 

Taking {G,X) — {GSp{W,'ilj), S) and 3 — cf), we get a bijection between the set 
Sh{GSp{W,il')i S){C) and the set of isomorphism classes of principaUy polarized abelian 
varieties over C of dimension (with 2g\y = dimQ(VF)) having (compatibly) level- sym- 
plectic similitude structure for any N eN. So to give a C- valued point of Sh{GSp{W, ip), S) 
is the same as to give a triple [A,pAi{lN)Nen\i where [A^pa] is a principally polarized 
abelian variety over C of dimension gw-, for which we have a compatible system of similitude 
isomorphisms In- (L/NL^ip) ^ {H-i_{A,Z/ NZ),pa) {N e N). The compatibility means 
that if AT, M e N are such that N\M, then Zjv is obtained from Im by tensoring with 
Z/NZ. Below we identify as well L/NL (resp. L (g) Z) with a finite etale (resp. with a 
pro-etale) scheme over any base scheme. 

4.1.0. For iV G N let K{N) := {g G GSp{W, ^){L ® Z) \ gmod N is the identity}. Then 
the set Shj^(^]\[){GSp{W,'i/j),S){C) is in one to one correspondence with the set of iso- 
morphism classes of principally polarized abelian varieties over C having a level- sym- 
plectic similitude structure. This implies (cf. [Del, 4.21]) that Sh{GSp{W,ip), S) is the 
Q-scheme representing the functor that sends a Q-scheme T to the set of isomorphism 
classes of principally polarized abelian schemes (of dimension gw) over T, having (com- 
patibly) level-A^ symplectic similitude structure for any G N (see [Mu] for why this 
functor is representable) . So Sh{G,X) is the closed subscheme (cf. [Del, 1.15 and 5.9]) of 
Sh{GSp{W, S) E{G,x) whose complex points are those triples [A,pA, {lN)Nen] for which: 

(4.1.1) the isomorphism k~^: L ® Z ^ Hi{A^ Z) ® Z, defined by the fact that mod A" it is 
Ini G N, when tensored with Q, takes Sq, to the Betti realization Wa of a Hodge 
cycle Va of A a E d), 

(4.1.2) Hi{A,Q) together with pA and the family of tensors {wa)ae3 satisfies the above 
two conditions (i) and (ii). 

4.1.3. Lemma. Let Z = Spcc(J?) be an integral affine scheme over C and let {A,pa) 
he a principally polarized abelian scheme over Z having (compatibly) level-N symplec- 
tic similitude structure (defined by an isomorphism l^'- L/NLz A[N]) for any A^ G N. 
Let gz'-Z — >• Sh(G5p(VF, •0), 5) be the morphism induced by the above data. For every 
a e 3, we assume the existence of a cycle G F^\{HIj:^{A / Z) ® if]^(A/Z)*)®'"(°)) 
(we recall that 2m{a) = Aeg{sa)), annihilated by the Gauss-Manin connection V (of A). 
Let f I, f 2'- Spec{C) ^ Z be two complex points. If the quadruple [A,pA,{ta)aeBj ^] (with 
k: proj.lim.N^fiA[N] (g) Z such that its inverse mod N is 1^; here we identify a Hodge 
cycle with its de Rham component) becomes a quadruple of AiG^X^W^il^) in the point 
fi, then it becomes a quadruple of A{G, X,W,i(j) in the point /2 also (i.e. the morphism 
gz o /2: Spec(C) ^ Sh{GSp{W, il;),S) factors through Sh{G, X) ). 

Proof: There is an integral affine scheme Y = Spec(T) of finite type over C, with T a 
subring of i?, such that {A, pa) and its cycles {ta)ae3 descend to (B, q) and cycles {ua)a€3- 
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We have Vu^ = 0, Va e d- Let T ^ Ti be an injective ring homomorphism, with 
Ti a smooth integral C-algebra, such that Spec(Ti)(C) — > y(C) is surjective (cf. the 
resolution of singularities). Let /ii, /t2: Spec(C) Yi = Spec(Ti) be two points such that 
the diagram 

Spec(C) Yi 



Z — > Y 

is commutative (the morphisms j and Z ^Y are associated to the inclusions T and 
respectively T "-^ R). 

We denote by (i?i,gi) and {u]y)a.ed the pull back through j of {B,q) and {ua)a^g- 
Let h: Bi — > Yi be the morphism defining the abelian scheme Bi. We get that V(u^) = 
0, and so < e {R^K{C) ® (i?i/i*(C))*)®"'("), Va e d- As < is rational in hi, we 
deduce that < G (i?i/i*(Q) ® i?i/i*(Q)*)®"^("), Va G So is rational in /i2, Vet G 
From [De3, p. 36] we deduce that the tensors {h2{u]^)) are de Rham components 
of Hodge cycles {ya)ae3 of ^2 '■— /2Spec(C) (their etale components are uniquely 

determined). As yi(C) is connected, we easily deduce that A2 together with (fa)aea 
satisfy the condition (4.1.2). The isomorphisms {In)n€K are producing an isomorphism 
Hi{A2,7j) ®1^^L®'L. The fact that /c^^ carries Sq, to the Betti realization of Wq, 
(condition (4.1.1)) can be seen working mod (for any G N). Multiplying by a natural 
number big enough all v^l and Sa, we can work with families ({;Q,)Q,gg and (5a)aea assumed 
to be integral with respect to i7i(A,Z) ® Z and V^(Z) ® The fact that k^ivo) — Sa, 
VcK G 3, results from the analogue property of the isomorphism ki. Hi{Ai, Z) Z ^ L (8) Z 
(with Ai := A Xz /iSpec(C)) and from the fact that a level- A/" symplectic similitude 
structure on Z can be descended to an integral affine Y-scheme Y/v of finite type over 
C (i.e. for any given G N we can assume that the isomorphism In is defined over 
Y, and so over Yi). From the characterization of Sh(G, X)(C) (cf. 4.1.0), we deduce 
that the morphism gz o Spec(C) Sh(GSp(VF, -0), 5) factors through Sh(G, X) (i.e. 
[A2,pA2,Ma€3,k2] eA{G,X,W,tl;)). 

4.1.4. Remark. A similar result can be proved if, instead of Sh{GSp{W,ip), S) and 
Sh(G',X), we work with M := ShK^{GSp{W, ^j) , S) and IK := ShH^{G,X), where Kp := 
{g G GSp{W, ip){Qp) I g{L®Zp) = L0Zp} and Hp := Kpr\G(Qp) (p being a fixed rational 

fi 

prime). This follows from the fact that a situation of the form Spec(C) j Z — > M, 

with /i factoring through X, can be lifted to a situation 

^10 

Spec(C) Zi Sh(GSp(W^, V),-5), 

/20 

with /lo factoring through Sh(G, X) and with Zi an integral affine Z-scheme. 

4.1.5. Remark. Later on we need a formal version of 4.1.3 and 4.1.4. We work under 
the hypotheses of 4.1.3 with R = C[[zi, ...iZn]] a ring of formal power series over C and 
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with fi the complex point of Z associated to the surjective ring homomorphism R ^ C 
taking all Zi to zero. But instead of assuming that t^'s are parallel with respect to V, we 
assume just that t^'s are annihilated by all Then the generic point w (this replaces 
the point /2 of 4.1.3) of Z is mapped through gz into Sh{G,X), i.e. the cycles ta become 
(in w) de Rham components of Hodge cycles of A-u^ (the fibre of A over w) and the etale 
components of these Hodge cycles are related to Va (through the family of isomorphisms 
(^iv)AreN) as expected. 

It is enough to see the first part, i.e. that becomes in w the de Rham component 
of a Hodge cycle of Ay^, Va G 3 (the second part involving the expected relation is entirely 
the same as in the above proof of 4.1.3). This is a result of Faltings. The proof of this 
is entirely analogous to the proof of its integral version [Fa3, rm iii) after Th. 10]. The 
only difference is that now we have to use the strictness property of maps between Hodge 
structures, instead of the strictness property of maps between objects of M5'(Vo) (cf. [Fal] 
for the definition of M5'(Vo); here Vq is a Witt ring over a perfect field). 

4.1.6. Remark. Sometimes it is more convenient to work with families {sa)ae3 such 
that G is the subgroup of GL{W) (and not of GSp{W, fixing its tensors. This has the 
advantage that we can be loose about mentioning alternating forms (like i/j) or different 
Tate-twists (to be compared with 5.2.9). In particular, in such a situation, the form i/; is 
uniquely determined by an isomorphism as in (i) of 4.1, up to scalar multiplication with a 
rational number; so it is more natural to denote the set A{G, X, W, ijj) just by A{G, X, W). 

4.2. Digression on reductive Lie algebras. Till the end of §4 the notations to be 

introduced are independent of the ones in 4.1. Let W he a finite vector space over an 
arbitrary field of characteristic zero. All the reductive Lie subalgebras of 0l(M^) consid- 
ered in 4.2 are assumed to satisfy the following condition: their centers are generated by 
semisimple endomorphisms of W and the trace forms on them are perfect. 

Let g C 0((W^) be (such) a reductive Lie subalgebra. It is known that the above 
assumption implies that the restriction to q of the trace form Tr on 0t(VF) is perfect 
(for a, 6 e sK^)' Tr(o,6) is the trace of the endomorphism ab of W): one just needs to 
point out that the restriction of Tr to the semisimple part [g, q] of q is automatically non- 
degenerate (argument: the kernel of this restriction is an ideal of Q and so a semisimple 
Lie algebra; based on Cartan's solvability criterion in characteristic 0, it is as well solvable 
and so trivial). For any vector subspace m of sI(VF) let 

:= {x e Ql{W) I TT{xy) = 0, Vy e m}. 

In particular we get a direct sum decomposition 0((I^) = ® 0"*". 

4.2.1. Convention. Any time we have a situation as above, we denote by 7r{g) (or by 
TTwio)) the projector of 0((I^) defined by 7r{Q){x) = x if x E g and 7r{g){x) = if x E g-^. 

The Lie subalgebra of 0t(VF) centralizing 7r(0) under the adjoint representation is of 
the form ® u, where 

u := {y e 0^ I [0,y] C 0, [g^,y] C 0^} = {y e 0^ | [g,y] = {0}}. 

The last equality is due to the fact that [0, 0-*-] C 0-*- and Tr([a, 6] , c) = Tr(a, [b, c]), V a, 6, c e 
gl{W). 
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4.2.2. Proposition. Let C f) C be inclusions of reductive Lie algebras. We 
consider reductive Lie algebras Qi satisfying : g C 0i C f) and b) [g, g] = They 
form a set §. Then an element Qi of § is maximal under the relation of inclusion if and 
only i/gi = J) n {the Lie subalgebra of qI{W) centralizing 7r(0i)}. 

Proof: If 01 = f) n {the Lie subalgebra of centralizing t^{qi)} then 

f) n 0]^ n {centralizer of 0i in = {0}. 

This implies that there is no reductive Lie subalgebra of J) strictly containing Qi and having 
the same semisimple part as Qi. So Qi is a maximal element of S. 

Let now gi be a maximal element of §. We deduce that the centralizer c of 0i in [) has 
no reductive Lie subalgebra included in . But c is a reductive Lie subalgebra of gl(VF). 
Argument: the centralizer of gi in gl(VF) is the Lie algebra of a reductive group (this can 
be seen moving to an algebraically closed field and using irreducible representations) and 
it is of the form c ® c with c a subspace of f)-*-; so the trace form on c is perfect. This 
implies that c fl g]"- is zero. So gi is the subalgebra of \) centralizing 7r(gi). This ends the 
proof of the Proposition. 

4.2.3. Remark. Let /: (G, X) ^ (GSp(VF, V'), S) be an injective map. If in 4.2.2 we take 
g = Lie(G) and f) = gsp(VF, •0), then for any maximal element gi of S there is a uniquely 
determined (up to isomorphism) Shimura variety Sh(Gi,Xi) for which there are injective 
maps /o: (G, X) (Gi, Xi) and /i: (Gi, Xi) (GSp(W^, V), <5) such that / = /i o /o and 
d/i(Lie(Gi)) = gi. 

4.3. Special families of tensors. 

4.3.1. Definitions. Let {G,X) define an arbitrary Shimura variety. A pair (Gi,Xi) is 
called an enlargement of (G, X) if there is an injective map /: (G, X) ■— (Gi,Xi) such 
that fiG^"') = Gf' and /(G) Gi. If i: {G,X) ^ (G2,X2) is an injective map, by 
an enlargement of (G, X) in {G2,X2) we mean a pair (Gi,Xi), with G ^ Gi C G2, 
Qder ^ Qder X c Xi c X2. We Say (G,X) is saturated in (G2,X2) if it has no 
enlargement in (G2,X2). 

4.3.1.1. Let now (G, X) be of Hodge type and let /: (G, X) ^ (GSp(VF, i/j), S) be an injec- 
tive map. From 4.2.2 and 4.2.3 we deduce that either (G, X) is saturated in (GSp(IV, V'), S) 
or there is an enlargement of (G, X) in {GSp{W, ip), S) which is saturated in (GSp(W, il^):S). 

The advantage of having injective maps (G, X) ^ (GSp(W, ip), S) with (G, X) sat- 
urated in (GSp(W, V'), 'S') is: Lie(G) is the Lie subalgebra of g5p(W,V') centralizing (just 
one tensor of degree 4 which is a projector of gl(W^)) ttw{q)- 

4.3.2. We consider now the following situation. Let {W, ip) be a symplectic space over 
a field of characteristic zero. Let Gq be a semisimple subgroup of GSp(VF, ip) and let 
go := Lie(Go). Let G be a reductive subgroup of GSp(W,';/') having Gq as its derived 
subgroup and such that its Lie algebra g is the Lie subalgebra of QSp{W,ip) centralizing 
7r(g) (cf. 4.2.2). We now list some useful tensors fixed by the group G. 

We have gsp(Vr,V;) = g ® f), with \) := gsp(Vr, V') n g-*-. Let = ® \)i be a direct 

sum decomposition of f) in (non-zero) irreducible g-modules. Let rrii be the kernel of the 
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representation g dK^i)- We deduce the existence of a reductive Lie subalgebra Qi of Q 
such that g is the direct sum of Lie algebras = 0i © trii [Boul, p. 57]. We have faith- 
ful irreducible representations Qi > dK^i)- Associated to the direct sum decomposition 

0[(VF) = © © [)i © 0Sp(W, i/j)-^ we consider the projectors pi: gl{W) — > the image 

iei 

of Pi being Vz G /. For every i E I, let be the projection of on Qi associated 

to the direct sum decomposition = 0i © mi © [) © 0Sp(W, 

For iei, let ki be the Casimir element of the representation ^ flK^i) (we have 
Qi 7^ 0, as is the Lie subalgebra of gsp{W,ilj) centralizing 7r(0)). 

The element ki induces a linear map g^: 0t(VF) — > 0t(VF) such that qi\i)i: i)i i)i is an 
isomorphism. We choose a linear combination of {qi)i^i with coefficients in Z such that the 
resulting linear map q: Qi{W) 0^^^) has the property that q| I): is an isomorphism 

(using induction, it is enough to handle the case when / has two elements; but this case is 
obvious, as Z is infinite). Let q: Qi{W) — > 0t(VF) be the linear map such that q is zero on 
0©0Sp(T^,'i/')^ and q\^:^ ^ t) is (g|t))"^ 

For iei, let ti: qHW) 0t(VF)* be the linear map such that ti is zero on mi © 
[) © QSpiW^if:)-^ and ti|0i:0i — > 0| is the isomorphism induced by the restriction to 0i of 
the trace form Trj,. on 0[(f)j). Explicitly: if a; e 0j, then ti{x){y) = Trf,.(a;, y). For iei, 
let Si: Qi{W)* 0^^) be the linear map which is zero on (m^ © I) © QSp{W, and 

Si\gi--g* 9t is {t^\g^)~^. 

Let t:Qi{W) qI{W)* and s: qI{W)* 0^^) be hnear maps defined in the same 
manner as U and Si but for the representation > 0[(VF). 
Let 

B: gl{W) ^ gliwy 

be the linear map which is zero on 0^ and -B| 00^00 ~^ do is the isomorphism induced by 
the Killing form on 0o. Let 

be the linear map obtained from B in the same manner as the tensors Sj were obtained 
from ti- 

The tensors 7r(0o), 7r(0), S, B*, q, t and s, as well as the tensors Pi, r^, Si and tj, 
iei, are centralized by 0, and so fixed by the group G. 

4.3.3. Notation. Let be a finite vector space over a field k of characteristic zero and let 
be the Lie algebra of a semisimple subgroup G of GL{W). We call an s\.2 Lie subalgebra 
of ^ standard if with respect to a Weyl direct sum decomposition Q®k = i © 0a , 

with $ the system of roots associated to a maximal torus T of Gj, (so t = Lie(T)), is 
generated by 0q, and 0_a, for some a G $. We denote by s(0, W) the maximum dimension 
which appears among the irreducible subrepresentations oiW®koi any standard SI2 Lie 
subalgebra of © ^. 

4.3.4. Definitions. Let O be a discrete valuation ring, let tt be a uniformizer of it, and 
let K be its field of fractions. Let (W, ^) be a symplectic space over K. Let {Sa)cie3 be 
a family of tensors in spaces of the form W®'^ ® j^*®n_ rjj^g family of tensors (sa)aea 
is called essentially finite, if the 0-submodule of the tensor algebra ofW ® W* generated 
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by its tensors, is a free O-module of finite rank. Let i? be a faithfully flat integral ring 
over O. A free i?-module M satisfying = W ®k •> is said to envelop the above 

family of tensors with respect to -i/;? if induces a perfect form -0: M M R and if 
all the tensors of the family (sa)ae3 i^ spaces of the form M®"^ ® }j ]-,g 

a reductive subgroup of GSp(W,V') fixing the tensors of the above family. The family of 
tensors {soi)ae3 is said to be O-well positioned with respect to t/^ for the group H if the 
following condition is satisfied: 

(4.3.5) For any faithfully flat integral ring R over O and for any free i?-module M, 
satisfying = W ®k cind enveloping the family of tensors {sct)ae3 with respect 

to V') the Zariski closure of -f^i^Ji.] iii GSp(M, ij)) is a reductive group scheme Hn over R. 

In addition, if there is an O-lattice Mq of W enveloping the family of tensors (sa)^^^ 
with respect to •i/', then we say that our family of tensors is 0-very well positioned with 
respect to •0 for the group H. 

We have variants, depending on the class of O-algebras we use in 4.3.5. If we use 
the class of normal integral faithfully flat O-algebras (resp. of reduced faithfully flat O- 
algebras) we obtain the notion of weakly (resp. strongly) O-well (or 0-very well) positioned 
families of tensors with respect to V' for the group H. 

4.3.6. Remarks. 0) Warning: if H extends to a reductive group over O, we do not 
require that the extension of it to R is isomorphic to Hn. 

1) If the family of tensors {sa)a.e3 is O-well positioned (resp. O-very well positioned) 
with respect to ip for the group H, then the family {Sa)ae3 is O-well positioned (resp. 
O-very well positioned) with respect to '0 for the group where '0: W* ® W* K is, 
the perfect alternating form on W* obtained from if) through the isomorphism f:W^W* 
canonically induced by V', {f{x){y) = ip{x, y)) and where H is the subgroup of GSp(VF*, t/^) 
corresponding to H under the canonical identiflcation of GL{W) with GL{W*) produced 

by/. 

2) The family of tensors {sci)ae3 is O-well positioned with respect to ip for H iff it is 
well positioned with respect to ^f) for H'^'^^ and for the toric part of Z[H) (cf. 3.1.6.1). The 
same remains true in a weakly (this is obvious) or strongly (as the proof of 3.1.6 applies) 
context. 

3) Let be a nocthcrian, reduced, faithfully flat, local O-algebra. Let M be a free 
-R-module of finite rank. Let H' be a reductive subgroup of GL{M) We assume there 
is a noetherian, integral, local O-subalgebra Rq of R such that R is the strict henselization 
of -Ro, M. is obtained by extension of scalars from a free -Ro-module Mq and H' is the 
pull back of a reductive subgroup H'q of GL{Mq) ^^y^. We also assume the existence of a 
projector 11 of End(M) having the properties: 

- its image Lie is such that Lie[;i] = Lie(i7'); 

- as a projector of End(M[;^]) it is fixed by H' . 

So we have a direct sum decomposition End(M) = Lie ® Ker(n) preserved after 
inverting tt by the action of H' on End(M[^]). Let I (resp. Ir) be the residue field of O 
(resp. of R). Let k be the algebraic closure of the field of fractions of Rq- 
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Let e {1, ...,r}}, with r e N, be a set of ideals of R which are intersections 
of prime ideals of R of codimension 0. We assume that r\lz[Ii = and that the Zariski 
closure of H' n-, in GL{M (g) R/Ii) is a reductive group H- over R/Ii, \/i G {1, r}. 

Definition. A faithful representation pT : T ^ GL{V) of a split torus over an arbitrary- 
field k is called p Lie recoverable, if T is generated by a finite family {Tj)j^j of subtori 
of it such that for any j G J, the representation of Tj on V does not involve two distinct 
characters of Tj whose difference inside the group of characters of Tj (viewed additively) is 
divisible by p. If J has just 1 element, then we also say px is elementary p Lie recoverable. 

With this definition, we can state: 

Proposition. The Zariski closure of Hq in GL[Mq) is a reductive group if moreover any 
one of the following three conditions hold: 

i) I is of characteristic p, H' is a torus and the representation p^ of Hqj^ on MoiStR^k 
is p Lie recoverable; 

a) I is of characteristic 0; 

Hi) H'q is non-trivial and semisimple, the characteristic of I is an odd prime p > 
s{Lie{HQj^), Mq k) (s{Lie{HQf^), Mq k) E N is defined as in 4-3-3 even if the 
characteristic of O is not 0), and moreover the semisimplification AUT^^ of the connected 
component AUT^ of the origin of Aut{Lie (8) it ifl)red is smooth of dimension equal to the 
relative dimension of Hq. 

Proof: We start with a warning: part of the proof below uses Part 2 of 4.3.10; so it should 

be read only after reading the mentioned Part 2. This Proposition is used in what follows 
just to get some complements in 4.3.7 4) and 5) and in 4.3.10.2; for the Part 2 of 4.3.10, 
from 4.3.7 4) and 5) only the first paragraph of 4.3.7 4) is needed. So no vicious circle is 
created. 

It is enough to show H'j^ is a reductive subgroup of GL{M). We start showing that 
the pull backs of H'-^ and H'-^ to Spec(i?//i^ fl li^) coincide, Vzi,Z2 G {1, ■■■,r}; we refer to 
this property as IND. We can assume (zi, 22) = (I7 2). 

The first step is to check that the pull backs of H[j^^j_^_^_j^ and -f^2K//i+/2 Spec(-R//i + I2) 
coincide. For ii) this is a consequence of [Bo, 7.1]. For i) this can be checked as follows. 
The generic fibre GF of Hq splits over a Galois field extension ki of ^0 contained in the 
residue field of any point of Spec(i?//j) of codimension 0, Vi G /. So (by replacing Rq 
with RCi ki) we can assume GF is a split torus. So, based on similar arguments to the 
ones of 3.1.6 pertaining to T^, we can assume is elementary p Lie recoverable; but this 
case follows from very definitions. In other words: we can recover the maximal direct sum 
decomposition of M <Sir R/Ii normalized by H'^ from the representation of Lie <Sir R/Ii on 
M (8) it Ri] moreover, the character of the representation of H'- on any fixed member of it 
can be read out from the representation of GF on Mq C?)/?,, /cq {i = 1,2). 

For the time being we assume that the pull backs of II[j^^j^_^j^ and H2j^^j^_^j^ 
to Spec(-R//i + /2)j.g(j coincide even for iii); so let -H^i2red reductive subgroup of 

GL{M ®ii {R/Ii + l2)red) with which these two pull backs coincide. Let R12 '■= R/Ii + h 
and let N be its ideal of nilpotent elements. Let n G N be such that N'^ = {0}. We 
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consider a maximal torus of H[^^^, i — 1,2. We can assume that Ti and T2 lift the 
same maximal torus T12 of -ffi2red' [SGA3, Vol. II, 3.6 of p. 48]. Loc. cit. implies as 
well the existence of g E GL{M R12) which modulo N is the identity and such that 
gTig-^ = T2 as tori of GL{M ®r R12). 

The second step is to check that Lie(Ti) = Lie(T2) implies Ti — T2. For i) this is a 
consequence of Definition: as above, we can recover the maximal direct sum decomposition 
of M R12 normalized by Ti as well as the characters through which Ti acts on its 
members from Lie(Ti) (and GF). The same applies to ii). 

For iii) we have to proceed as in Part 2 of 4.3.10. We have two subcases: 

- if p > 2s(Lie(ifQ^), Mo®Hq/c), then we can apply the part of the previous paragraph 
referring to i) (argument: we need to consider as in the mentioned place "standard" 1 
dimensional split subtori of Ti in order to get that we are in the context of elementary 
p Lie recoverable representations of their fibres over k; so the representation of T^^ on 
Mq <SiRfy k is p Lie recoverable); 

- if s{Lie{HQ^), Mq k) < p < 2s{Lie{HQi^), Mq k), then we have to use as in 
the mentioned Part 2 standard s[2 Lie subalgebras of Lie ®ii R12 in order to be able to 
recover the maximal direct sum decomposition of M (^r R12 normalized by Ti, from the 
representations of Lie(Ti) and of Lie ®r R12 on it. 

The third step is to show, by induction on j G {1, n}, that we can assume that the 
i?i2-submodules Lie(Ti) and Lie(T2) of End(M(8)iti?i2), coincide modulo A'"-'. The passage 
from j to j + 1 goes as follows. We can assume g modulo A^-^ is the identity (this is just a 
variant of the second step, with R12 replaced by Ri2/N^). The existence of g implies the 
existence of A G A^-'End(M ^r R12) such that under the automorphism lEnd(M(g)R_Ri2) + 
ad{A) of End(M 0r R12), Lie(Ti) modulo A^-^+^ is mapped onto Lie(T2) modulo N^+^. 
But due to the existence of H, modulo N^'^^ we can assume A G A'-'Lie ®r R12. As the 
Lie algebra of H[ is Lie ®r R/Ii, we can assume g modulo A^-'+-'^ is an i?i2/A"-'"'"^-valued 
point of H[. So, by replacing Ti by an if{(i?i2)-conjugate of it, we can assume that the 
restrictions modulo A"-^+^ of Lie(ri) and Lie(r2) coincide. So, by induction, we can assume 
Lie(Ti) ^ Lie(T2). 

What follows next for ii) and iii) is very much the same as Part 2 of 4.3.10: using 
exponential maps (for iii) this is allowed as p > s{H' q^Mq ®r^ A;)), we can recover from 
Ti and Lie ®r R12 the Ga subgroups of H[j^^^ normalized by Ti and so, based on [SGA3, 
Vol. Ill, 4.1.2 of p. 172] we get that an open subscheme of H[j^^^ coincides with an open 
subscheme of Hl^j^^^ and so H[j^^^ = HI^r^^- This paragraph forms the fourth step. 

So to end the proof of the fact that H[j^^^ = -^2^12' need to argue the first 
step for iii). The natural homomorphism from H^^^ to AUT^^ is an isogeny (it is nothing 
else but the central isogeny H[j^^ Hl^^^^; as p is odd this can be checked easily using 
standard 3(2 Lie subalgebras of Lie® rI^). We easily get: Lie(Ti) (E)r-^2 Ir is the Lie algebra 
of a maximal torus of -f^2z^ assume it is the Lie algebra of Lie(T2) ®r^2 ^R- 

As in the above part referring to two subcases, we get — 72^^. As in the previous 
paragraph we get that H'^^ and -^^2;^ coincide. But the role of Ir is just to fix some 
notations: the same applies to any point Spec(Z_R) — > Spec(i2i2), with Ir an algebraically 
closed field containing Ir, lifting a geometric point of the special fibre of Spec(O); we just 
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need to mention that Lie <S)r Ir and Lie Ir Ir are isomorphic (cf. the uniqueness 
theorem of [SGA3, Vol. Ill, p. 313-314] and the fact that H'q is over Ro[^]). 

From now we forget about Rq and H'q and just use IND to get that if^ is reductive. 
By induction we can assume r — 2. As H[j^^^ — -^2^12 ^ fibres of i — 1,2, are 
connected, we get: the fibres of H'j^ are connected. The ring R/Ii is also strictly henselian 
and so H'^ is a split group. This implies that H' itself is split: as H[^^^ = -ff2i?i2' 
this by first applying (we are in a local, strictly henselian context) [SGA3, Vol. Ill, 1.5 
of p. 329] over R/Ii + I2 and then by making n invcrtiblc. Let Hj^ be a split reductive 
group over R having H' as its generic fibre. As if^ is smooth and as H[^^^ — Hi^^^^-, 
the amalgamated sum of H[ and H'2 along is a reductive group over R which can be 
identified (cf. the uniqueness theorem of [SGA3, Vol. Ill, p. 313-4]) with Hj^. We get a 
natural homomorphism g: Hj^ GL{M) factoring through H'j^. As g is a closed embedding 
over R/Ii we deduce that q itself is a closed embedding. So Hr can be identified with H'j^. 
This ends the proof. 

4.3.7. Remarks. 1) We could have worked out 4.3.4 without the relative context, i.e. 
with respect to •0. The relative context is all we need for applications to Shimura varieties 
of Hodge type. When the role of ij) is irrelevant (for instance in 4.3.10 b)) we do not 
mention with respect to t/^. 

2) The definition of O-well positioned families of tensors presented here is different 
from the one in [Val, 3.7.4], where we also asked that the subgroup of GSp{M, if)) fixing 
fa, Va e 3, is a group scheme whose connected components of the origins of its fibres are 
(reductive groups defined by) the fibres of Hr. 

3) Let Rq be an integral ring and let Mr^ be a free i?o-niodule of finite rank. Let 
3Co be the field of fractions of Rq and let 0%^ be a subgroup of GL{M ® Xq). It is not 
always true (cf. [BT, 3.2.15]) that the Zariski closure GR^^ of Gjcq iii GL{Mr^^) is a group 
subscheme of GL[Mr^). However, Gr^ is a group subscheme of GL[Mr^) if it is a fiat 
scheme over Rq. 

So, in 4.3.5, the fact that the Zariski closure Hr of -f^i^ji] iii GSp(M, 7/;) is a group 

subscheme of GSp{M, ip) is part of the requirements on a family of tensors {sa)aed 
order to be O-well positioned with respect to for the group H. To show that Hr is a 
reductive group scheme over R, we need to check two things: 

a) that Hr is flat over R (and so a group subscheme of GSp{M, ijj)); 

b) that the fibres of Hr over Spec(i?) are reductive groups (over fields). 

Simple arguments at the level of tangent spaces and of reduction to the case R 
noetherian, show that a) follows from b). 

4) If the family of tensors (sa)aea is essentially finite, for proving that it is O-well 
positioned with respect to ijj for the group H, it is enough to check 4.3.5 only for integral 
rings R which are faithfully flat and of finite type over O (and so noetherian). To see 
this, let R and M be as in 4.3.5. We choose a basis B of M. It naturally produces a 
basis of the tensor algebra of M © M*. Let Ri be a finitely generated O-subalgcbra of R 
such that B is included in W ®k Ri \^ ■ Let R2 be the O-subalgebra of R generated by 
Ri and by the coefficients of all Sq, with respect to the above basis of the tensor algebra 
of M ® M*. The 0-algebra R2 is finitely generated as the family of tensors {soi)a£3 is 
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essentially finite. Let M2 be the free i?2-subniodule of M generated by the elements of !B. 
We have M2 [-^^ = W 0k R2 [^] ■ Moreover M2 envelopes the family of tensors (sq,)^^^. So, 
if the Zariski closure of -ff^^j^^j in GSp{M2, ip) is a reductive group scheme over R2, then, 

by pull back, the Zariski closure of -f^ijji.] GSp(M, ip) is a reductive group scheme over 
R. 

We assume now that the extra assumptions of 4.3.6 3) pertaining to iii) of 4.3.6 3) 
hold; so in particular, there is a projector of End(VF) on Lie(if) fixed by H and which is 
part of our family of tensors. Localizing R, replacing it by a quotient R2 of R^^ dominating 

R, or by Ri, where Spec(J?i) is an integral finite flat scheme over Spec(i?) (the operation 
of taking the Zariski closure of -f^ij^j.] GSp{M, ip) is well behaved -in connection to 

checking 4.3.5- with respect to these operations, cf. a) and b) of 3) and iii) of 4.3.6 3)) we 
can assume, for checking 4.3.5, that: 

c) i? is a noetherian strictly henselian integral local ring with an algebraically closed 
residue field, and Huo := Hr x i?o is a reductive group scheme over where R^ is the 
open subscheme of Spec(i?) defined by the complement of the maximal ideal of R. 

d) This allows us to pass from O to its strict henselization O^^ and so we can assume 
that O is a strictly henselian DVR. 

e) If moreover K is of characteristic zero (so O is an excellent ring), we have to 
deal only with excellent rings (as the set of excellent rings is stable under the operations 
performed in this remark). 

f ) If K is of positive characteristic and if O is a Nagata ring, we have to deal only with 
Nagata noetherian rings (as the set of such rings is stable under the operations performed 
in this remark, cf. [Ma, Ch. 12]). 

5) If the family of tensors (Sa)a6a essentially finite, if the extra conditions needed to 
get c) to f) above (i.e. the assumptions of 4.3.6 3) pertaining to iii) of 4.3.6 3)) are satisfied, 
and if K is of characteristic zero (so O is an excellent ring), then, for checking 4.3.5, we 
can assume that R is an integral noetherian complete local ring having an algebraically 
closed residue field. In other words we can replace R (with R the localization of an integral 
finitely generated O-algebra with respect to a prime dominating the maximal ideal of O) 
by its completion R. Argument: i? is a reduced ring (as is an excellent ring) and so the 
statement follows from iii) of 4.3.6 3). So we can replace O with the completion of O^^ (cf. 
also to d) of 4)), i.e. we can assume that O is a strictly henselian complete DVR. 

5') If in 4) and 5) we work in a weakly (resp. strongly) O-well positioned context, 
we do not have to make any assumption on the existence of a good projector of End(VF) 
as part of the family of tensors. We get c) to f) and 5) above, but always assuming that 
we have normal integral domains (resp. reduced rings) instead of integral rings. 

6) All concrete families of tensors used in this paper are essentially finite and fit 
in the strongly context. Any essentially finite family of tensors in spaces of the form 
^/'®■n^ ^*©"-^ with m, n G N, is of bounded degree, but the converse to this is not true. 

7) Any time we can replace O with another DVR (faithfully flat over O), we can 
replace the family of tensors {sa)a£3 with the family of tensors (so-Oaeai (of the tensor 
algebra of {W ® W*) ®o Oi) formed by linear combinations (with coefficients in O^) of 
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the tensors of {sa)ae3- family of tensors {sa)ae3 essentially finite, then the family 

of tensors (sai)^,^^! is also essentially finite. 

8) To check 4.3.5 for a noetherian ring R, we can assume (cf. 3)) that it is local, and 
that Hjio is a reductive group scheme over where i?° is the open subscheme of Spec(-R) 
defined by the complement of the maximal ideal of R, even if the family of tensors {sa)aed 
is not essentially finite. In 4.3.4 and 4.35 we could have worked with M a projective 
(instead of free) i?-module but this would have made no significant difference. 

9) The role of O is mostly just to fix up notations. For the greatest part of 4.3.4-17 
it can be replaced by any other integral noetherian scheme Z, and then the role of R is 
replaced by an arbitrary integral flat Z-scheme. We will not stop to state the results in 
this generality, as they can be immediately deduced from the ones stated. 

4.3.8. Remark. The tensors which give a lot of information about the modules envelop- 
ing them, are projections and isomorphisms. 

4.3.9. Remark. If Hi is a reductive subgroup of H with Hf^^ — H'^'^'^, then any weakly 
0-well positioned family of tensors (with respect to ip) for H is also a weakly 0-well 
positioned family of tensors (with respect to ip) for Hi. This results easily from 3.1.6 and 
from the fact that the Zariski closure in a torus Tr (over a normal ring R as in 4.3.5) of a 
subtorus of the generic fibre of Tr, is a torus over R: this is a local statement for the etale 
topology of Spec(-R); so we can assume that is split and then we can use characters of 
Tr. The same thing remains true for weakly O-very well positioned families of tensors. 

4.3.10. Proposition. With the notations of 4-3.2, ifW is a vector space over Q, then: 

a) there is N E N, such that for any prime p not dividing N, the family of tensors 
formed by 7r{g), q, and by Pi, ri, si and ti, i E I, is strongly Zf^pyvery well positioned with 
respect to for the group G; 

b) for any odd prime P>s{qo,W), the family of three tensors formed by 7r{Qo), B 
and B* is strongly Z^pywell positioned for the group Gq. 

Proof: Let L be a Z-lattice in W such that ip induces a perfect form ip: L ^ L ^ Z. As 
the family of tensors of a) is finite, we deduce the existence of a number G N, such 
that for any prime p not dividing N, L (E) Z^p-^ envelopes the family of tensors of a) with 
respect to ip. So a) follows once we show the strongly Z(p)-well positioned part. We fix 
a prime p not dividing A, for the case a) respectively an odd prime p> s(0o, W)., for the 
case b). Let i? be a reduced faithfully flat Z(p-)-algebra and let S := . Let M be a free 
i?-module, with M S = W (8>q 5", enveloping the family of tensors of a) with respect to 
tp, respectively enveloping the family of tensors of b). We have to show that the Zariski 
closure G{M) of Gs in GSp{M,tp) in case a), and respectively that the Zariski closure 
Go{M) of Gqs in GL{M) in case b), are reductive groups over R. We can assume that R 
is a local reduced noetherian ring (cf. 4.3.7 5')). Let m be its maximal ideal. 

Case a). Let g{M) := {g ^ S) n gl{M). We have g{M) = n{g){gl{M)) and so g{M) is 
direct summand of gsp{M, ip) :— Lie{GSp{M, ip)). Let 

A := ((05p(M, V)/0(M)) R/mY^^\ 
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(the upper right index refers to the operation of taking the elements annihilated by q{M)). 
Claim 1. We have A = {0}. 

This results from the following facts. 

(a) The fact that the family of tensors {pi,ti, Si,ri)i^i is enveloped by M implies that 
the trace form on Qi{M) :— ri{gl{M)) associated to its representation on f)i(M) := 
Pi{gl{M)) is perfect. So the Casimir element ki of this representation induces a linear 
map 0l(M) gl{M). 

(b) The fact that q is enveloped by M implies that the linear combination of ki used 
in the formation of q, induces an endomorphism q: qI{M) qKM) such that its 
restriction to f)(M) := © ^i{M) is an isomorphism f)(M) ^ f)(M). 

(c) Any clement of A is annihilated by q (as q is the endomorphism induced by a sum 

of Casimir elements). 

As A = {0}, the Lie subalgebra of gsp{M/mM) centralizing the reduction of 7t{q) 
modulo m, is Q{M)/mQ{M). This implies that the scheme G{M) has smooth fibres. 

Moreover it is smooth in the i?-valued point defining its origin. To check this, let 
Ro{G{M)) be the ring of the completion of G{M) in the origin, and let i?[[0(M)]] be 
the ring of formal power series defined by the free i?- module q{M). We get naturally an 
epimorphism io{R): R[[q{M)]] Ro{G{M)). If R is integral, by reasons of dimension, 
we get that io(-R) is an isomorphism. As R is reduced, this implies that io{R) is an 
isomorphism: the kernel of io{R) is included in ^'[[^(M)]], for any prime ideal IP of i? of 
codimension 0. 

The fact that 7t{q) is enveloped by M implies that the trace form on g(M)/mg(M) 
is perfect and so the Lie algebra of the nilpotent radical of the connected component of 
the origin of G{M) Spec{R/m) is zero (cf. [Boul, p. 41]). From this we deduce easily 
(cf. [SGA3, Vol. 3, p. 12] and [Ti, 3.8.1]) that the connected component of the origin of 
any fibre of G{M) is a reductive group scheme. From 3.1.2.1 c) and [Hart, ex. 4.11 p. 
107] we deduce that all fibres of G{M) are connected. From this and the fact that G{M) 
is smooth in the origin we deduce that G{M) is a smooth scheme over R. 

We conclude that G{M) is a reductive group scheme over R and so condition 4.3.5 
(for reduced rings) is satisfied. This proves a). 

Case b). We can assume, cf. 4.3.7 5'), that i? is a noetherian excellent strictly henselian 
local ring, that R/m is an algebraically closed field, and that Go{M)jio is a semisimple 
group over the open subscheme i?° of Spec(i?) defined by the complement of the maximal 
point Spec(i?/m) of Spec(i?). From the properties implied by the excellence property we 
need just that R is an A^-1 ring (cf. def. of [Ma, 31. A]), i.e. that the normalization R^ of 
R in its ring of fractions is a finite i?-module and so a noetherian ring. 

Part 1. The integrality of 7r(0o) gives us a direct sum decomposition Qi{M) = qo{M) © 
QoiM)-^ and the integrality of B and B* implies that the Killing form b{M) on Qq(M) 
is perfect. Let Aut{Qo{M)) be the group scheme (of finite type) over R defined by the 
Lie algebra automorphisms of go{M), and let Go{M)^ be the connected component of 
the origin of Aut{go{M)), defined as the Zariski closure in Aut{go{M)) of the connected 
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components of the origins of the fibres of Aut{Qo{M)) over points of Spec(i?) of codimension 
0. 

Claim 2. The subscheme Go{M)^'^ is a subgroup of Aut{Qo{M)). It is an adjoint group 
over R having Qo{M) as its Lie algebra. 

Proof: We first remark that for any algebraically closed field k which is an i?-algebra, 
Lie{Aut{go{M))^) is the Lie algebra of differentiations of go{M) (8) k; the same argument 
-based on the fact that the Killing form of Qo{M) ® is perfect- as in the characteristic 
zero case, gives us Lie{Aut{go{M)^)) = go ® ^- So, by reasons of dimension, the tangent 
space in the origin of Go(M)^'^ is also Qq ® k. This implies that Aut{Qo{M)) is smooth 
(over R) in the origin (the argument for this is the same as the one used in Claim 1, in 
a similar situation) and that every fibre of it is a smooth group, which is the extension 
of an adjoint group by a finite etale group. The finite etale group corresponds to outer 
automorphisms of the Lie algebra of the semisimple part of this extension. 

As i? is a strictly henselian ring, we deduce from the smoothness of Aut{go{M)) in 
the origin, by using translations, that Aut{Qo{M)) is smooth over R in any point of the 
connected component of the origin of a fibre of it. All these points belong to Go{M)^^, 
and by reasons of dimension, they are smooth points of Go{M)^'^. 

But Go{M)^'^ has all its fibres connected: an inner automorphism of a semisimple 
Lie algebra can not specialize to an outer automorphism. To see this, we first remark that 
Qo{M) is defined over a subring of R which is finitely generated over Z. So everything 
comes down to checking this in the case of a complete DVR, having an algebraically closed 
residue field. If R is such a ring, then the open subscheme of Go{M)^ defined by putting 
together the connected components of the origins of its fibres is a semisimple group, and 
so everything results from 3.1.2.1 c). 

So Go{M)^'^ is a smooth subgroup of Aut{Qo{M)) and has connected fibres. So 
Go{M)^^ is a semisimple group over R (cf. the above statement on the fibres of Aut{go{M))) 
We have Lie(G'o(M)^^) = Ue{Aut{gQ{M)) = 0o(M). The group G'o(M)^'^ is adjoint as its 
fibres over points of Spec(i?) of codimension are so. This ends the proof of Claim 2. 

Part 2. Let Qo{M) = t © Qq, be a Weyl direct sum decomposition of Qo{M) with respect 

to a system of roots ^> associated to the Lie algebra t of a maximal split torus T^'^ of 
Go{M)^'^ {T^^ exists as is a strictly henselian local ring; warning below, despite nota- 
tions, T^'^ is a torus and not the adjoint group of the group T to be introduced later) . For 
any a G $ let Ga,a be the Ga subgroup of Go{M)^'^ having Qq, as its Lie algebra. The 
inequality p>s{go, W) implies that for any o: G every x G fla, as an endomorphism of 
M, satisfies = 0. Let a be an arbitrary element of Let V{Qa) be the affine scheme 
over R defined by the i2-module Qa (for an i2-algebra V{ga){Ri) = Sa ® Ri)- There 
is a natural identification V{Qa) — Ga,a- 

The homomorphism exp: V{got) — GL{M), defined on an i?-valued point x G go by 
exp{x) = Yl^=o fr (the above sum is an isomorphism of M nilpotent endomor- 

phism of M), is an isomorphism onto its image Ga,a'- at the Lie algebra level we get an 
isomorphism Lie{V (Qa)) Qa- We deduce that Ga,a{R) C GL{M){R) and so the groups 
Ga,a can be considered as subgroups of GL{M). 
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We treat first the special case when is a complete DVR with an algebraically 
closed residue field. Let Gq^^ be the simply connected semisimple group cover of Go{M)^. 
Using [Ti, 3.1.1] we get that the subgroup of Gq^ g{S) generated by the subgroups Ga,a(-R) 
is hyperspecial. It is mapped under the composite homomorphism G^^g^ Go{M)g —>■ 
GL{M)s into GL{M){R). From 3.1.2.1 a) and c) we deduce that Gq{M) is a reductive 
(and so semisimple) subgroup of GL{M). 

We come back to the general case. As in the special case we "recovered" Gq{M) 
from Qq{M)^ we get directly that: 

d) The reduced subschcmc of the connected component of the origin of any fibre of 
Gq{M) is a semisimple group scheme. 

Claim 3. There is a subtorus T of GL{M) having t as its Lie algebra. 

Proof: First we remark that Ts is well defined (it is the inverse image of Tf under the 
natural homomorphism Go{M)s — > Go{M)g^). So Ts is a split torus. Let C be the set of 
characters of Ts through which it acts on M^S. We consider the direct sum decomposition 
M®S — (B-yecMg associated to the faithful representation Ts ^ GL[M ® S). So Ts acts 
on M2 through the character 7. We need to show that the above direct sum decomposition 
oi M ® S extends to a direct sum decomposition of M , i.e. that the natural i?-linear map 

ir: ®^ecM^ M, 

with M'^ := M n Mg, is an isomorphism. 

To see this, let !B($) be a basis of roots of Let a e !B($). Let 5(2(0;) be the 
Lie subalgebra of go{M) generated by 0q and Q-a- As 0o(Af) is the Lie algebra of the 
adjoint group Go{M)^'^, and as p > 2, we deduce that it is an 5I2 Lie algebra over R; so the 
notation is justified. As an i?-module, it is isomorphic to R^. We choose a standard basis 
{hc„Xa,ya} of it. So Xa G Q^, Vcc G S-a, G [Qcc,Q-o\, and the formulas = [xa^Ua], 
[ha,Xa\ = '^Xa and [hajUa] = —'^Ua hold. The element ha is a semisimple element of t. 
Over S it generates the Lie algebra of a subtorus Tsa of GL{M ® S). It is a split torus, 
as it is a subtorus of the split torus T5. 

The key fact is: as p > s{qq, VF), we deduce that the eigenvalues of /Iq, as a semisimple 
endomorphism of M, are integers in the set A{a) := {— p + 1, —p + 2, — 1}. For any 
i e A{a) let M{i) be the i?-submodule of M formed by elements on which ha acts as the 
multiplication with i. So if any two such integers are not congruent mod p (and so they 
are not congruent modulo m) (this is the case if p > 2s(0o, W)) then M = ©j£^(-Q,)M(z). 
To see that this remains true even when two distinct eigenvalues are congruent mod p we 
have to use Xa and j/q. 

We need to show that for any i e {1, ...,p — 1}, if v{p — i) & M{p — i) and v{—i) e 
M{—i) are such that 

(1) v{p — i) + v{—i) G toM, 

then v{p — ■i) e mM{p — i) and v{—i) e mM{—i). We can assume that p — i>i and we 
will prove the statement by induction on z e {1, ^^}. 
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So let us first treat the case when i= 1. Applying first Xa to the relation (1) a couple 
of times v{—l) gets annihilated. Applying then to the result the same number of times 
(to bring the things back) we get something which is a multiple of w(p — 1) by an integer 
which is non-zero mod p. But what we get is in mM. In fact it is in mM{p — 1): we get 
this by applying first p — 1 times Xq, to (1) and then applying (backwards) p — 1 times j/q 
to (1). So v{p — 1) G mM{p — 1). Similarly we get that v{—l) G mM(— 1). We deduce 
that M{p — 1) and M(— 1) are direct summands of M, and so they are free {R being a 
local ring). For j G {1, — 1} let Mj{j> — 1) := xi^{M{p — 1)). It is a submodule of 
M{p - 1 - 2j). Let Mo{p - 1) := M{p - 1) and let 

M{p-1) := egM,(p-l). 

Using the fact that p is greater then all eigenvalues of the endomorphism ha of^ M we 
deduce that ya{Mi{p - 1)) = Mi_i{p - 1), Vz G {1, ...,p- 1}. This implies that M{p - 1) 
is a direct summand of M, and so a free i?-module. 

To proceed further oii^we just have to repeat everything for i = 2 and for the 
quotient 5[2(Q;)-module M/M{p — 1). Then we repeat everything for z = 3 and the new 
s[2(a)-module which is the quotient of M/M{p — 1) (by a similarly constructed M{p — 2) 
submodule), etc. The induction becomes obvious. 

We conclude that M is a direct sum of submodules on which ha acts diagonally. 
This implies that Tsa extends to a subtorus of GL{M). 

Let T := naeS(*) -^a- subtori Tq, of GL{M), a G S($), commute, we get a 

group homomorphism if. T — > GL{M), obtained by taking the product of homomorphisms 
Tq, s> GL{M). Over S, if factors through T5. Let T be the quotient of T by the finite flat 
group subscheme (over R) of T, which over S is the kernel of the factorization Ts — Tg; 
this finite fiat group scheme is the kernel of if. The notation is justified, i.e. the fibre 
of T over S is indeed the torus T5 we previously considered. We get a homomorphism 
T GL{M). The torus T over R is split as i? = i?'^. 

The group of characters of T is the same as the group of characters of T5. So T 
acts on M through the characters 7 G C, achieving a direct sum decomposition of M on 
submodules on which it acts diagonally through the characters of C. This proves that 
is an isomorphism and that T is a subtorus of GL{M). This ends the proof of Claim 3. 

Let now 

U{M) := T X J] Ga,a. 

a6<i? 

Let um'- U{M) GL{M) be the morphism defined by taking the product (as in [SGA3, 
Vol. 3, p. 172]) of the inclusions of the factors of U{M) in GL{M). It factors through 
Gq{M). We have: 

e) Um is injective on points with values in fields (i.e. it is radicial); 

f) In any i?/m- valued point of the group scheme U{M), um induces an injection at 
the level of tangent spaces, producing a surjection at the level of cotangent spaces; 

g) At the level of completions of local rings (defined by an i?/m- valued point of 
U{M)), Um induces an epimorphism. 
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Part e) is a direct consequence of d) (cf. [Bo, 14.14] and the particular case). As 
over R/m the morphism um is a locaUy closed immersion (cf. the special case), using 
translates {U{M) being smooth over R), it is enough to check part f) in the origin of 
U{M). But in this case it results from the fact that the tangent space of U{M) in the 
origin Spec(i?) ^ U{M) is Qo{M) (cf. the definition of the factors of U{M) and of the 
expression of their Lie algebras), and from the fact that Qq{M) is a direct summand of 
0[(M) (as 7r(go) is enveloped by M). Part g) is a direct consequence of f) and of the fact 
that R/m is an algebraically closed field. 

We consider the simply connected group cover GQ^My^ of Gq^MY"^. T fixes 7r(0o), 
as Ts does. So T acts under the adjoint representation on Qq{M). We get a homomorphism 
rriT-T Aut{Qo(M)). As Aut{Qo{M)) is a subgroup of GL{qo{M)), the kernel of rriT is 
the same as the kernel of the representation of T on go (M) . But any linear representation 
of a split torus (over R) is a direct sum of irreducible one-dimensional representations 
(associated to characters). So ker(mT) is a finite fiat group scheme over R. The quotient 
of T by it is a subtorus of GL{qo{M)), and so a subtorus of Go{M)^^: any torus over a 
field is a geometrically connected variety. This subtorus of Go{M)^^ is nothing else but 
the subtorus T^'^ we considered in the first paragraph of Part 2. 

The inverse image of T^^ under the natural isogeny Go(M)^'^ Go{M)^'^ is a maxi- 
mal torus T^'^ of Gq{MY'^. We get an isogeny i^'^: T^'^ T^'^ of split tori over R. Its kernel 
is the center of Go{My°. Moreover i^^ factors through T, as this happens over S. We get 
another isogeny of split tori T®*^ T. Let Ct be its kernel. It is a finite fiat group scheme 
over R, contained in the center of Go{MY'^. Let Gq{M) be the semisimple group over R 
which is the quotient of Go{My^ by Ct- From the very construction of Ct we get that 
Go{M)s is Go{M)s. 

We want to show that Go{M) is Go(A^)- We have a morphism Iq: Go{M)s Go{M). 
We view it as a rational map froni Go{M) to Go{M). We also view it, keeping the same 
notation, clS dii rational map from Go{M) to GL{M). 

We have a canonical homomorphism Go{M) Gq{MY'^. The f?-scheme U{M) 
is an open subscheme of Gq{M): each factor of U{M) (i.e. T and each Ga,a, a G $) 
are subgroups of Gq{M). This is obvious for Qa,a, i-e. the subgroup Go of Gq{M), 
corresponding to an element a e is mapped isomorphically into the subgroup Ga,Q 
of Gq{MY'^ (we are dealing only with central isogenics). For T this is obvious from its 
construction. So we can apply [SGA3, Vol. 3, p. 172]; we get: 

h) The rational map Iq is defined in codimension 1. 

We first assume that is a normal ring, i.e. that R = R^. From h) and from [BLR, 
Th. 1 of 4.4] we deduce that Iq can be extended to a morphism /i: Gq{M) GL{M). The 
morphism li is a group homomorphism, as Gq{M) is a smooth scheme over R and as the 
fibre of li over 5' is a group homomorphism. From the special case we deduce that all fibres 
of li are closed immersions. But li is proper (as its fibre over S is proper, this results from 
the valuative criterion of properness, cf. 3.1.2.1 c)) and so it is a finite morphism. From 
Nakayama's Lemma we deduce that h is a closed immersion and so Gq{M) — Gq{M). 
This ends the proof in the case R = Rn- 

We would like to point out that if R is as in the special case (i.e. it is a complete 
DVR with an algebraically closed field), from 3.1.2.1 c) we get directly that h is a closed 
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embedding. This represents a second proof of the special case without a reference to [Ti, 
3.1.1] but based on the elementary result [BLR, Th. 1 of 4.4]: the facts e) to g) above, 
obtained based on d) above, were not used to get h). 

We now come back to the general case (i.e. we do not assume anymore that R — Rn)- 
From the fact that the result is known for Rn and froni the fact that Rn is a finite R- 
modulc, we deduce the existence of a finite morphism Gq{M)ji^ — > GL{M). It factors 
through Gq{M)^ producing a finite dominant morphism Go(M)_r^ — > Gq{M). We deduce 
that: 

1) The reduced scheme defined by Go{M)ji/ni is a semisimple group having as its Lie 
algebra Qo{M) ® R/m. 

This implies that the localization of um in the i?-valued point defining the origin 
of GL{M), is a finite morphism. From g) we deduce that it is a closed embedding. This 
implies that around this origin, um is a closed embedding. We deduce that Go{M) is 
smooth in the origin. As any i?/m-valued point of U{M) has a lift to R (as i? is a strictly 
henselian ring), using translations with i?- valued points of Go{M), we deduce from i) 
above, that Go{M) is smooth in all its i2/m- valued points. As Go{M)jio is smooth over 
we deduce that Go{M) is a smooth scheme over R, and so it is a subgroup of GL{M). 
From the fact that Gq{M)jio is a semisimple group over R^ and from i) above, wc get that 
Gq{M) is a semisimple group over R. This ends the proof of the case b) and so of the 
Proposition. 

4.3.10.1. Remarks. 1) Proposition 4.3.10 b) remains true if instead of Q (and Z^p)) we 
work with an arbitrary field K of characteristic zero, which is the field of fractions of a 
DVR O of mixed characteristic (and with O), and if, instead of 'k{qq)^ we work with any 
other projector ttq of 0t(VF) on Qq centralized by go (the role of 7r(0o) was just to produce 
a direct sum decomposition 0l(VF) = 0o © 0o")- 

Moreover, the condition p > 2 is not needed: If p = 2 = s{qq,W) then 4.3.10 b) 
remains true as it can be easily checked. Of course in the majority of cases for p = 2 we 
get a non-perfect Killing form on Qq{M)} However: 

1') Part 2 of the proof of 4.3.10 b) is a result independent of Part 1 (we just needed 
that there is an adjoint group over R whose Lie algebra is go(-^))- It is a result on 
representations of the Lie algebra of an adjoint group and so it remains true even if the 
Killing form (or the trace form) on Qq[M) is not perfect. 

Part 1 of the proof of 4.3.10 a) is a result on the existence of adjoint groups having 
a prescribed Lie algebra which is subject to the condition that its Killing form is perfect. 

2) Proposition 4.3.10 a) remains true if instead of Z we work with any other Dedekind 
domain D of characteristic zero having an infinite number of maximal ideals (the number 
N being replaced by a non-zero ideal oi D). 

3) Proposition 4.3.10 admits versions in positive characteristic. Of course, some 
precautions have to be taken. For instance the restriction of the trace form on gl(VF) to 
00 (or 0) might not be perfect. Concentrating just on 4.3.10 b) we can state: 

4.3.10.2. With the notations of 4-3.2, we assume that there is a projection ttq of qI{W) 
on 00, annihilated by 0o, and that the Killing form on 0o is perfect. If s{qq.,W) is not 

1 Unfortunately, one can check that for p = 2 we never have a perfect Killing form. 
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greater than the characteristic p of the residue field of O, if this residue field is perfect, and 
if p > 2, then the family of tensors formed by ttq, B and B* (as the Killing form on Qq 
is perfect, we can define B and B* as in 4-3.2) is strongly O-well positioned for the group 

Gq. 

The proof of this is entirely analogous to the proof of 4.3.10 b). We just have to 
check -it is easy- that the condition s{go, W) <p can be used in the same manner as in 
the proof of 4.3.10 b) (instead of e) of 4.3.7 4) we have to use d) and f) of 4.3.7 4)). Also, 
it can be easily checked that the condition on the residue field being perfect is not needed. 

4.3.10.3. The family of tensors of 4.3.10 a) is not so suited for explicit computations, 
while the one of 4.3.10 b) is. The advantage offered by the family of tensors of 4.3.10 a) is: 
it cuts out of 05p(M, ip) the Lie algebra of the group G{M) (cf. Claim 1 of 4.3.10) by using 
only one tensor n{Q). However we do not use it in the rest of the paper. There are variants 
of 4.3.10 a) when GSp^Wji/^) is replaced by another reductive subgroup of GL{W). 

4.3.11. Example. We consider the case of Shimura varieties of PEL type, to emphasize 
that the (incipient) idea of using Z(p)-very well positioned families of tensors goes back to 
[LR] . We use the situation and notations used in [Ko, Ch. 5] . For simplicity we denote the 
nondegenerate Q- valued alternating form on F by If p = 2, we assume that 4 does not 
divide dimQ(y); this can be weaken, but the fast argument we present for the following 
Claim does require this assumption. 

Claim. The elements of Ob form a family of tensors which is strongly 'Z(^pyvery well 
positioned with respect to i/j for the group G. 

Proof: The conditions imposed on B imply that the group scheme over Z(p) defined by 
invertible elements of Os is reductive. 

We get that the group scheme G over Z(p) defined as the centralizer of 0^ in GL{L) is 
reductive. This is a property of linear representations of semisimple algebras over discrete 
valuation rings of mixed characteristic. In our case, passing from Z(p) to VF(F), Ob^W{¥) 
is a finite product of algebras of the form End(A^), with N a finite free VF(F)-module. 
So, inside V (E)q W{¥) [i] we can find a VF(F)-lattice M such that M is a direct sum of 
irreducible representations of Ob ® W{¥) (and so M/pM is a direct sum of irreducible 
representations of 0^ ® F). Using the fact that the determinants (as defined in loc. cit.) 
of Ob with respect to L W{¥) and with respect to M are the same, we deduce that the 
two representations of Ob ® F on M/pM and on L ® F are isomorphic. So G is indeed a 
reductive group scheme over Z^^^. It is defined by invertible elements of a Z(p-)-order of a 
semisimple Q-algebra. 

Moreover there is n G N such that ^ times the bilinear form b on Lie(C) induced by 
the trace form Tr on qI{L) is perfect. This can be read out from the end of [Sh, 2.1]. For 
instance, with the terminology and notations of the loc. cit., we can take n = ^ if L is of 
type /, // or ///, etc. Here we use that S is a simple Q-algebra. 

We assume first that 2p does not divide dimq(y). This is equivalent to: the standard 
trace form on 'Lie{GSp{L,il;)) is perfect. 

The fact that 0^ is self dual with respect to ip implies that Lie(C) = cSC"*-, with c := 
Lie(C) n Ue{GSp{L, ij;)) and with := Lie(C) n Ue{GSp{L, i/;))^ (here Ue{GSp{L, i/;))^ 
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refers to perpendicularity with respect to the trace form). So the Zariski closure Gz(^^^ 
of the connected component G of the origin of the intersection of Cq with GSpiV^ ip) in 
GSp{Lj'ilj) is a reductive group scheme over Z^p). 

To see this let S be the connected component of the origin of the special fibre of 
■ The above direct sum decomposition of Lie(C) implies that the dimension of Lie(S) 
is equal to the dimension of S, and so S is a smooth group over ¥p. So is smooth 

over Z(p-) in the points of S- Prom the fact that is a perfect form on Lie(C), wc deduce 
that S is a reductive group over ¥p. This results from the fact that the Lie algebra n of the 
nilpotent radical of S is zero as it is included in the null space of the restriction mod p of 
the symmetric bilinear form ^b: [Boul, p. 41] implies that n is perpendicular to c, while 
from the definition of b and C"*" we get that n is perpendicular to C"*-; here perpendicularity 
is with respect to ^b. From 3.1.2.1 c) we deduce easily that Gz^^,-^ is a reductive group 
over Z(-p) (i.e. its special fibre is 9)- 

Using 3.1.2.1 a) and c) and the determinant condition of [Ko, Ch. 5], the same things 
remain true if we work with an arbitrary reduced ring R which is faithfully fiat over Z(p) , 
with a free i?-module M which satisfies M [|] =W<SiR and envelopes the elements of Os 
with respect to ip (i.e. with the same arguments we get that the group scheme over R 
defined by the invertible elements of R is reductive, that its centralizer in GL{M) 

is a reductive group scheme Cji over R, and that Gj^^r^ extends to a reductive subgroup 

GRoiGL{M)). 

If 2p divides dimQ(F), then we have to work all the above with Sp{L, ip) instead of 
GSp{L,ip); this is supported by 3.1.6. This ends the proof of the Claim. 

4.3.12. Remark. We start with an injective map {G,X) ^ {G'^\>{W,ip), S). Let B we 
the subalgebra of End(VF) formed by elements fixed by G; it is a semisimple Q-algebra. 
The connected component Gi of the origin of the subgroup of GSpiW^ '0) fixing B contains 
G and we get an injective map {G,X) ^ (Gi, Xi) (with Xi determined naturally by X). 
The pair {Gi^Xi) defines a Shimura variety (it is easy to see that the axiom SV3 of 2.3 
is satisfied) of PEL type (cf. their def.; see [Mi4, p. 161]). We call it the PEL-envelope 
of {G, X) with respect to the injective map /. The tensors of degree 2 does not allow us 
to distinguish {G,X) from (Gi, Xi). So we were forced in 4.3.10 to use tensors of degree 
4, to be able to conclude that the Zariski closure of G in a GL{L(j,^) (for some particular 
Z(p)-lattices L^p) of W) is a reductive group scheme over Z^^^. 

4.3.13. The case of a torus. We consider a situation of the form T <— GL{M) with 
T the maximal torus of the center of a reductive subgroup G of GL{M), and with M a 
free module of finite rank over a discrete valuation ring O. Let B be the subalgebra of 
End(M), formed by endomorphisms fixed by G. Then B forms a family of tensors which 
is strongly O-very well positioned for T. To see this we can assume (cf. 4.3.7 5')) that O 
is a strictly henselian DVR. Then T is a split torus and M — (BaeS^a, with 3 a set of 
characters of T, and with T acting on through the character a (Va G d)- Now the 
subfamily of B (cf. 4.3.7 7)) formed by the projections of M on Mq, {a G 0) (they are fixed 
by G) associated to the above direct sum decomposition, is obviously strongly 0-very well 
positioned for T. 

4.3.14. Remark. Let Gq ^ G ^ GSp(W,V') be monomorphisms between reductive 
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groups over Q. Let p be a rational prime. We assume the existence of a family of tensors 
{Voi)ote3o spaces of the form VF®"^ (g) W*^^ which is Z(p)-very well positioned with 
respect to t(j for the group G. We assume also the existence of a Z(p)-lattice L of W 
enveloping the above family of tensors with respect to •0 and such that there is a torus T 
of the Zariski closure Gz(j,) of G in GSp(L, i/;) having as its centralizer in Gz(p) , a reductive 
group having the Zariski closure of Go in GSp{L,il!) as a reductive subgroup containing 
its derived subgroup. 

Fact. The family of tensors {va)ae3o ^^''^ enlarged (by adding only tensors of degree 2) 
to a family of tensors {va)ae3, ^^^^ 3 ^ do, which is '^(^pyvery well positioned with respect 
to ip for the group Gq. 

This is a direct consequence of 4.3.13 (cf. also 4.3.9). A similar result can be stated 
for strongly or weakly Z(p)-very well positioned families of tensors. 

4.3.15. Remark. Let O be a DVR and let (M, i/') be a symplectic space over its field 
of fractions K. Let Oi be a DVR which is an etale cover of O and let Ki be its field of 
fractions. Let G be a reductive subgroup of GSp(M, •0). If there is a family of tensors 
{sa)ae3i in spaces of the form M®'"(8)M*®"'(8)Oi which is strongly (resp. weakly) Oi-very 
well positioned for the group Gki , and if there is an 0-latticc L of M such that L ® 0\ 
envelopes the above family of tensors with respect to then there is a family of tensors 
{wp)f}^2 of degree not bigger than the maximal degree of the tensors of {sci)ae3n situated 
in spaces of the form M®^ ® M*®"^, which is enveloped by L and strongly (resp. weakly) 
0-very well positioned with respect to if) for G. This is so due to the fact that the tensors 
of L®"* ® L*®"^ ® Oi fixed by the reductive group Goi, the Zariski closure of Gk^ in 
GSp(L ® Oi, '0), are linear combinations with coefficients in Oi of tensors of L®^ ® L*®" 
fixed by the reductive group Go-, the Zariski closure of G in GSp(L, ?/;). We can now 
take the family of tensors {wp)p^^ showing up in such linear combinations of tensors of 
(sa)aeai- The same thing remains true when we do not work in the relative context (i.e. 
when we replace GSp{M,'ip) by GL{M) and there is no alternating form ip on M). 

4.3.15.1. Remark 4.3.15 remains true if instead of Oi we work with the completion of O 
(the argument is the same). 

4.3.16. The relative PEL situation. Let O be a discrete valuation ring of mixed 
characteristic and let K be its field of fractions. Let M be a free module of finite rank over 
O. Let G be a reductive subgroup of GL{M) and let L C End(M) be a semisimple algebra 
over O. So L O^^ is a product of algebras of the form End(P) with P a free module over 
Qsh -yy^g assume that the subgroup C{L) of GL{M) fixing L is a reductive group over O 
and that the connected component Gq of the origin of C{L) fl G (defined as the Zariski 
closure in G of the connected component the origin of the generic fibre of C{L) fl G) is a 
reductive group over O, containing the maximal torus of the center of G. We assume that 
the bilinear form on g := Lie(G'^^'^) induced by the trace form Tr on End(M) is perfect, 
and that 7r(0) leaves invariant Lie(G(L)). We also assume that one of the following two 
conditions is satisfied: 

1) There is a torus T of G such that Go is contained in the centralizer G° of T in 
G, Gq° = G°*^ and the monomorphism Gq^^ ^ QOder becomes over O®^ the diagonal 
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embedding of Gq^^ in a product of a finite number of copies of Gq^^, which are permuted 
transitively (under conjugation) by the invertible elements of L ® O^^; 

2) A rational multiple of Tr restricts to a perfect form on Lie(C(L)). 

Let {sct)ae3 be a family of tensors of the tensor algebra of M©M* fixed by G, which 
is enveloped by M and is O-very well positioned for G. Then the family of tensors formed 
by {sa)ae3: 7r(0), and all the tensors of degree 2 fixed by Go and enveloped by M (the 
elements of L are examples of such tensors), is O-very well positioned for Go- The proof of 
this presents no difficulty, being just an extended version of 4.3.11 and 4.3.14. The same 
remains true in a strongly or weakly context. 

We refer to the above situation as the relative PEL situation defined by the triple 
(G, L,T) (resp. by the pair (G, L)) if condition 1) (resp. condition 2)) above is satisfied. 
When 2) above is satisfied we get the relative PEL situation generalizing 4.3.11. We would 
like to remark that in 4.3.11 the tensor 7r(£|) is still present in disguise, cf. the connection 
between ip and Ob (see [Ko, Ch. 5]). 

4.3.17. Remark. If in 4.3.4 wc have W ^ Wi®W2 and ifj = i/ji Q) '1/J2 (with {Wi, ^i) a 
symplectic space over K), if Hi is a reductive subgroup of GSpiWi.'ipi), and if {sa)cte3i 
is a family of tensors of the tensor algebra of © W* which is O-well positioned with 
respect to for ffj, i = 1,2, then the family of tensors (sQ;)aeaiua2U{i} (of the tensor 
algebra of W ® W*; here si is the projection of W on Wi having W2 as its kernel) is 
O-well positioned with respect to tj) for H := Hi x H2- The same thing remains true for 
O-very well positioned families of tensors, or in a context without tj), or in a strongly or 
weakly context, or if H is replaced by a reductive subgroup H, obtained from H in the 
same manner as we got G3 from Gi x G2 in Example 3 of 2.5. 

§5. The basic result 

We present our procedure for proving the existence of integral canonical models of 
Shimura varieties of Hodge type. 

5.1. Theorem. Let (G, X) define a Shimura variety of Hodge type and let p > 2 be a 
prime such that G is unramified over Qp. We assume that the pair {G,X) satisfies the 
following condition with respect to the prime p: 

(*) There is an infective map f:{G^X) ^ (G Sp{W, ifj) , S) such that there is a family 
of G- invariant tensors {va)aedo spaces of the form {W ® VF*)®^" (with m eN) 
and of degree not bigger than 2{p — 2), which is 'Zf^pyvery well positioned with 
respect to for the group G. 

Then Shp(G, X) exists and has the EEP. 

Proof: For the sake of clarity we divide the proof into steps. 

5.1.1. Step 0. Preliminaries. Let /: (G, X) (GSp(VF, i/'), S) be an injective map for 
which there is a family of G-invariant tensors in spaces of the form (W ® W*)®"^ and of 
degree not bigger than 2{p — 2), which is Z(p)-very well positioned with respect to ■0 for 
the group G. We fix such a family {va)a&So a prime v of E := E{G, X) dividing p. 
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Let L be a Z-lattice of W such that Lp := Li^Z^^p^ envelopes the family (va)ae3o 
we have a perfect form ijj: L (E) L ^ Z. This implies (cf. def. 4.3.4) that the Zariski closure 
Gz^p^ of G in GSp{Lp, ip) is a reductive group scheme over Z(-p). So the group H := {g E 
G{Q.p) I 5'(-^^p ® Zp) — Lp® Zp} is a hyperspecial subgroup of G(Qp). Due to 3.2.7.1 it is 
enough to work with {G, X, H, v). Let Kp := {g e GSp{W, V')(Qp) | g{L ®Zp) = L® Zp}. 
It is a hyperspecial subgroup of GSp(W, '0)(Qp). 

The fact that G is unramified over Qp implies that v is unramified over p [Mi3, 
4.7]. Let F := k{v). Let M be the extension to of the integral canonical model 
Shp(GSp(M/, V'), ^) of (GSp(iy, V'), S, Kp,p) (cf. 3.2.9). Let X be the normalization of the 
Zariski closure of ShniG^X) in M. Let Vq := W{¥) and let be its field of fractions. 
Let N := 'Nvo and M :_= M^o- 

We claim that [N" is formally smooth over Vq. For this it is enough to show that 
the completion of the local ring of !N in a point Spec(F) ^ !N is Vb[[-^i, . . . j-'^d]]) with 
d := dim X . This is achieved at the end of Step 5 (of 5.5 below). 

5.1.2. Step 1. The moduli setting. We start with an arbitrary point 

y: Spec(F) ^ K. 

From the definition of K we deduce (cf. 3.4.2) the existence of a morphism 

mv: Spec(V) — >■ jsf 

lifting y, with V the normalization of Vq in a finite field extension K of Kq. 

Using the interpretation of Shp(GSp(W, '0), 5") as a moduli scheme (working with 
the lattice L) (see 3.2.9 and 4.1), we get a universal principally polarized abelian scheme 
{A, 7a) over Shp{GSp{W, ^/j) , S) (of relative dimension equal to half the dimension of W 
over Q), having (compatibly) level-N symplectic similitude structure for any N eN satis- 
fying {p, N) = 1. Let {Am, "^m) and {Ay^, (P^j-) be its pull backs to M and respectively to 
X. 

The morphism mv gives birth to a principally polarized abelian scheme (A, pa) over 
V, having (compatibly) level-A^ symplectic similitude structure for any N E N satisfying 
{p, N) — 1. We fix an embedding j: K ^ C. We still denote by j its restriction to K, V, 
Kq or Vq. The morphism Spec(K) — > ShniG, X)ko = J^Ko induced by mv can be lifted to 
a morphism u: Spec(^) Sh(G', X)ko such that the point x E Sh(G, X)(C) induced from 
u through the inclusion j, is of the form [h, a] with the p-component of a equal to one (i.e. 
a E G'(A^) as we have A/ = x Qp). This results from the fact that G{Qp) = G{Q)H 
[Mi3, 4.9]. 

The subgroup of GSpCW^ip) fixing {va)ae3o might not be G. Let {va)a&3i with 
d D do, be an enlarged family of tensors such that G is the subgroup of GSp{W, if^) fixing 
them. If S\3o is finite (we can assume this, cf. [De3, 3.1], but it is irrelevant for what 
follows), then the family of tensors {vct)ae3 is essentially finite. 

We think of Sh{G,X)c as the moduli scheme associated to the injective map /, the 
lattice L and the family of tensors {va)ae3 (cf- 4.1). Using d), e) and f) of 4.1 for the 
point X, we deduce that: 
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a) the isogeny class of is given by the pair ( W, h) ; 

b) has a family {ta)a€S of Hodge cycles, the Betti realization of ta being Va', 

c) the linear map Vf{Ac) = W Af ~ — > W ® Kf induces a similitude isomorphism 
{Hi{Ac, ® I'-, Pa) ^ {L®!,^ ij;) {pA being the polarization of A). 

As a e G(A^) we deduce that Hi {Ac-, Z) ®Zp = L^Zp (this identification is unique 
up to an isomorphism of L (8) Zp induced by an element of G(Z(p)) := G{Q) fl H) and that 
(under this identification) pA = P{p)'4'j with e Gm(Z(p)). Let 

Hit '■= Hli{Ac,Zp) = Hl^{Af^,Zp); 

it is identified with L* ® Zp. So there is a family of tensors (fa)aea in spaces of the form 
{H}^ ® iyi*)®m g^ch that: 

(5.1.3) Vq; e ^, is the p-component of the etale component of ta- 

(5.1.4) There is a cycle ifj-.Hl^ ifj^ — > Zp(— 1), which is a perfect alternating form 
(it comes from the polarization of the Hodge Q-structure on W* = H^[Ac,Q) 
induced from the polarization ip of the Hodge Q-structure on W defined by h). 
The cycle ip differs from the perfect alternating form pv'-Hl^ ® H^^ — Zp(— 1) 
(induced by the principal polarization pa) just by multiplication with a Zp-unit. 
It is fixed by the Galois group Gal(^/i^). 

(5.1.5) For any integral ring R which is faithfully flat over Zp, and for every free i?-module 
Mr satisfying Mr [^] = HI^iS)Zj,R[^ and enveloping the family of tensors (fa)aego 
with respect to -0, the Zariski closure of G^j^ij in GSp{Mr, if:) is a reductive group 
over Spec(i?). 

(5.1.6) The subgroup of GSp(i7|^. ® Qp, tj)) fixing v^, Va G 0, is exactly Gq^. 

(5.1.7) The Galois group Gal(^/i^r) fixes w^, Va G 3- 

In 5.1.5 and 5.1.6 we think of G as a subgroup of GL{W*). Property 5.1.5 results 
from 4.3.5 and 4.3.6 1) as the family (fa)aeao i^ Z(p)-well positioned with respect to ^p for 
the group G. Properties 5.1.3, 5.14 and 5.1.6 are trivial. 

5.1.8. Property 5.1.7 results from the fact that the family {ta)ae3 of Hodge cycles of Ac 
is defined over K\ from the fact that the abelian variety A over V has level- A?" structure for 
any A G N relatively prime to p, we deduce that the /-components of the etale components 
of the Hodge cycles of this family are defined over K (here I is an arbitrary prime different 
from p) . 

5.2. Step 2. Crystalline machinery. 

Sections 5.2.1 to 5.2.10, 5.2.13 and 5.2.14 we follow closely [Fa3]. The new things are 
5.2.1.1 and the use of the ring Re. ^ 

1 Only in its final version [Fa3] changed to rings as Re of 5.2; most of the previous 
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5.2.1. Let TT be a uniformizer of V. As V is totally ramified over Vq, there is an Eisenstein 
polynomial fe{T) G Vo[T] of degree e := [K : Kq] such that /e(7r) = is a minimal equation 
of TT over Vq. Denoting R := Vo[[T]], we get V = R/ feR- 

Let Se be the subring of i^o[[r]] generated by R and divided powers n G N. As 

n 

^ G -R, Vn G N, and as /e is an Eisenstein polynomial, this is the same as the subring of 
Ko[[T]] generated by R and divided powers ^ ^/ , n E N. Let Re be the p-adic completion 
of Se and let i?e be the completion of Sg with respect to the (decreasing) filtration given by 
its ideals := /^^ n G N U {0}, where / := (p, /e(T)) = (p, T^). So is the projective 
limit of artinian rings Se/In, n G N U {0}. We recall that /["^ is the ideal generated 

by elements of the form . . . ^f^, with m,ai, ...,am non- negative integers such that 
oi + • — h am > n, and with (3i, . . . , dm £ I- 

We get that the Vo-algebra Re (resp. Re) is contained in iiTo and consists of 
power series S^>oa^T"' such that the sequence = a^[^]!, n G N fl {0}, is integral, i.e. 
bn G Vqi Vn G N U {0}, (resp. it is integral and convergent to zero). Here we used p > 2. 

Let ^> be the Frobenius lift of Se, Re or Re extending the Frobenius automorphism 
of Vq and such that $(T) = T^. Decreasing filtrations are defined on Re and Re by the 
rules: For m G N U {0}, F'^{Re) is the ideal of Re obtained as the p-adic completion of 

JTTl — ■ - — ' 

the ideal of generated by divided powers ^ with n>m, while F^{Re) = ImRe. 

We have ring epimorphisms Se ^ Vq, Re ^ Vq, Re -» Vq defined by the rule 
^n>oanT'^ ao- We have also a Fo-epimorphism Re V, sending T to tt. 

5.2.1.1. Remark. The ring Se/pSe is a local ring with the property that any element of 
its maximal ideal is nilpotent. Its residue field is F. So any reductive group over Se is a 
split group, and so any reductive group over Re is also a split group. 

5.2.2. Keeping the notations of 5.1, let (M, $m,V) be the evaluation at the thickening 
attached naturalUy to the closed embedding SpGc{V / pV) ^ Spec(i?e) of the Frobenius 
crystal over V/pV defined by taking the dual of the Lie algebra of the universal vector 
extension of the abelian scheme A (or of the p-divisible group of A) (see [Me] and [Fa3]). 

So M is a free i2e- module of dimension dimi^e(-^) = dimQ(M/) endowed with an 
i?e-submodule F^(M), V is an integrable connection (nilpotent mod p) on M, and $m is 
a V-parallel ^>-linear endomorphism of M. The restriction of $m to F^{M) is divisible by 

p and we have an isomorphism f M + ^F^{M)]0Re^Re M. We have M/F^{Re)M = 

H\^{A/V). The submodule F^[M) of M is the inverse image of the Hodge filtration of 
HIj^{A/V) defined by A, under the surjective map M M/F^{Re)M = H^j^{A/V). So 
F'^{Re)M C Fi(M). 



versions of loc. cit. were stated in terms of rings as Re of 5.2. So, though all statements 
of 5.2 are correct as they stand (including the one of 5.2.4 on grp^s; cf. also [Fa3, ending 
paragraph]), they do not match entirely with the references to the published [Fa3] in 5.2; 
this paper and [Fa3] were refereed in the same period of time (ending 1998), and so we 
were not able to adjust this paper to the last minute changes in [Fa3] . 
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Using F^{M) the tensor algebra of M © M* gets a natural filtration indexed by 
integers. In particular, F°(M*) contains F'^{Re)M* and the quotient F^{M^) / F^{Re)M* 
is naturally identified with Homy (M/F^(M), V). Moreover, for n e N we speak about 

F'^ {M®'^'^) . 

5.2.2.1. Let (Mo,(/7o) := (Af, $m) ®Re Vb- It is the contravariant Dieudonne-module of 
A^. There is an isomorphism 



(M 



LP. 



of Frobenius isocrystals [Fa3, Ch. 6]. 

5.2.3. Let V be the integral closure of F in K and let be its p-adic completion. Let Sq 
be the ring consisting of sequences (a;n)neNu{o}; with Xn € V /pV and Xn-i = x^, Vn e N. 
Gal{K/K) acts naturally on Sq. 

The Gal(K/K)-module Qp(l) can be identified with sequences {pn)nef^u{o} of p- 
power roots of unity (these are elements of V) such that fin-i = /U^, Vn G N. Taking such 
sequences modulo p, we get a group homomorphism 7:Qp(l) Gm.(5'o) respecting the 
Galois actions. For an element z e V, we choose a sequence {z{n))neNu{o} of elements 
of V such that z{0) = z and z{n — 1) = z{ny, Vn e N. Taking this sequence modulo p 
we obtain an element z & Sq, well defined by z up to multiplication with an element of 
7(Zp(l)). 

Let W{So) be the ring of Witt vectors of 5*0. Let 9: W{So) be the ring epimor- 

phism defined by 9{{xo, xi, . . .)) = '^n>oP"'^n,n, where {xn,m)meNu{o} is the sequence (of 
elements of V/pV) used for defining Xn G Sq. Let ^ := /e((7r, 0, 0, . . . )). It is a generator 
of the kernel Iq of 9. 

Let B~^{V) be the Fontaine's ring defined as the completion of the divided power hull 
of the ideal le of W{So). The ring B~^{V) is a VF( 5*0) -algebra and so also a Vo-algcbra, 
as W{So) is a Vb-algebra. It has a (decreasing) filtration F^{B~^{V)) by divided powers: 
F'^iB+iV)) is the completion of 4"', n e N U {0}. We have B+{V)/F\B+{V)) = V^. 
The Frobenius automorphism of W{So) extends to a Frobenius lift ^ of B'^{V) (it makes 
sense to still denote it by cf. 5.2.4 below). The Galois group Gal{K/K) acts in an 
obvious manner on B~^{V), respecting its filtration. 

There is a well defined homomorphism 

p:Zpil)^FHB+iV)), 



obtained by taking log of the homomorphism obtained by composing the Teichmiiller map 
Qp(l) — >• Grn{W{So)) (obtained from 7) with the canonical homomorphism Gm{W{So)) 
Gm{B'^{V)). We have <^ o (3 = pf3. We also denote by (3 the image of a fixed generator of 
Zp(l) through this log map (3. 

5.2.3.1. Let B'^^{V) be the completion of -B+(F) (g) Qp in the filtration topology. We 
have Bt^{V)/F\Bi^{V)) = := V^[^. Let B.^iV) := B+^{V)[^]. It has a de- 

creasing filtration {F'^{B(iR{V))i^z obtained from the filtration of B'^j^{V) by declaring 
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^ e F ^{BdR{V)). As K is separable over Kq and so formally smooth over it, we can lift 
the inclusion K ^ = B+j^{V) / {B+j^{V)) to a Ko-monomorphism K ^ B+j^{V). 

5.2.4. There is an injective homomorphism of filtered rings 

iv-.Re^ B+(V) 

defined by: T ^ tt. It respects Frobenius hfts. We have f] Re = F'^iRe), 

Vn e NU {0}, and an isomorphism of graded V^-algebras grp^Re) ®v —^gfF^B^iy)) 
induced by iy, cf. [Fa3, Ch. 4]. As (M, V) defines a crystal over V/pV, the tensor product 
M Re B'^iV) acquires a canonical Gal(K/K)-action. 

5.2.5. Let us return to the situation of 5.1. The integral version of Fontaine's comparison 
theorem [Fa3, Th. 7] provides us with an injective linear map of filtered S+(y)-modules 

p: M ®fle B+{V) Hi B+{V). 

The filtration on M (S)Re B~^{V) is the tensor product one, while the filtration on (S)Xp 
B~^{V) is the one induced by the filtration of B^{V). We list the properties of p we need. 

(5.2.6) The map p respects Frobenius lifts and the Galois actions. 

(5.2.7) Inverting pP, we obtain an isomorphism to be denoted by pi; in what follows we 
still denote by pi the resulting isomorphism at the level of tensor algebras. 

(5.2.8) A tensor E {H^ (g) ® Q^, « g do (resp. a E 3 \ 3o) corresponds 
through pi to an element Wq. E F°((M M*Y^°'^^ (resp. to an element Wa E 
F^{{M ® M*)®'^(«) g])), with r{a) := i deg{v^). 

(5.2.9) We have $M(«'a) = Wa and = 0, Va G d- 

(5.2.10) Under the identification M/F^{Re)M[^] = HIj^{Ak/K), the tensor Wa is mapped 
into the de Rham component of the Hodge cycle ta, Va G ^J. 

(5.2.11) The bilinear maps pv, 'ip'- ® — > Zp(— 1) are inducing bilinear maps M ® 
M — > i?e(l) := l3Re which become perfect alternating forms pm, i^M- M ® M ^ 
Re. 

(5.2.12) The subscheme Grc of GSp{M,'ipM) obtained by taking the Zariski closure of 
the subgroup ^ije[i] GSp{M[^,ipM) fixing Wa, Va G J, is a reductive group 
scheme over Spec(i?e), isomorphic to Gr^. 

Properties 5.2.6 and 5.2.7 are part of Fontaine's comparison theory. The existence 
of pm, V'm (of 5.2.11) results either from 5.2.13 below or from the functorial aspect of 
Fontaine's comparison theory (for the category of p-divisible groups over V). The fact 
that Pm, i^M are perfect can be seen looking at their restriction modulo F^{Re). 

The bilinear map ijj induces an isomorphism (ifJ^)* ^ i7?^(.(l) (of Galois modules) 
and ipM induces an isomorphism M^M*(1) (of filtered Frobenius crystals). So we get 
isomorphisms {Hl^ ® iyi*)®"^ ^ H}®'^'^{m) and (M ® M*)®^ ^ M®2"^(-m), Vm G N. 
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Using these isomorphisms, 5.2.9 and the part of 5.2.8 involving the family of tensors 
{va)a&3\3oi result from Fontaine's comparison theory. If n e N, then: 

5.2.13. The Qp-vector spaces spanned by a Galois-invariant class w^t e Hl^^[^^'^^ (n) 
(also called an etale Tate-cycle) are in one to one correspondence, through the isomorphism 
pi, with the Qp-vector spaces spanned by a class w e F" ^M®^"^]^^] j which is annihilated 
by V and fixed by ^'j^j := ^m/p^- The correspondence is achieved through the formula 

We stated 5.2.13 in terms of Qp-vector spaces as there is no natural choice for /? (cf. 5.2.3); 
we could have also stated it in terms of free Zp-modules of rank one. The part of 5.2.8 
concerning the family of tensors {vct)aedo^ results from the fact that {voi)aedo integral 
(i.e. they are tensors of the tensor algebra of H^^ © -f^lt*) with deg(fQ;) < 2{p — 2), Vo: e 3, 
and from the following key supplement of 5.2.13 [Fa3, Cor. 9]: 

5.2.14. If n < p — 2, then in the correspondence of 5.2.13, Wet is integral (i.e an element 
ofHl^'^^'ln)) if and only if w is integral (i.e. iff w e F"(M®2n)). 

5.2.15. We now prove 5.2.10. This property results from the following observations. 

1) Tensoring the isomorphism pi with BdRiV) (using the canonical inclusions B^iV) 
B'^j^iy) ^ Bdfl(y)), we get an isomorphism, which can be written in the form 

P2: HIj,{A/V) ®v BdRiV) ^ Hi BaR{V) 

(the inclusion V ^ Bclr{V) is induced by the inclusion K ^ -Bj"^(V^) of 5.2.3.1; we used 
the canonical identification M <SiRe V = HIj^{A/V) and 5.2.2.1). 

2) The isomorphism p2 is nothing else but the isomorphism which comes up in the 
de Rham conjecture, proved in [Fal] (with slight correction in the unpublished [Fa2]) (i.e. 
the comparison map for the p-divisible group of an abelian variety over V is the same as 
the comparison map for the abelian variety itself, cf. [Fa3, introd. to Ch. 6]). 

3) The Hodge cycles (ta)aea de Rham cycles. This means that p2 takes the de 
Rham component tadR of into the p-component of the etale component Va of t^- 

Part 1) is obvious. For proving 2) it is enough to show that the isomorphism 

Pa: Mo ^vo B{V) ^ Hi B(y) 

(with B{V) := B+iV) [j^ ) obtained from pi through the isomorphism M [i] ^ Mq^Rb g] 
of 5.2.2.1), is exactly the isomorphism 

P4: Mo B{V) ^ Hi B{V) 

of the crystalline cohomology, defined for the abelian variety A over V (see [Fal, 5.6]). 
To see this it is enough to show that the isomorphism ps o pj-*^ of Hl^ (g) BiV): 
i) preserves the F°-filtrations (i.e. preserves Hl^ ® F°(S(F))), 
n) and becomes identity on Hl^ (g) F^{B{V))/ F'^{B{V)). 
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This is so due to the fact that there is no element of End(iyJ^) F^{B{V)) fixed by 
the Probenius endomorphism of B{V) induced naturally by $. 

Due to the way in which can be recovered from H\^{Ak / K) through the com- 
parison map, we get that p^^ takes Hl^ into F^{Mq ®Vo B{V)). This implies i). 

For ii) it is enough to check that the Hodge-Tate structures defined on ® 
F^{B{V))/F'^{B{V)) by the two isomorphisms pa and P4 are the same. This is done (by 
direct computation) in [Fa5, the proof of Th. 4] for abelian varieties over Spec(V[a;]) 
(with X an independent variable), and so, due to functoriality (under the morphism 
Spec(y[a:]) Spec(y)), for abelian varieties over V . 

The proof of 3) is almost contained in [Bl]. The extra ingredient needed is an 
improvement in Principle B of [Bl, 3.1], as our abelian variety Ak might not be definable 
over Q, a condition required in [Bl, 3.1] (of course as Ji is defined over O(^), we can 
select the lift my: Spec(y) ^ oi y in such a way that Ak is definable over Q). This 
improvement in Principle B is achieved by the trick of Lieberman. 

We can think of the de Rham component Wa of ta as a tensor of i7^^(A/y)®^''*^"\ 
and so as a tensor of -ff^ii^"'* {A^^"^^ /]/), where is the product of A over V taking r{a) 

times (for instance A^ = Axy A). If r{a) = 1, there is nothing to be proved (p2 respects 
algebraic cycles of degree 2). Por r{a) > 2 we get 3) above for ta as a consequence of the 
following general principle. 

5.2.16. Principle B. Let £ be the field of fractions of a complete DVR of mixed 
characteristic having a perfect residue field of characteristic p. Let Y he a geometri- 
cally connected smooth variety over L, and let II: B ^ Y be an abelian scheme over 
Y. Let n>2. Then if a pair v = {vst,VdR), with v^t £ -H"°(y, -R^n*(Qp)®^"(n)) and with 
VdR £ H^O^iR\r{B/Y)®'^'^), is a de Rham cycle in a point z\ e Y{JiS), then it is a de 
Rham cycle in any other point zi e Y{V). 

Proof: Let be the n-times product of B over Y. All the spectral sequences connecting 
the cohomology of B"^ with the cohomology of Y degenerate (this is called the trick of 
Lieberman). This results from the fact that B^ has many endomorphisms over Y -which 
have to respect the spectral sequences- defined by multiplying with integers the different 
factors B of B^. Por every pair (r, g) of non- negative integers we obtain commutative 
diagrams (which are part of these spectral sequences) 

a h 

where a and b are multiplications with some integers ni and n2- Por a suitable choice of 
multiplications on the factors B of B"^, we can achieve ni ^ n2- 
This implies that the ^-linear map 

HTr{B^/L) H\Y,R\^{B/Yr^-) 

is surjective. The rest of the proof is exactly as in [Bl, 3.2]. 
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5.2.17. We are left with the proof of 5.2.12. We first remark that once we know that 

(jRe is a reductive group scheme over Spec(i?e), the fact that it is isomorphic to G^f^ 
[Re is a Z(p)-algebra) is a direct consequence of the fact that Gre and Gr^ are both 
spUt reductive groups (cf. 5.2.1.1) and of properties 5.2.7 and 5.2.8 (which guarantee that 
they are isomorphic over Spec(i?+(y) [^] ) (cf. the uniqueness of a spht reductive group 
associated to a given root datum; see [SGA3, Vol. 3, p. 305]). 

5.2.17.1. To prove that Grq is indeed a reductive group over Re we can move over the 
faithfully flat i?e-algebra Re^ := Re ®Vo ^- The ring Re^ is integral as it is a subring of 
^[[t]]. It is also a F-algebra. We have an isomorphism 



po: M ®Re Re^ 



[p. 



HIr{Ak/K) ®k Re^ 



taking Wa into tadR-, Va e J, and taking pM into the perfect form pA'- H^^^^l^A/V) ® 
H^j^{A/V) V. It is defined starting from the isomorphism M[|] ^Mq ®Vo of 
5.2.2.1 and from the isomorphism M / F'^{Re)M ^ Hl^{A/V). 

The fact that po takes Wa into tadi?? G 5, results from 5.2.15 3), as the extension 
of to BdR{V) (we have a natural inclusion Re^ BfiR{V), cf. 5.2.3) when composed 
with the extension of pi to BdRiV) is nothing else but the isomorphism p2 of 5.2.15 (cf. 
the way po and p2 are defined). Obviously po takes pm into pA (cf. the def. of pu and 
the functoriality of 5.2.2.1). 

5.2.17.2. We have an isomorphism 

Hi®K^Hl^{AK/K) 

taking into tctdR-, Va G ^J, and taking if: into pa'- H^j^{Ak / K) ®) H\^{Ak / K) — > K. 

To see this, we first remark that such an isomorphism exists over the field Lcir{u) 
obtained from the field of fractions of BdRiV) by adjoining a square root of This results 
from 5.2.13 1) and 2): p2 takes pA into Pip (cf. 5.2.11), and so over L(Ir{u), by changing the 
extension of p2 (to LdR{u)) by a scalar factor u, we get rid of the scalar (3. Now everything 
results from the well known fact: ^{K^Gk) = {0}, as y is a complete DVR with an 
algebraically closed residue field. Here the right lower index // refers to the faithfully fiat 
topology. 



5.2.17.3. Prom 5.2.17.1-2 we get an isomorphism 

"1 



ps: i^lt ® 



[p. 



LP. 



taking Va into Wa, Vet G d, and taking ip into pm- From 5.1.5 we deduce (cf. 5.2.8) 
that the Zariski closure of the subgroup of GSp{M ®Re Re^ [i] ,pm) fixing Wa, Vet G 3, in 

GSp{M eg) Rc^^pm) is a reductive groiip scheme over Spec(i2e''^). So Gr(, is a reductive 
group scheme over Spec(-Re). This ends the proof of 5.2.12. 

5.2.18. Remark. It is an easy exercise to see that under the identifications 
HIr{Ak/K) = M ®ReK ^ Mq®Vo Re® K = Mq® K 
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(defined by inverting p in the isomorphisms of 5.2.2 and 5.2.2.1), Vcu e d, tadR is an element 
of the tensor algebra of (Mq ® Mq) [^] ; so we could have avoided the replacement of Re by 
Re^ in 5.2.17.1 to 5.2.17.3. 

5.2.19. Remark. In applications of 5.1 to the proof of the main results of 6.4, we use 
only families of G-invariant tensors {va)aedo spaces of the form (W ® ^*)®™^ (with 
m G N) and of degree not bigger than 2{p — 2), which are Z(-p)-very well positioned for the 
group G (i.e. we do not work in the relative situation with respect to -!/;). Moreover we can 
choose the family {va)a£2 such that G is the subgroup of GLiyV) fixing it. This simplifies 
the things, in the sense that we do not really have to keep track of all bilinear forms (V', 
PAi PMi etc.) we came across. 

5.3. Step 3. The existence of a good morphism Spec(Vo) 3\f lifting y. 

5.3.1. Let (M, V) := (M, V) ®rie R^ be obtained by extension of scalars. It is a natural 
evaluation of the F-crystal defined by the dual of the Lie algebra of the universal vector 
extension of the p-divisible group over V{p) := V/pV associated to the abelian scheme 

Ai := Av(p). At the level of filtrations we have F^{M) <^Re Re C F^{M), where F^{M) is 
the pull back of the Hodge filtration of H^j^{Ai/V{p)) defined by Ai, through the surjective 
map M^M®~^ V{p) = M <^Re V{p) = H^j,{AjV{p)). 

Let G~^ and Gy be the reductive groups obtained from Grq through the canonical 

Vb-homomorphisms Re ^ Re ^ V. Let My := M V = M V = HIj^{A/V) and 
let F^{Mv) be its Hodge filtration defined by A. It has the property that F'^{Mv)®v is 
the F^'^ summand of the Hodge direct sum decomposition H\j^{A/V) ®v j'^ = F^'°©F^'^ 
(here j is the inclusion of 5.1.2). Let ^c'-Gm —>■ GL[Mv ®j C) be the cocharacter such 
that 7 e Grri,(C) acts as identity on F^'^ and as the multiplication with on F^'^. The 
cocharacter //c factors through Gy ^C. Let Q^n ~^ Gy be a cocharacter which over 
C becomes conjugate to /ic- Let My = Fy®Fy be the direct sum decomposition obtained 
from Hi'.^y G GmiV) acts as the multiplication with on Fy and as identity on Fy. 

Let be the parabolic subgroup of Gy which leaves invariant F^{My) and let 
be the parabolic subgroup of Gy which leaves invariant Fy. As /xi and /^c are conjugate 
over C, we deduce that and P^ become conjugate over C and so they are conjugate 
over K. As and P^ are defined over K, we deduce from [Bo, 20.9] that they are 
conjugate over K, i.e. there is an element g G Gy{K) such that gPxg~^ = P^- From 
the Iwasawa decomposition [Ti, 3.3.2] we deduce that Gy{K) = Gy{V)P^{K). This 
implies the existence of an element ^0 £ Gy{V) such that goP^gQ^ = P^. We get a direct 
sum decomposition My = F^ ® F^, with F^ := go{F^), associated to the cocharacter 
jj, := gojiigQ^: Gm — Gy. The parabolic subgroup of Gy which leaves invariant F^ is P^. 
This implies F^{My) = F^. To check this it suffices to show that F^{My) ®C = F^ ®C. 
There is an element gi G Gy{C) such that gi{F^{My)®C) = F^®C and so giPcQi^ = ^c- 
We deduce that gi G P'^{C) (cf. [Bo, 11.16]) and so F'^{My) (g)C = F^®C. 

5.3.2. Lemma. The cocharacter /i: Gm Gy lifts to a cocharacter jl: Gm G~ . 
Proof: Let bo be the ideal of Re generated by the divided powers of fe- Let bn := bo+/n-Re, 



90 



n e N. Let 5'^ := Spec(i?e//„i?e) and T„ := Spec(i?e/bn)- So T„ is a closed subscheme of 
Sn and T„+i and is a closed subscheme of Sn+i, Vn e N. We have T^+i fl = T„. 
We first remark that 

Re = proj.lim.i?e//n-Re 

and ^ 

y = proj.lim. Re/bn 

(as p > 2 and as Re/InRe is p-adically complete); the projective systems are indexed by 
n E N. Second we show: if Grn ~^ Gs^ (with n G N) is a cocharacter such that /x„|T„ = 
/x|T„, then there is a cocharacter jin+i'Gm — G^5„+i such that iin+i\Tn+i = A*|^n+i ^ind 
IJ'n+i\Sn = IJ"n (here if zq: io ^ ^ is a closed embedding and if is a morphism between 
two y-schemes, we denote by v\Yq := iQ{i/)). 

To prove this, let fin+i'-Gm be any (group homomorphism) lift of fXn 

(cf. [SGA3, Vol. 2, p. 48]). Now /t^+i |T^_|_i and /i|T^_|_i are two lifts of /i|r^. From 
loc. cit. we deduce the existence of an element hn £ ker(G~^(r„^.i) G-J^Tn)) such 
that hn{pin+i\Tn+i)h~^ = /i|T„+i. From the smoothness of we deduce the existence 
of an clement ho G kcr(G~^(5'n+i) G~^{Sn)) such that under the homomorphism 

G~^{Sn+i) G~^{Tn+i) it goes to hn- Then /in+i = hojln+ihQ^ satisfies the required 
conditions. 

We start with a cocharacter — lifting n\Ti. We build up inductively 

f^n'-'^m Gs„ as above. Conclusion: we can choose p, in such a way that p,\Sn = fJ^n, 
n eN. Obviously il\V = ji. This ends the proof of the Lemma. 

5.3.3. Let now jl: — > be a cocharacter lifting jj.. It achieves a direct sum decom- 
position M = © F° with the property that V = F^{Mv). 

As Spec(-Re) is a projective limit of nilpotent thickenings of V{p), from the defor- 
mation theory of principally polarized abelian schemes (cf. [Me]; see also [FC, p. 14]) we 
deduce the existence of a principally polarized abelian scheme {A,p^ over Re associated 
to the filtered F-crystal (M, F^,$m,V) (we still denote by $m the Frobenius endomor- 
phism of M induced from the one of M by extension of scalars, as the ring homomorphism 
Re Re respects the Frobenius lifts) and the symplectic form p~ on M (obtained from 

Pm by extension of scalars; it guarantees that we get things over Spec(J2e) and not only 
over Spf{Re)), such that under the epimorphism Re V, it becomes {A,pa) (cf. the fact 
that F^(Mv) = V and that pv is obtained from p~ by tensorization) . 

5.3.3.1. Lemma. The morphism m: Spec{Re) M associated to {A,p^) and its level-N 
symplectic similitude structures (lifting those of Ai), factors through the Zariski closure of 
'Nko 3Vt. 

Proof: We can move from Re to Rc := C[[T]] under the composition 

g: Re ^ Re <^Vo V^Ref^VoV^ C[[T]] 

(the first inclusion being the natural one). Here go is the affine transformation taking T 
into 7r^~^T + tt, with tt the uniformizer of V used in 5.2.1. This is well defined as the 



91 



series X^^o ^TTT convergent in V {as p > 2). The homomorphism gi is the inclusion 
defined by the inclusion j:V ^ C (of 5.1.2) and by the fact that it takes T into ^-(-^^e-i • 
Under the canonical surjective map Q-^^^^ -» fl-^^^^, with Q—^^^^ the free module over 

Re generated by dT, the Gauss-Manin connection of M (defined by A), becomes V. This 
implies that annihilates Wct, Va G 3- The principally polarized abelian variety over 
C, obtained from the principally polarized abelian variety over Spec(i?c) induced from 
{A,p^) through g, by taking (in Rc) T = 0, is the extension of {A,pa) to C via j. We 
have g(^e-?r_|_^) = 7r^~^ and gJZix = Now everything results from 4.1.5. This ends 

the proof of the Lemma. 

5.3.4. Let Re^ be the normalization of Re in its field of fractions. The natural surjection 
Re Vq factors through i?e" (due to the graded structure of i^e" inherited as a subring 
of i^offT"]], cf. 5.2.1) producing a natural surjection i^e" -» Vq. Prom 5.3.3.1 and the 
definition of 'N we get a morphism 

Spec(^e") ^ 

So we get a morphism 

mo: Spec(Vb) N 

lifting y. It gives birth to: 

(5.3.5) a principally polarized abelian scheme (Ao,po) over Spec(Vo) (it is obtained from 
{Ay{, CP>r) by pull back) having (compatibly) level- A?" symplectic similitude structure for any 

N satisfying {N, p) = 1 (defined by a similitude isomorphism fcjv: {L<Si'Z/NZ, ip) ^ {A[N] , po) 
of principally quasi-polarized finite flat group schemes over Vq); 

(5.3.6) a family {t'^)a€S of Hodge cycles of Aqkq (we recall that Kq = Vq [i] ). 
We have: 

(5.3.7) The quadruple [AqcPoc, {ta)cte3i k] is a class of A{G, X, W, i/j) (see 4.1) (here k is 
induced as in 4.1.1 from the the isomorphisms kN, N G N, while the embedding Vq ^ C 
is the inclusion j of 5.1.2; kN, with N a power of p, is obtained via the identification of 
5.1.2). 

(5.3.8) Under the identifications 

H^RiAo/Vo) = Mo = Hl,^Mow/Vo) = M (g) Vb 

the de Rham component of is obtained from through the epimorphism Re Vq, 
\/a G a, and is a tensor of (Mq ® Mo*)®'^(") g] if a G a \ do and a tensor of (Mq ® Mo*)®'^(") 
if q; G do- 

(5.3.9) If Lpo is the Frobenius endomorphism of Mq, we have (/?o(^a) — Wq,, Vet G 

(5.3.10) The polarization pq induces a perfect alternating form i/jq: 
Mq (8) Mq — > Vb(l) (i.e. 'ipo{(po{t) , (po{z)) = pa{'ipo{t, z)), a being the Frobenius auto- 
morphism of Vb). 
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(5.3.11) There is a direct sum decomposition Mq = F'^ (B F°, with as the Hodge 
filtration of Mq = H^j^{Aq/Vo) defined by Aq, such that Ua belongs to the F°-filtration of 

(Mo (g) Mo*)®'^(") [i] defined naturally by F\ Va G 3- 

(5.3.12) The subgroup of GSp(Mo, V'o) obtained by taking the Zariski closure of Gk^ (the 
subgroup of GS'p(Mo , V'o) fixing u^, Va G d) is the reductive group scheme Gv„, and 
the decomposition Mq = F^ Q) is associated to a cocharacter HQ-.Gm Gy^, with 
Po G GmiVo) acting through hq as the multiplication with (3q^ on F'^, i — 0,1. 

All these things result from the analogue properties (see 5.2.8 to 5.2.12) of the family 
of tensors {wa)aed (situated in spaces of the form (M ® M*)®"^[i]) (5.3.9 results from 
5.2.9 and the isomorphism M[^] Mq <8) -Re[^] of 5.2.2.1); in connection to //q, cf. 5.3.2 
and 5.3.3. 

5.4. Step 4. Local deformation. 

5.4.1. Let R := Vo[[zi, . . . , Ze]] be a ring of formal power series with coefficients in Vq, and 
let $^ denote the Frobenius lift on R which extends the Frobenius automorphism a of Vq 
and sends Zi — > z^. Let A be an abelian scheme over Spec(^). Let M{A) := H^j^{A/R). 
It is a free ^-module of rank twice the relative dimension d{A) of A. Let F^{M{A)) be its 
Hodge filtration. We have: 

(a) The ^-module F-^{M{A)) is a direct summand in M{A) and free of rank d{A). 

(b) There is a $^-linear endomorphism ^a'-M{A) — > M{A) whose restriction to 
F^{M{A)) is divisible by p and such that it induces a V(^)-parallel isomorphism 

^a: {M{A) + ^F\M{A))) ®^ ^^R^MiA). 

Here the connection V(^) on M{A) is induced from the Gauss-Manin connection 
(of A) on A4{A), through the canonical surjective map ^r/Vq ~^ ^R/Vo^ with ^r/Vq 
the free ^-module having as a basis dzi, ...,dze- The connection on the domain of is 
induced naturally by V(A). We refer to the quadruple 

{M{A),F\MiA)),^A,V{A)) 

as the p-divisible object of the Fontaine's category M?'[o,i](-R) defined by A (this category 
is defined in the same manner as for smooth Vo-algcbras; see [Fal]). 

The above facts are just a variant of Grothendieck-Messing's theory, cf. [Me]. 

5.4.2. Let now Spec(^o) be the completion of Sp(Mo, ^fJo) in the origin. We have an iso- 
morphism ^0 ^o[[-2i, • • • , Ze]], with e := 2i'^ + i for i dimqCW). Let Spec(i?o) be the 
completion of the derived subgroup G^^ of Gy^ in the origin. We have Rq ^ Vo[[zij . . . , -ZeJ], 
with ei := dim G'^'^^. The inclusion G'^J ^ Sp(Mo, ipo) produces a surjection tq: Rq -» -Rq- 
We choose identifications = Vb[[2;i, . . . , 2;e]] and Rq = Vo[[zi, . . . , Ze^]] such that the epi- 
morphism tq of Vb-algebras is defined by: — > if z < ei, and — > if z > ei. Let now 
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and be the Frobenius hfts of Rq and respectively Rq such that they take Zi — > zf 
and are compatible with a. 

5.4.3. Let Oy be the local ring of y in M, let 0^ be its completion and let {Ay,pAy) be the 
principally polarized abelian scheme over Spec(Oj/) obtained from {Aj^,'?j^) through the 
composite morphism Spec(Oy) ^ M — > M. We fix an isomorphism 0^ ^ Vo[[2;i, . . . , -^ej]], 
with 62 := dim Sh(GSp(VF, ip), S), such that the epimorphism 0^ Vq, associated to the 
morphism Spec(Vo) M defined by mo, is identity on Vq and sends Zi to zero. Let $y 

be the Frobenius lift on Oy, such that it extends the Frobenius automorphism of Vq and 
sends Zi to zf. Let (My, , $, Vy) be the p-divisible object of M3'[o,i](0y) defined by Ay. 
The principal polarization pAy induces a perfect alternating form i/jy-. My (g) My Oy. 

5.4.4. We consider now the triple (Mj^^^, F^^, $o) defined by M^^ := Mq (^Vq -Ro, := 
-Rq and $0 '■= QSpi'^o ® ^i?o)' with gsp the universal element of Sp(Mo, '0o)(-Ro) 

defined by the natural morphism Spec(^o) Sp^MojI/jq). 

From [Fa3, Th. 10] we deduce easily the existence of an abelian scheme A^^ over 
Spec(^o)5 with ^0 = ^Rq (the surjection Vo is the identity on Vq and sends 

all Zi to 0), and such that the p-divisible object of M5'[o,i](-Ro) defined by A^^ is exactly 
(M^g, F^^, $0, Vo) (the connection Vq on M^^ is uniquely determined by the considered 
triple, cf. loc. cit.). 

There is a unique principal polarization p^^ on A^^ (that is why we get an abelian 
scheme over Spec(-Ro) and not only over Spf{RQ)) corresponding to i/jq and lifting the 
principal polarization pq of (cf- the theory of deformations of principally polarized 
abelian schemes). The principally polarized abelian scheme (^^q,P^o) endowed with the 
level- (symplectic similitude) structures lifting those of Aq, is obtained from {Ay,pA.y) 
(and its level- symplectic similitude structures obtained from those of (^1^7 "^m) by pull 
back) through a morphism corresponding to a ring homomorphism OLy-.Oy — > Rq. Here 
A?" e N, {N,p) = 1. Warning: ay might not respect the two Frobenius lifts ^y and ^r^- 

5.4.4.1. If {Aji^,Pj^^) is the principally polarized abelian scheme over Spec(i?o) obtained 
from {Ay, PAy) through tq o ay, then the 7?-divisible object of M5'[o,i](-Ro) defined by Aji^ 
(together with Pj^^) can be identified with (M/j^, Fr^, Vi) (together with ipo), where 
Mr^ := Mo Ovi, ^0, ^Ao •= ®Vo ^0, $i := 9g'^-A^o ® ^Ro)^ with gfcder the universal 
element of GpJ{Ro) (this results from the fact that ro respects the Frobenius lifts), and 
with Vi the unique integrable connection on Mr^ such that $i is Vi-parallel ([Fa3, Th. 
10]). 

From the uniqueness of such a connection Vi, we deduce (cf. [Fa3, rm. ii) after Th. 
10]) that it respects the Gy^^'-action. This means that Vi is of the form Sq + ■jr^, with 
So as the connection annihilating Mq and with jji^ e Lie(G'y^'') ® ^Iji^/Vq- Here Qji^^/Vq 
is the free module over Rq having as a basis dzi, dz^-^^. As C^^^ is a subgroup of Gvq, 
we deduce that Vi{ua) = 0, Vck e 0. As the Gauss-Manin connection on Mji^ associated 
to ^_Rq becomes under the canonical surjection n^^/vb ~^ ^Rq/Vq the connection Vi, we 
deduce that ^ annihilates Ua, ^oc E d (i = IjCi). We have (Arq,prq) ®r^ Vq = {Aq,pq) 
(as ay takes the ideal {zi, . . . , Ze^) into the ideal {zi, . . . , Ze)) . 
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5.4.5. The morphism Spec(i?o) 3V[ associated to (Ar^jP^^^) and its level- symplectic 
similitude structures, G N such that {N,p) = 1, induced from those of {Ao,po) {Rq is a 
strictly Henselian ring) factors through the Zariski closure of Sh/f(G, X)^^ in M (moving 
from Vb[[^i, . . . , ^ej] to C[[2;i, . . . , Zej^]], this results from 5.4.4.1 and 4.1.5), and so it factors 
through K (Rq being a normal ring). We denote this factorization by qi: Spec(i?o) — ^• 

5.4.6. The Lie algebra g :— Lie(Gv'o) the Lie subalgebra of gsp := Lie{GSp{Mo^ip)) 
centralizing Ua, Va e 0. So g (8) Kq is left invariant by (fo. Let F^{q) :— {x e q \ x{F^) C 
F^} and F^{g) ■= {x e Q \ x(F^) = 0}. Similarly we define for i = O^T, F'(0Sp). The 
Vb-module F*(g) is the intersection of g with F'^{gsp), z = 0, 1. This implies that F'^{g) are 
direct summands in g. We deduce easily that the quadruple 

ig,^,F%Q),F\g)) 



is a p-divisible object of M!f[_i^i](Vo), i.e. we have 

^{^F\g) + F\g)+pg)=g 
P 

(this Frobenius transform is included in g and is a direct summand of gsp, cf. the existence 
of Ho in 5.3.12; so it is g). We call this quadruple the (Shimura) filtered Lie a- crystal 
attached to the Vo-lift mo of y. Forgetting the filtration we get the (Shimura) Lie cr-crystal 
(g, ip) attached to the point y. 

Similarly we get that go :— Lie(Gf^) gets a filtration and that go [^] gets a Frobenius 
automorphism (still denoted by </?), resulting in a p-divisible object of M?'[_i^i](Vb). So we 
similarly speak about the (Shimura) adjoint Lie cr-crystal attached to y, etc. 

5.4.7. From 5.4.5 and 5.4.6, we deduce the existence of a commutative diagram of Vq- 
schemes 

Ti r ^° , To 



n 



n 

io 



Spec(i?o) c ^ Spec(i?o) 

Qi qi 

K — > M 

and of a morphism mi: Spec(Vo) — > Ti such that: 

a) To = Spec(Vo[[^i, • • • , ^ea]]) = Spec(Oy) and Ti = Spec(Vb[[^i, . . . , Zd]]) (we recall 
that d = dim X = dim Sh(G', X)); 

b) qi is the morphism associated to cXy-.Oy — > ^q; 

c) to, ^o and ii are closed immersions; 

d) the tangent space of To (in to o mi) is a direct supplement of F^{sp{Mo,ipo)) in 
5p(Mo,Vo); 

e) the tangent space of Ti (in mi) is a direct supplement of F^{g) in g; 
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f) qi oil o "7,1 = mo- 

We have d = dimv^ig/F^io)) and ea = dimyo(5p(Mo, Vo)/i^°(sp(Mo, Vo))) (to justify 
these formulas it is enough to remark that these dimensions are computing the dimension 
of the (compact) dual Hermitian symmetric space of a connected component of X and 
respectively of S; this can be seen moving over C and using 5.3.1). Here we identify the 
tangent space of Spec(-Ro) (resp. of Spec(-Ro)) (in the Vb-valued point obtained by taking 
all Zi = 0) with the Lie algebra of G^J (resp. of Sp{Mo, ipo)). 

5.4.8. Lemma. The ring homomorphism Oy Oy associated to qi o zq is an isomor- 
phism. 

Proof: It is enough to show that the tangent map of qy is an isomorphism. If this is not 

true, we deduce the existence of an epimorphism Oy — ^ C := ¥[e]/{e^) such that the 

composition be '■= ac o qy factors through F, i.e. be = i ° pr, where pr: 0^ -» F is the 
homomorphism of Vb-algebras taking Zi into 0, and z: F ^ C is the natural inclusion. But 
the Kodaira-Spencer map of the F-crystal over Spec(C) attached to the abelian scheme 
over Spec(C) obtained from Ay through be is injective (cf. 5.4.7). On the other hand, as 
be = io pr, it is zero. We reached a contradiction. This proves the Lemma. 

This Lemma details the last sentence of [Fa3, rm. iii) after Th. 10]. 

5.5. Step 5. End of proof. Let 0° be the local ring of y in jsf. Prom 5.4.7 and 5.4.8 

we deduce that the ring homomorphism n: 0° ^ := Vo[[zi . . . ,Zd\], associated to the 

morphism qi oii:Ti — > 3Nf, induces by completion an epimorphism r: 0° 0. But 0^ 
and are local excellent normal rings of the same dimension. This implies that r is an 
isomorphism. As y was an arbitrary point of we conclude that K is formally smooth 
over Vq and so 3\f is formally smooth over 0(^yy From 3.4.4 we deduce that TsT is an integral 
canonical model of the quadruple (G, X, v) having the EEP. This ends the proof of 5.1. 

5.5.1. Remark. From 5.5 and 5.4.7 we deduce that we can identify the Vo-valued points 
of Spec(0°) with the Vb-valued points of the completion of the quotient Gvo/Pvo in the 
Vb-valued point of it defined by the origin of Gvb (here Pvb is the parabolic subgroup of 
Gvo having F^{g) as its Lie algebra). 

5.6. Comments. 

5.6.1. Corollary. If Hq is a compact open subgroup of G{AK) small enough, then 'N/Hq 
is the normalization of the Zariski closure of Sh.HoxH{G, X) in JA/Hq, and is a quasi- 
projective scheme. The morphism 'N/Hq — > 'M/Hq is a formal immersion in any point of 
3^/Ho{¥). 

The quasi-projectiveness part is a consequence of the fact that M is a pro-etale cover 
of a quasi- projective smooth scheme over 0(^,) (cf. [Mu]). 

5.6.2. Corollary. The integral canonical model Sh.p{G,X,H) of the triple {G,X,H) is 
obtained by taking the normalization of the Zariski closure of ShniG, X) in the extension 
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to the normalization of Z(^p-^ in E{G,X) of the integral canonical model of the quadruple 
{GSp{W, ip), S, Kp,p). It has the EEP. 

5.6.3. Example. Using 4.3.11 we recover (for primes p>3) the well known results (cf. 
[Ko]) concerning the existence of integral canonical models of Shimura varieties of PEL 
type. 

5.6.4. Remark. Morally should be a closed subscheme of M. To see why this should 
be so, we can move to Vq. We start with two Vo-valued points of xq and xi, giving birth 
to the same F- valued point y of the special fibre of M, and which give birth to two different 
Kq- valued points of zq and zi. Using a prime / different from and using the level-/ 
structures for any AT e N, we get that the two families of tensors of the tensor algebra 
of Hl{A^, ® Hl{A^, QO* (here is the abelian variety over F obtained from Aj^ 
through the point y) defined by the two families of /-components of etale components of 
the Hodge cycles with which the two abelian varieties over Kq (obtained from Ay^ through 
the points zq and Zi) are naturally endowed, are the same. 

This should imply that the two families of tensors of the tensor algebra of (Mq © 
Mq ) [^] (with Mo := Hl^yg{Av^ Vq)) defined by the de Rham components of the above two 
families of Hodge cycles, are the same (this is true if we have only cycles of degree 2, as 
they come from endomorphisms of A). If this is true, then we easily get that actually xq 
and Xi give birth to the same F-valued point of !N (cf. 5.4.7 and 5.4.8; see also 5.5.1). At 
least in the context of the PEL situation [Ko, Ch. 5], we do regain the well-known fact 
that X is a closed subscheme of M. 

However if p is a rational prime big enough, 3\f is a closed subscheme of M (cf. 3.4.7). 
In [Va2] we show how the validity of the Langlands-Rapoport conjecture (mentioned in 
1.7) for implies that 3Sf is a closed subscheme of M. 

5.6.5. Remark. Section 5.3.4 remains true for any Vo-valued point of 3Nf. More generally, 
for any Vr(/c)-valued point of X (with k an algebraically closed field of characteristic p) we 
get: 

a) A principally polarized abelian scheme {A,pa) over W{k) (obtained from [Aj^^Vyi) 
by pull back) having (compatibly) level-A*" symplectic similitude structure for any 

N eN satisfying (N^p) — 1 (defined by a similitude isomorphism kN- {L^Z/NZ, tl)) ^ {A[N],pa) 
of principally quasi-polarized finite flat group schemes over W{k)); 

b) A family (ta)aea of Hodge cycles of ^B(fc) (with B{k) := W{k)[^]). 
We have: 

c) Under the identification of H}j^{A/W{k)) = M = H^^y^{Ak/W{k)) the de Rham 
component of belongs to (M®M*)®^(") g] if a G 3\3o, and to (M®M*)®^(") 
if q; e do- 

d) ^p{ua) = Ua, Vq; e 3, being the Frobenius endomorphism of M. 

e) The polarization pA induces a perfect alternating form ip: 
M®M W{k){l) (we have ip{(pit), (p{z)) = pa{k){il;{t, z)), a{k) being the Frobenius 
automorphism ofW{k)). 
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f) There is a direct sum decomposition M = F'^ ® F^, with F^ as the Hodge filtration 
of H^j^{A/W{k)) = M defined by A, such that belongs to the F°-filtration of 
(M ® M*)®'^(«) [i] defined naturally by Va G 0. 

g) The subgroup of GSp{M ® B{k), if)) fixing Mq,, Va G ^J, is (reductive and identified 
with) GB{k)- The subgroup Gw{k) of GSp(M, '0), obtained by taking the Zariski 
closure of GB{k)i is a reductive group scheme over W{k) and the decomposition M = 
pi ^0 associated to a cocharacter A*vK(fe)-^m Gw{k)i with (3q G 

acting through it as the multiplication with on F% z = 0, 1. 
h**) There is an isomorphism 

taking the p-component of the etale component of ta into (de Rham component) Ua 
(of tot)i for any a G J. 

Properties a) to g) are just a reformulation of 5.3.4 for a VF(A;)-valued point of K. 
A proof of h) will be given in [Va2] . Its proof solves positively the following conjecture of 
Milne (slight restatement): 

5.6.6. Conjecture ([Mi5, 0.1]). Let A he an abelian scheme over the ring W{k) of Witt 
vectors of an algebraically closed field k of characteristic p and let B{k) := W^(^)[^] • Let 

{ss)sei be a family of Hodge cycles of A, including a polarization. We assume that the 
Zariski closure in GL(Lp), with Lp := Hl^{A-^^,Zp) , of the subgroup of GL{Lp ® Qp) 
fixing the p-component of the Stale component of ss, \/S G /, is reductive. We also assume 
that p is big enough with respect to the dimension of A. Then, for some (any) faithfully 
flat W{k)-algebra R{k), there is an isomorphism of R{k) -modules 

Lp R{.k) ^ Hlj,{A/W{k)) ®w{k) Li{k) 

mapping, for any 5^1, the p-component of the etale component of into de Rham 
component of ss ■ 

5.6.7. Remark. The well known results for integral canonical models of Siegel modular 
varieties (pertaining to universal principally polarized abelian schemes over them and) 
concerning the existence of an ordinary isogeny type in positive characteristic and the 
existence of canonical lifts of ordinary abelian varieties (over perfect fields), remain valid 
for our model K. We get results pertaining to the principally polarized abelian scheme 
(^x, ^'x) over it (cf. 1.6 and [Va2]); we call special any such principally polarized abelian 
scheme over N. 

5.6.8. Remark. In [Va2] we will see that in the majority of cases the whole of 5.6.5 
remains true without assuming that the (perfect) field k is algebraically closed. 

5.6.9. Remark. We can work out 5.1 with a family of tensors which is Zp-very well 
positioned instead of a family of tensors which is Z(p)-very well positioned. The only thing 
needed to be changed is: we get Qp-linear combinations of (components of) Hodge cycles 
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instead of (components of) Hodge cycles. Even better: in 5.1 it is enough to assume the 
existence of a family of tensors (of degrees not bigger than 2(p — 2)) enveloped by Lp ® Vq 
and which is Vo-well positioned for Gk^- This is a consequence of the proof of 5.1: we 
needed condition 4.3.5 to be satisfied for rings of the form i?e^; but they are Vb-algebras. 
However this often boils down to an enlarged family of tensors (of degrees not bigger than 
2{p — 2)) of the tensor algebra oiW ® W* ^ which is Z(p)-very well positioned with respect 
to if) for G. For instance, this is so, if we are dealing with strongly Vo-well positioned 
families of tensors (cf. 4.3.15 and 4.3.15.1): this is the case we will encounter in 6.5 and 
6.6 (cf. 4.3.10 and 4.3.13); however we will not bother to mention strongly in 6.5 and 6.6 
(as we think it is irrelevant). 

5.6.10. Remark. We could have worked out the proof of 5.1 working at some finite 
level, i.e. working with some quotients 'N/Hq (with Hq as in 5.6.1) and M/Kq (with Kq a 
compact open subgroup of GSp{W, V')(Ap properly chosen). This would have just slightly 
complicated the presentation. In [Va2] we refine the things: we work in such a finite level 
context, with points in perfect fields (here we worked with algebraically closed fields of 
characteristic p) . 

5.7. A practical form of the basic result. 

5.7.1. Theorem. Let {G,X) {GSp{W,ilj), S) be an injective map and let p>b he a 
rational prime. We assume the existence of a Z(^pylattice L of W such that ijj induces a 
perfect form ip: L®L and the Zariski closure ofG in GSp{L, ip) is a reductive group 

Gz^p) over Z(p) (so G is unramified over QpJ. If the Killing form on Lie{G^^^) and the 
form 7 on Lie{G'^^ ^ ) induced (by restriction) by the trace form on End{L) are both perfect, 
then Shp(G, X) exists and has the EEP. 

Proof: This is a direct consequence of 4.3.10 b), 4.3.13, 3.1.6 and 5.1. We present the 
details. 

Let Go := G^'^" and let go := Lie(G'o). We have 

This can be easily checked starting from [De2, 1.3.7] (i.e. starting from the fact that all 
weights given irreducible subrepresentations of C of a simple Lie algebra factor of 
00 ® C are minimal weights -poides minuscules-, cf. [Bou2, Ch. VIII, §7.3]). The fact 
that the Killing form and the trace form T on Qq are both perfect, can be restated (with 
the notations of 4.3.2): the tensors (of degree 4) 7r(0o)) B and B* (can be viewed -cf. 
4.1- as tensors) of the tensor algebra olW® W* (and) are enveloped by the Z(p) -lattice 
L. So the family of tensors formed by 7r(0o), B and B* is Z(-p-)-well positioned for Go (cf. 
4.3.10 b)). Now 4.3.13 guarantees the existence of a family of endomorphisms {va)cie3i '^^ 
L fixed by G, which is Z(p)-well positioned with respect to the maximal torus of Z{G). Let 
{va)a.edo be the family of tensors formed by putting 7r(0o)) -B, B* and (va)aGai together. 

So ai c ao- 

The family of G-invariant tensors (f a)a€ao enveloped by L and Z(p)-well positioned 
with respect to G (cf. 4.3.6 2)). 

For any a e we have deg(va) e {2, 4} and so deg(va) is not bigger than 2{p — 2) 
(as p is at least 5). Now everything results from 5.1. This ends the proof of the Theorem. 
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5.7.2. Notations. Let Go = Yliex^i ^ product of simple adjoint groups of classical 
Lie type over a field. Let 

B{Go) := n 

where, for any z G 3C, B{Gi) is 6(/ + 1) if Gi is of Ai or Ci Lie type, 6{l — 1) if Gi is of Di 
Lie type, and 6(2/ — 1) if Gi is of Bi Lie type with / > 2. 

Let (Go, ^o) be an adjoint Shimura variety of abelian type with Go a simple Q-group. 
Let /: {G,X) ^ {GSp{W,ij),S) be an injective map with {G^'^,X'"^) - {Go,Xo). Let qq 
be the Lie algebra of Go (or of G'^'^^). Let [)o be a non-compact simple factor of 0o ® I^- We 
denote by A{Go, Xo,W) the number of elements of the set / defined by an isomorphism 
® M ^ Wq © (BieiWi of [)o-modules, with [)o acting trivially on Wq and with each Wi as 
an irreducible non-trivial [)o-niodule. It depends only on the representation of go on W, 
and not on the choice of G or of f)o (cf. [De2, 2.3.4]). So the notation A{Go, Xo,W) is 
justified. 

5.7.2.1. Lemma. The factor Sq, that relates the Killing form % on a split simple Lie 
algebra over Z of the same Lie type as Go and the trace form 7 on it associated to 

the irreducible representation of it given by a weight Wi corresponding (cf. [De2, 1.3.7]) to 
the representation Wi of [)o (it does not depend on the element i G I!) (so % = So7), is 
an invertible element of Z [ ^^q^-) ] • Moreover % and 7 are perfect forms. 

This is an easy computation, using the coroots of the classical Lie algebras (they are 
described in [Bou2, Ch. 8, §13]) starting from the fact that any two g-invariant perfect 
bilinear forms on an absolutely simple Lie algebra q over a field of characteristic zero differ 
one from another just by multiplication with a non-zero element of the field. It should 
be also compared with the explicit form of the Killing form of the (complex) classical Lie 
algebras [He, formulas (5), (16) and (22) of Ch. 3 §8]. The extra thing needed besides these 
formulas is the fact (implied by the mentioned computation) that over an algebraically 
closed field of characteristic zero the trace forms on a so(n) Lie algebra defined by the 
representations associated to the fundamental weights corresponding to the roots ai-i 
and ai, with I = [^], are equal (here ai-i and ai are having the usual meaning; cf. [Bou2, 
Ch. 8, §13] page 193 if n G N is odd and page 208 if n is even). 

5.7.3. Remark. The conditions (in 5.7.1) that p>5 and the above two bilinear forms on 
Lie(G^®'^^) are perfect, are equivalent to: p does not divide the product 

B{G-^)l[A{Gf,Xf,W), 

where {G^'^,X^'^) = Yli^xi^t^ ^ -^t"^) ^ '^^^^ ^ simple Q-groups. Here the numbers 

A{Gf^, X^^,W) are computed starting from an injective map (Gi^Xi) •— {GSpCW^ip), S) 
factoring through the injective map (G, X) ^ {GSp{W,ip), S), cf. 2.12 1). 

5.7.4. Remark. In 5.7.1 we can use instead of the bilinear form on Lie(G|^'' ) induced 
by the trace form on qI{L), any other bilinear form induced by a bilinear form on qI{L) 
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which is fixed by G^^^^ (cf. 4.3.10.1 1)). Even better: it is enough that such a bihnear 
form on Qi{L) is defined only over Vq = W{l^/pl^) (cf. 5.6.9). 

5.7.5. Example: Classical Spin modular varieties of odd dimension (and rank 
two). Let Z>3 be an integer. Let G :— SO{2,2l — 1) be the Q-group whose points in 

a Q-algcbra R are those matrices g in SL{21 + 1, i?) which leave invariant the quadratic 
form -~x\ ~ + x\ + ... + a^lz+i? i-^- ^9^2,21-19 = l2,2i-i, with l2,2i-i the diagonal matrix 
of order 2/ + 1 having —1 on the first two lines and +1 on the others. 

Let Sh(G, X) be the adjoint Shimura variety with X a double copy of the Hermitian 
symmetric domain of BD I(p=2,q=2i-i) type (cf. the classification of symmetric domains 
[He, p. 518]). The group G is an absolutely simple adjoint group of Bi Lie type which 
splits over Q(z). We have dim X = 2/ - 1 and E{G,X) = Q. 

Let /: (Gi,Xi) ^ {GSp{W,i;),S) (with {Gf.X^'^) = (G,X)) be the injective map 
defined by the Spin representation of the simply connected cover Gi*^^ of G (this repre- 
sentation is defined over Q as Gf^^ splits over Q(z)). We have dimQ(VF) = 2^ ii I mod 
4 is 1 or 2, and dimQ(T4^) = 2'+^ if / mod 4 is or 3 (cf. [Sa, p. 458]). The group 
Qder _ gpin(2, 21 — 1) is a Spin group and Z{G\) = Gm acts on W by multiplication with 
scalars (so Gf^ — Gm)- For any prime p, Gi is unramified over Qp. We have: A{G, X, W) 
is 1 or 2 depending on the fact that I mod 4 is or is not 1 or 2. We call Sh(Gi,Xi) the 
classical Spin modular variety of dimension 2Z — 1 (and rank two) (cf. [Va4] for the use of 
the word classical). 

Let i) := Lie(G'f^'') and let ivwi^)) be the projection of 0t(VF) on [) associated to the 
direct sum decomposition g[(VF) = I) © f)^ (here [)^ is the subspace of 0t(VF) perpendicular 
to f) with respect to the trace form on gl{W)). Let B:gl{W) — > 0[(W^)* be the linear map 
which is zero on f)-*- and -B|l): f) f)* is the isomorphism induced by the Killing form on [), 
and let B*: qI{W)* — > sK^) be the linear map which is zero on (i)^)* and S*|[)*:[)* ^ [) 
is {B\i))~^. If / mod 4 is 1 or 2, then Lie(Gi) is the Lie subalgebra of 0t(VF) centralizing 
TTw{^) due to the fact that the representation Gf'^^^ GL{Wc) is irreducible. So {Gi,Xi) 
is saturated in (GSp(W, ip),S). If Z mod 4 is or 3 then the maximal connected subgroup 
G2 of GL{W) fixing TTwCh) contains Gi, Gf^'' is isogenous to Gf^^ times a form of an 
S'L2-group, and Gf^ is a torus of dimension 1 (the representation Gf'^'^j^ GL{Wc) is not 
irreducible; see [Sa, p. 458]). So (Gi^Xi) is not saturated in {GSp{W, ip) , S) . 

Let now p be a prime not dividing 6(2/ — 1) and let L be a Z(p) -lattice of W such 
that ip induces a perfect form ip: L ® L ^ Z(p) and the Zariski closure of Gi in GSp(L, ip) 
is a reductive group over Z(p) (the existence of such a Z(p)-lattice results from the fact that 
the Spin representation of Gi has a Z^p) -version). 

Now the family of tensors formed by 7rp7(f)), B and B* is integral with respect to 
L (i.e. it is enveloped by L) (for instance, for 'nw{h) this means that it is a projector of 
0((L)) and is Z(p)-very well positioned for the group G\ (cf. 5.7.1 to 5.7.3). This implies 
that the Killing form on the Lie algebra f)L H Qi{L) and the restriction to \)l of the 
trace form on q\.{L) are both perfect. Let Kp := {g E GSp{W,ip){Qp)\g{L®Zp) = L^Zp} 
and let Hi := K n G'i(Qp). So Kp is a hyperspecial subgroup of (j'Sp(iy, -(/')( Qp) and 
Hi is a hyperspecial subgroup of Gi(Qp). The normalization of the Zariski closure of 
Sh/f^(Gi,Xi) in the integral canonical model M of (GSpCW^ip), S, Kp,p) is an integral 
canonical model N of {Gi,Xi,Hi,p) (cf. 5.7.1 and 5.6.2). The universal (principally 
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polarized) abelian scheme over M (obtained by choosing a Z-lattice such that L = 
Lz (8) Z(p) and ® — Z is perfect) gives birth to a principally polarized abelian 

scheme (yi^, !P>f) over 3\f of dimension idimQ(VF). The pro-scheme 74 admits plenty of 
smooth toroidal compactifications and the abelian scheme Aj^ extends to semi-abelian 
schemes over these smooth toroidal compactifications of K (cf. [Va3]). 

If Z = 3 then dimQ(VF) = 16 and we obtain abelian schemes of dimension 8. If 
I = 4 then dimQ(VF) = 32 and we obtain abelian schemes of dimension 16. If / = 5 
then dimQ(VF) = 32 and we obtain abelian schemes of dimension 16. If Z = 6 then 
dimQ(VF) = 64 and we obtain abelian schemes of dimension 32. 

5.7.6. Remark. For / = 10 we get the Shimura variety Sh(Gi,Xi) associated to the 
moduli space of complex K3 surfaces. 

For more examples, including the case of classical Spin modular varieties of even 
dimension (and rank 2), see [Va4]. 

5.8. Integral good embeddings in a Siegel modular variety. 

5.8.1. Definition. Let the pair {G,X) define a Shimura variety of Hodge type. Let p 
(resp. p>5) be a rational prime such that G is unramified over Q^. We say that {G,X) 
(or Sh(G, X)) has a good embedding (resp. a very good embedding) (in a Siegel modular 
variety) with respect to p, if there is an injectivc map /: (G, X) ^ {GSp(W, i/j), S) such that 
the hypotheses of 5.1 (resp. of 5.7.1) are satisfied. Similarly, we speak about an injective 
map (G, X) > {GSp{W, i/j), S) as being a good embedding or a very good embedding with 
respect to p. 

5.8.2. Remark. If (G, X) defines a Shimura variety of Hodge type, if p is a rational prime 
such that G is unramified over Qp, and if {G, X) has a good embedding with respect to p, 
then Shp(G, X) exists (cf. 5.1) and we can study its points in fields of positive characteristic 
using the machinery of crystalline cohomology (cf. the proof of 5.1 and [Val] and [Va2]). 

5.8.3. Definition. Let /: {G,X) ^ {GSp{W, ip) , S) be an injective map and let p be 

a prime such that G is unramified over Qp. A Z(p) -lattice L of VF is called good with 
respect to f if i/j induces a perfect form i/;: L ^ L ^ Z(p) and if the Zariski closure of G in 
GSp{L,t(j) is a reductive group over Z(-p). 

5.8.4. Proposition. Let f:{G,X) •— (G Sp{W, ifj) , S) be an injective map with G^"^ a 
simple Q-group. Let I be the rank of a simple factor of G^ (i.e. G^"^ is of Ai, Bi, Ci or 
Di Lie type) and let N{G^'^) be the number of non- compact simple factors ofG^. Let 



^^"^"^(^'2^'2liV(G^) 

be a rational prime. If there is a Z(^pylattice ofW good with respect to f , then f is a very 
good embedding with respect to p. 

Proof: This results from 5.7.1 and 5.7.3. We have just to remark that dimQ(VF) is at 
least 21N{G'"^)A{G''"^,X-'"^,W) (with equality only for G = GSp(Vr,'0)) (this is an easy 
consequence of [De2, 2.3.7 b)] ; for m, n > 2 positive integers we have mn >m + n) and that 
all the prime factors of B{G^^) are smaller than max(5,2Z) (cf. 5.7.2). 
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5.8.5. Remark. If in 5.8.4 we concentrate in just one Lie type of rank I we can obtain 
even better estimates than the estimate of 5.8.4 which works for all Lie types of rank /. For 
instance, if {G^'^, X^^^) is of Df type, with I > 5, then we need p > max(5, 1, 2^-^N{G-'i) )- 

G""^ is of Bi Lie type, 1>1, then we need p>max(5,2Z, fr^^^y), etc. In the mentioned 
cases, these estimates are a consequence of the dimension formula of the Spin representation 
of a split orthogonal Lie algebra (over C) (see [Bou2, Ch. 8, §13]). 

5.8.6. Corollary. Let f: {G,X) > (G Sp{W, i/j) , S) be an injective map. Let p be a prime 
greater or equal to max{5,2 + dimq(W)/2) (resp. greater or equal to max{5,dimq{W)/2)). 
If there is a Z(^py lattice ofW good with respect to f, then f is a very good embedding (resp. 
is a good embedding) with respect to p. 

Proof: If p — 2 > max(3, dimQ(VF)/2) then this is a consequence of 5.8.4 nd 5.8.5. If p > 5 
and 2p e {dimQ(H^), dimQ(VF) + 2}, and if / is not a very good embedding with respect to 
p, then either G — GSp(VF, ip) or 2p = dimQ(VF) and G^'^ is an absolutely simple Q-group 
of Ap_i Lie type. In both these cases we get immediately that we are in the context 
described in 4.3.11; so 5.6.3 applies. 

5.8.7. Corollary. Let f:{G,X) ^ {GSp{W,ilj), S) be an injective map. Then there is 
N{G, X) G N effectively computable such that f is a (very) good embedding with respect to 
any prime p > N{G, X) with the property that G is unramified over Qp. 

Proof: Let L be a Z-lattice of W such that we get a perfect form 'il):L®L Z. There 
is a number N(G, L, /) G N such that for any prime p > N{G, L, f) the Zariski closure of 
G in GSp{L (g) 'L(^p^,ip) is a reductive group scheme over It is effectively computable 

(for instance cf. 4.3.10 b)). Now we can take N{G,X) = max{N{G, L, f),dim{W)/2), cf. 
5.8.6. 

5.8.8. Corollary. We assume that 5.6.5 h) holds. Then the Milne's conjecture (see 5.6.6) 
is true if the prime p is bigger than maa;(5, dim(^)). 

Proof: We use the notations of 5.6.6. Let /: {G, X) ^ {GSp{W., ip), S) be an injective map 
defined by {A,pa) (hcrep^ is the polarization of A defined by some ^^(o), S{0) G /) and the 
reductive family (S(5)(5£/\{<5(o)} (cf- 2.12 3)) with respect to pa- From the hypotheses of 5.6.6 
we deduce that there is a Z(p) -lattice L of W good for /. If is a principal polarization 
then the Corollary is a direct consequence of 5.8.6 and of 5.6.5 h) (cf. definitions 5.8.1 
and 5.8.3). If pA is not a principal polarization, then we have to apply the Zarhin's trick 
[Za]: replacing Ahy {Ax A*)^ the numbers A{Gi, Xi, W) defined in 5.7.1 to 5.7.3 for the 
injective map /, are replaced by numbers which are 8 times bigger. As we are taking p>5, 
this does not change anything (cf. the proof of 5.8.4), and so we do not have to replace 
dim(VF)/2 by 4dim(VF). It is easy to see that the Zarhin's trick does not destroy the 
Zp-etale reductiveness part. This ends the proof of the Corollary. 

Actually we do not need to assume that A is polarized (as 5.6.6 speaks about) (cf. 
[Va2]). For better estimates than max(5, dim(^)) see [Va2]. 

5.8.9. Remark. If in 5.8.6 to 5.8.8 we concentrate just on one specific type of Shimura 
varieties, we can obtain much better estimates, cf. 5.8.5. 
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§6. The existence of integral canonical models 

First we complete (cf. 6.1, 6.2 and 6.8) the steps (introduced in 3.4) needed to 
construct integral canonical models of Shimura varieties of preabelian type. Then we 
digress very briefly (cf. 6.3) on conjugates of such models. The main results are gathered 
in 6.4, while their proofs spread till the very end of 6.8. Besides the tools developed in the 
previous chapters we rely heavily on [De2]. In particular, as a main new idea, we build up 
an integral version (6.5.1.1) of [De2, 2.3.10]. Sections 6.4.2, 6.5 and 6.6 are independent of 
6.1 and 6.2; so in 6.2.2 E) to G) and 6.2.2.1 we refer to 6.5 and 6.6. Also, the proof of 6.4.5 
b) depends only on 6.2.2 B), C) and D) and so we refer to it in 6.2.2.1. As a conclusion, 
the right order to read §6 is: first 6.4.2 and its proof in 6.5 and 6.6, then 6.1, 6.2.3, 6.2.3.1, 
6.2.1, 6.2.2 and 6.2.4, then 6.4.1, 6.4.1.1, 6.4.2.2 and 6.4.5, then 6.2.2.1 and 6.2.2.2, then 
6.4.2.2, 6.4, 6.4.5.1 and 6.4.6 to 6.4.11, and finally 6.7 and 6.8 (6.3 can be read out at any 
time) . 

6.1. The going up between finite maps. 

6.1.1. Let Sh(G, X) be a Shimura variety of Hodge type and let /: (G, X) ^ {GSp{W, ^),S) 
be an injective map. Let p>3 be a prime. We assume the existence of a Z(p)-lattice L 
of W which is good for /. Let {G, X, H,v) be a quadruple of {G,X) having an integral 
canonical model M, with v dividing p. 

6.1.2. * Theorem. We consider a finite map f:{G\,Xi,H\,v\) {G, X, H,v). Then 
{Gi,Xi, Hi,vi) has an integral canonical model Mi having the EEP and obtained by taking 
the normalization o/Mo(.^^j in the ring of fractions 'Ji of Sh.Hj^{Gi, Xi). The scheme Mi 
is a pro-etale cover of an open closed subscheme o/Mo(„^)- 

If Shp{G, X, H) exists, then Sh.p{Gi, Xi, Hi) also exists, has the EEP, and is the 
normalization ofSh.p{G, X, H) in "Jl. 

A complete proof of 6.1.2 will be presented in [Va3]. For a discussion and a proof in 
many cases, see 6.8. 

6.1.2.1. Warning. The results below (as well as 6.1.2) whose numbers have a right *, in 
the case of Shimura pairs (G, X) of preabelian type which are not of abelian type, are fully 
proved in this paper only in the generic situation, i.e. working with a prime (or primes in 
some cases, like in 6.4.4) p which is (or are) big enough, with an upper bound depending 
only on (G, X) (cf. 6.8.5). See 6.8 for an explanation. As 6.8.0 to 6.8.2 explain how we 
prove (in [Va2] and in [Va3]) 6.1.2 in the remaining cases (see also 6.8.6), we felt it is 
appropriate to state the main results and remarks in the way we did. The labeled results 
are fully proved here in the abelian type case. 

6.2. The going down between finite maps. 

6.2.1. Let /:(G,X) ^ (Gi,Xi) be a cover such that E{G,X) = E{Gi,Xi) (cf. [MS, 
3.4]). Let E := E{G,X). We consider a map {G,X,H,v) (Gi, Xi, ffi, i>) defined by /, 
with V a prime of E{G, X) dividing a rational prime p>2. Let Vq := W{k{v)) = W{¥) and 
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let A be the kernel of the homomorphism G — > Gi. We recall (cf. 2.4) that ^ is a torus 
such that {Gal{k / k) , A{k)) = for any field k of characteristic zero. Let B := G^^. 

6.2.2. Theorem. We assume that {G,X,H,v) has an integral canonical model M and 
that M.Vo has the EEP. We also assume that either 

a) p is relatively prime to the order Q of the center of the simply connected semisimple 
group cover of Gf'^^ and M is a quasi-projective integral model, or 

b) there is an injective map f2'- (^2,^2) * (GSpiW, -0), S) which is a good embedding 
with respect to the prime p > 2 and we have Gf^ = G*^^"^ and {Gf, Xf) = {G^'^, X^'^). 

Then {Gi, Xi,Hi,v) has an integral canonical model Mi. Moreover the natural mor- 
phism M Ml is a pro- Stale cover. 

Proof: As the proof is quite long we itemize the steps (ideas). 

A) [Mi4, 4.11 and 4.13] contains all that is needed to see how to construct an integral 
model Ml of {Gi,Xi, Hi,v) over 0(„), as a quotient of M. We just need to remark that 
such a quotient always exists as a scheme: M is a quasi-projective integral model (in case 
b) cf. 5.6.1, 5.8.1 and 5.8.2; see also below), and so we can quote [Mul, p. 112]. We want 
to prove that the morphism M — > Mi is a pro-etale cover (this implies that Mi is a smooth 
integral model) and that Mi has the EP. 

B) Let Si be an integral healthy regular scheme over O(^) and let q: Sie Mi be a 
morphism. Let Sq be the normalization of Si in the ring of fractions of ^i^; Xj^^ M. For 
proving that Mi has the EP, we need to show that q extends to a morphism Si — > Mi . For 
seeing this it is enough to show that is a pro-etale cover of ^i (as M has the EP and as 
a pro-etale cover of a healthy regular 0(„)-scheme is also a healthy regular 0(„)-scheme, 
cf. 3.2.2 4)). From the classical purity theorem we get: it is enough to work with Si the 
spectrum of a discrete valuation ring O faithfully flat over Z^p) . We can assume that O is 
complete with an algebraically closed residue field, and so that it is a Vo-algebra. 

C) The key fact for checking that Mi has the EP is: 

Fact. A connected component of Miy^ is the quotient of a connected component 6° of 
'Mvo by a commutative group Cp which is a -torsion group. 

Proof: Mivq is the quotient of Mvo by the group A(Ap/A(Z(p)), where A{Z(^p^) is the 
topological closure of ^(Z(p)) := ^(Q) (1 H in ^(Ap: this is an easy consequence of [Mi4, 

4.13]. We assume first that G'^^^ is simply connected. So (cf. [Del, 2.4 and 2.5]) t he set of 
connected components of Mvb is in one to one correspondence to the set 5(Aj)/S(Z(p)), 

with i?(Z(p)) having the analogue meaning of A(Z(p)). If moreover Gi = Gf*^, we just have 
to add (cf. the Sublemma below) that the canonical homomorphism A ^ B has finite 
kernel of order a divisor of Q. 

Sublemma. Let t: Ti T2 he an isogeny ofQ-tori. Let Tq be its kernel. Let p be a prime 
such that T2 is unramified over Qp. Let H{Ti) be the hyperspecial subgroup ofTi{Qp), i = 
1,2. Le^Ti(Z(p)) := H{Ti)nTi{Q); we denote by Ti{Z(^p^) its topological closure inTi{A^j,), 

i = 1,2. LetQit) be the least common multiple of the orders of elements of the group To(C). 
Then the kernel of the natural homomorphism t^: Ti(Aj)/Ti(Z(p)) T2(Ap/T2(Z(p)) is 
a Q{tY -torsion group. 



105 



Proof: Let a e ker(tp). Let a e Ti(Ap representing it. There is a sequence (bn)nGN of 
elements of T2(Z(p)) converging to t{d) G T2(Aj): T2(Aj) is a topological group having a 
countable basis of neighborhoods of its identity clement. Let G Ti(Z(p)) be such that 

its image in T2(Z(p-)) is bn^^\ As T2(A^) is a locally compact group and as To(Aj) is a 
compact group, we deduce the existence of a subsequence (c„)n6N(i)7 with N(l) an infinite 
subset of N, converging to an element ai G Ti(Z(p)). Obviously 
the identity element. So a'^*-*-' = 1. This proves the Sublemma. 

For proving the above Fact in the general case it is enough to remark that: 

- there is a cover {Gq, Xq, Ho,vo) — > {G,X,H,v) with Gq'^^ a simply connected 
semisimple group (cf. rm. 10) of 3.2.7) and so we can apply the previous argument 
involving only connected components (we do not need to assume that (Gq, Xq, Hq, vq) has 
an integral canonical model, as the argument on connected components can be performed 
over C) for the induced cover (Gq, -^o, Hq, vq) — > (Gi, Xi, Hi,v); 

~ the proof of Lemma 6.2.3 allows us to shift the situation to the case when Gi — Gf^ 
(even for p = 2). 

D) The scheme is a disjoint union of integral schemes. As Cp is a Q^-torsion 
group, we get that Sq has the property that any abclian scheme A over the generic fibre 
of a connected component Sq of ^o, having level-Z^ structures for any N e N (with I a 
rational prime relatively prime to p), extends to an abelian scheme over a finite integral 
cover of Sq, and so is an almost healthy normal scheme over 0(^v)- For checking this, we 
can assume that A is defined over the field of fractions Ki of a finite flat DVR extension 
Oi of O. The Galois-representation on HI^{Aki,'^i) has an image a Q^-torsion group 
and so it has a finite image (cf. [Se, 1.3] and the structure of /-adic Lie groups). So the 
Neron-Ogg-Shafarevich criterion applies to get that A extends to an abelian scheme over 
Oi. 

Due to the EEP enjoyed by Mvb, we get a morphism — > M. This implies that q 
extends to a morphism Si — > Mi, and so, provided the morphism M — > Mi is a pro-etale 
cover, 5*0 is a pro-ctalc cover of Si and Mi has the EP. 

E) In case a), is relatively prime to p. So the smoothness of Mi is a consequence 
of 3.4.5.1 and of [Mi4, 4.11 and 4.13]. 

In case b) for checking the smoothness of Mi we have to work harder. Let M2 be 
the integral canonical model of a quadruple {G2, X2, H2, V2), with V2 a prime of E{G2, X2) 
dividing the same prime of E{G'"^,X'"^) = E{Gf,Xf) as v (cf. 5.8.1 and 5.8.2). We 
choose a Z(p)-lattice Lp of W such that there is a family of tensors of degrees not bigger 
than 2{p — 2) and situated in Z(p)-modules of the form (Lp © L*)®"' (m G N), which is 
Z(p)-very well positioned with respect to ip for G2- We can assume that H2 — G2{L® Zp) 
(cf. 3.2.7.1). 

We can choose the connected component C° of M^o such that over an embedding 
of Vq into C, its set of complex points contains those defined by equivalence classes of 
the form [x, 1], with x running through the points of a fixed connected component X^ of 
X (cf. 3.3). The Lemma 6.2.3 allows us to identify 6*^ with the connected component 
62 of M2Vb whose complex points (under the same embedding of Vq in C) are defined 
by equivalence classes of the same form [0^2,1], with X2 running through the points of a 
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connected component of X2 which can be (cf. 3.3.3) identified with X^. 

F) We can assume Gi is adjoint (the action of a subgroup of a group acting freely, is 
free); so {Gi,Xi) = (G|'^,X|'^). Based on 6.2.3 and 6.4.2 we can assume Gi is Q-simple. 
The only cases of b) not covered by a) are those in which p is odd and G'2^ is of Apm-i Lie 
type. So based on 6.6.5.2 we can assume there is a Z(p)-subalgebra 'B2 of End(Lp) such 
that the Zariski closure G2Z(p) of G2 in GL{Lp) is the subgroup of GSp{Lp,'ip) fixing each 
element of S2. 

We consider an injective map {G2,X2) ^ ((72,-^2)5 with G2 as the subgroup of 
GL{W) generated by G2 and by the center of the centralizer of G2 in GL{W). The Zariski 
closure of G2 in GL{Lp) is a reductive group G2Z( ) moreover we get a cover 

92 • (^2)^2) ~^ (^2^ , X2'^); 

the first part can be seen immediately inside GL{Lp ®Z(p) Vq), starting from the classifica- 
tion provided by [Ko2, top of p. 375 and p. 395], while the second part is a consequence of 
the fact that the center Z{G2) ofG2 is the group scheme defined by invertible elements of an 
etale Q-algebra AL of endomorphisms of W. The scheme M2 is an open closed subscheme 
of the integral canonical model M2 of the Shimura quadruple {G2, X^^Gi^i^^ ^{Zp),V2) (cf. 
6.2.3 and 3.2.15). 

So, based on [Mi4, 4.13], we can assume that a connected component of Mivj, is the 
quotient of C*^ = 62 by a group of automorphisms GA of 62 which are defined by right 
translation by elements of a subgroup of the group GR of A^-valued points of the center 
Z{G'2) of G2; based on [De2, 2.1.12], in fact we can replace (cf. also 3.3.1) GR by the 
familiar group of the class field theory 

Z{G'2){A^^)/Z{G',){Lp). 

We can assume AL C S2 ®Z(p) Q- 

We consider an element h e ^(^3) defining an element of GA. We assume it fixes a 
point y e 62 (F). y gives birth to a quadruple 

Qy = {Ay,PAy,'S2, {kN)Nen, {N,p)=i), 

where (Ay^pAy) is a principally polarized abelian variety over F of dimension i dimQ(VF), 
endowed with a family of Z(p) -endomorphisms (still denoted by ^2) and having (in a 
compatible way) level- symplcctic similitude stnictiu'e kjy, N with {N,p) = 1; Qy 
satisfies some axioms, cf. the standard interpretation of M2 as a moduli scheme (to be 
compared also with [Ko2, Ch. 5]; see 4.1 for the rational context). We have a similar 
modular interpretation for F- valued and Vo-valued points of M2, provided we work in a 
Z(p)-context; in such a context we speak about principally Z(p) -polarized abelian varieties, 
Z(p)-isomorphisms (i.e. isomorphisms up to Z(p)-isogenies), etc. So the translation of y by 
h gives birth to a similar quadruple Qy — (A^,]?^;, S2, {k'j^)NeN, {N,p)=i)^ with {A'y.pA'J a 
principally Z(p) -polarized abelian variety over F which is Z(p)-isogenous to {Ay,pAy)- Due 
to this Z(p)-isogeny, we can identify Hl^yg(Ay/Vo) with M := Hl^yg(Ay/Vo). 
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The fact that h fixes y means that these quadruples are isomorphic, under a 1'(p)- 
isomorphism a : Ay^A'y. The automorphism of M we get (via a and the mentioned 
identification), as an element of End(M), belongs to the Q-vector space generated by crys- 
talline realizations of Q-endomorphisms of Ay defined naturally by elements of Lie(Z(G2))- 
this can be read out from the etale context with Q/-coefficients, where I is an arbitrary 
prime different from p. So qm leaves invariant any Hodge filtration of M defined (as in 
(5.3.11)) by a Vo-valued point z of C2 lifting y. Such a lift is determined by the mentioned 
filtration, cf. the deformation theory (see [Me, Ch. 4 and 5]) of polarized abelian varieties 
endowed with endomorphisms; see also 5.6.4. So, based on the modular interpretation of 
M2, we get: h fixes all these lifts. So h acts trivially on 62- We conclude: 62 is a pro-etale 
cover of Q2/GA. This ends the proof of b) and so of the Theorem. 

G) The use of Z^^) -isogenics in F) can be entirely avoided. This goes as follows. Let 
G3 := Gf*^ X G^; identifying Q^n with the quotient of G2 by its subgroup (7° fixing V', we 
get naturally an epimorphism q2 : G2 ^ G^. Let {G^^X^) be the Shimura pair such that 
q2 defines a finite map 

Q2:(G2,X2)^(G3,^3). 

Fact. Let A := Ker{q2)- For any field I of characteristic 0, the group H^{Gal{l), A{1)) is 
a 2-torsion group (which in general -like for I = R- is non-trivial). 

Proof: : From the structure of G2 (for instance, see [Ko2, Ch. 5 and 7]) we get that ^ is a 
product of Weil restriction of scalars from some totally real number fields to Q of rank one 
tori which over M are compact (if S2 ®Z(p) Q is a simple Q-algebra, then the mentioned 
product has only one factor). The Fact follows. 

So q2 is not a cover but from the point of view of free actions (see 3.4.5.1) it is 
"close enough". In other words, the image of C2C in the quotient of Sh/Zj (6*2, -^2)0 by 
A(A^) is a (potentially infinite) Galois cover of the image of C2C in ^^^H^iGs, Xs)c, whose 
Galois group is a 2-torsion group, cf. also 3.3.1; here := iyf* x GmC^p) and C2C is 
obtained via extension of scalars through an arbitrary 0(„2)-nionomorphism Vq ^ C. So, 
referring to F), eventually by replacing hhy h^, we can assume h E G2(Ap. So F) can be 
performed "in terms" of q2 and not of ^2- However, the context of q2 is more convenient 
for generalizations (see below). 

We refer to 6.2.2 D) and E). 

6.2.2.1. Proposition. Let g G Aut{{G2, X2, H2)) and let H2 he a compact subgroup of 
G2{^^f) such that g belongs to the normalizer of H2 x H2 in G2{A.f) and 'M.2/H2 is smooth 
over assume that the universal principally polarized abelian scheme over M2 

obtained through the map f2 and lattice L (cf. 5.1.2), descends to a principally polarized 
abelian scheme over 'M.2/H2, having a level-N symplectic similitude structure for some 
N E N, N >3 and relatively prime to p (i.e. we assume that iff is small enough). We also 
assume that g is inner (i.e. its image in A'ut(G|'^)(Q) belongs to (j'l'^(Q)j, that a power of 
g acts trivially on M2/iyf and that p does not divide the torsion number t(G|'^) (defined 
in 2.11.1). If g fixes an ^-valued point y of M2Vo/-f^2? then it fixes a Vi-valued point of 
JA.2V0/H2 specializing to y, with V\ a DVR finite flat extension ofVo. 
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Proof: We need to show that g does not act freely on the generic fibre of the local ring 
of y in JA2V0/H2. Prom 3.4.5.1 we deduce that we can assume that acts trivially on 

Let (Mo,(/Po) and (0o,</^o) be the (Shimura) cj-crystal and respectively the Shimura 
adjoint Lie cr-crystal attached to y (and the map /2) (cf. 5.4.6; the assumption that the 
universal abelian scheme over M2 descends to M.2/H^ allows us to define them as in 5.4.6). 
Here Qq is the Lie algebra of an adjoint group G2Vb '^^^^^ generic fibre is G^^^^ (cf. 5.4.6). 
Writing ^2^^ as a product of simple adjoint groups, (po permutes cyclically the Lie algebras 
of these factors. This allows us to write (go, Vo) as a product of whose factors correspond 
to the cycles of the permutation (of the set of simple factors of G^) we get. We group 
together the factors of this product whose Lie algebras are not included in the F°-filtration 
defined by an arbitrarily chosen Vo-lift zq of y (cf. 5.6.4). We get what we call the non- 
trivial part (go*,(/7o) of the (Shimura) adjoint Lie cr-crystal (soi'/'o) (we still denote by (po 
its restriction to 0o*[^])- Let G^y"* be the factor of G2Vg whose Lie algebra is Qq^. Let 
^21^'^ be its factor whose simple factors have the property that their Lie algebras are not 
included in the F°-filtration of Qq defined by zq. Let P^"^ be the parabolic subgroup of 
G^F^^ whose Lie algebra is the natural F°-filtration of floVPSo*- Let P2V0 (resp. -Pl^"*) be 
the parabolic subgroup of G2V0 (resp. of G^^"*) leaving invariant the F-^-filtration of Mq 
defined by the chosen Vb-lift zq of y (resp. defined as the image of P2V0 iii G|^^* under the 
canonical quotient homomorphism G2V0 ~^ ^2Vo*)- -^^^ ^ presentation of this in a more 
general and adequate context cf. [Va2]. 

The key fact is: g gives birth to an isomorphism go of (flo*, v^o); with g^ acting trivially. 

For checking this let {G2, X2, H2) — > {G2 x G2, -^2 x -^2, H2 x H2) be the map defined 
by the inclusion of G2 into G2 x G2 whose composite with the two projections of G2 x G2 
are the identity and respectively the automorphism g oi G2- It factors through a Hodge 
quasi product (G3, Xs, H3) of (G2, X21H2) with itself (to be compared with Example 3 of 
2.5, where this is detailed for pairs). Composing this factorization with a Segre embedding 
we get a map /g: {G2, X2, H2) {GSp{W ®W,ip®ip), S2, GSp{{Lp © Lp) ® Zp)) which is 
still a good embedding with respect to p. Using the fact that /s factors through (G3, X3) 
we deduce that the (Shimura) adjoint Lie u-crystal {Qi,(pi) attached to y (and the map 
/s) is a Lie subcrystal of the product of {qq, (po) with itself. As above we define (g^*, cpi). 
Moreover the first projection (of G3 on G2) allows us to identify (g^*, 931) with {Qq*,(Po), 
while the second projection gives us the desired isomorphism go of {Qq^, fo)- 

So go can be viewed as an element of G|y"*(Vo) acting on its Lie algebra by con- 
jugation; to see why ^ro it is not an outer automorphism of Qq* we just have to remark 
that: 

- it leaves invariant the simple factors of Gfy^^ (this can be seen moving to C: X° is 
a product of simple Hermitian symmetric domains, indexed by the simple factors of ^2^^^^; 
g, as an automorphism of X^, is a product of automorphisms of such factors of X^); 

- it commutes with Lpo (and so it leaves invariant Plj^"^*). 

Moreover g^ belongs to any parabolic subgroup of lifting ^21^"* (as g^ acts 

trivially on M2/H^)- This implies that the components of corresponding to the non- 
compact simple factors of Gfy^^ (i.e. to simple factors of Ggy^^) are trivial. As g^ commutes 
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with (pQ we deduce that Qq is the identity element of G^/^iVo)- But qq is not identity (as 
otherwise g fixes the connected component of 'M.2V0/H2 through which / factors). So p 
divides t(G2^). Contradiction. This ends the proof. 

6.2.2.1.1. Corollary. We assume G^(Vo) = G^2V'o(Vb) has no element of order p. If g 
does not act trivially on 3VI2/H2 but g^ does, then g does not fix any ¥ -valued point y of 

6.2.2.2. Corollary. We assume G^(Vo) = G2y^{VQ) has no element of order p. Let H'^^'^ 
be a compact open subgroup of G''^{hJ'j) such that if^ad ^ ^ad smooth for 
Let M|'^ be the integral canonical model of (Ga'^, fff^, wf^). Then M!^^ is a pro-etale 
cover ofMf/H'^^. 

Proof: : Let be a compact open subgroup of (j'2(Aj) normalized by if^ad such that 
M2 is a pro-etale cover of M2/-ff^. Corollary follows once we remark that each connected 
component of Mly-^/i?^*'^ is the quotient of a connected component of M2Vo/H^ by a 
group of automorphisms defined by elements of Aut((G25 -^^2, -^^2)) (this can be seen over 
C, cf. [De2, 2.1.7]). 

From now on we assume for the sake of simplicity that p > 2. 

6.2.3. Lemma. Let {Gi, Xi, Hi,Vi), i = 1,2, be two quadruples with G^^^ = Gf^^ and 

such that they have the same adjoint quadruple {Gq, Xq, Hq, vq) . Letp be the rational prime 
divided by vq. Then Shp{Gi, Xi, Hi) exists and has the EP iff Sh.p{G2, X2, H2) exists and 
has the EP. Assuming the existence of these integral models, the connected components of 
the extension to O^^^^ of the integral canonical model of (Gi, Xi, Hi^vi) are isomorphic to 

the connected components of the extension to O^^^^ — O^^^-^ of the integral canonical model 

0f{G2,X2,H2,V2). 

Proof: We can assume that we have a finite map /: {Gi, Xi, Hi) — > {G2, X2, H2) (cf. rm. 3) 
of 3.2.7). We first assume that Sh.p{G2, X2, H2) exists and has the EP. Using the toric part 
triple of (Gi, Xi, ii/"i) we can assume (cf. 3.2.8) that / is injective. So 'Shu^iGi.Xi) is an 
open closed subscheme of ShH2(G2,X2), cf. 3.2.14 and 3.2.15. AsE{Gi,Xi) =^(^2,^2), 
we deduce that the Zariski closure of Sh//^(Gi,Xi) in Shp(G2, ^27 -^^2) is the integral 
canonical model Shp(Gi, Xi, i^i). Obviously Shp(Gi, Xi, i^i) has the EP. 

We assume now that Shp(Gi, Xi, i^i) exists and has the EP. Let £^(Gj,Xj)(p) be the 
normalization of '^{p) in E{Gi, Xi), i = 1,2. From [Mi3, 4.7] we deduce that the affine 
scheme Spec{E{Gi, Xi)(^p-^) is an etale cover of Spec(Z(p)). Let C be a connected component 
of the image of the natural morphism m: Sh^i (Gi, Xi) Sh//, (G2, X2). Let "K be the 
subgroup of G2(Ap leaving invariant C. From 3.3.2 we deduce that it is enough to show 
that C is the generic fibre of a regular formally smooth E{G2, X2)(p)-scheme Cp having the 
EP, and on which 3-C acts continuously so that the resulting J{-action on C is the natural 
one, and there is a compact open subgroup "Kq of "K such that Cp is naturally a pro- 
etale cover of the smooth quasi-compact E{G2, X2)(p)-scheme Cp/D-Co- As Shp(Gi, Xi, Hi) 
exists we deduce the existence of Cp, defined as Cp, but working over E{Gi, Xi)(p) instead 
of over £'(G2, X2)(p); it is an open closed subscheme of Shp(Gi, Xi, i^i). Let Spec(£^(p)) 
be the Galois extension of Spec(£'(G2, X2)(p)) generated by Spec(£'(Gi, Xi)(p)). Let C : 
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Gal(Spec(£'(p))/Spec(£^(G25 ^2)(p))) be the resulting Galois group. Due to the EP enjoyed 
by the extension 6^ of to we have a natural Galois-descent datum: C acts on C^. 
The extension of m, viewed as an i?(G2, ^2)-iiiorphism, to Kq identifies each connected 
component of ShHi{Gi,Xi)xE{G2,X2)Ko with a connected component of Sh//2(G'2, X2)/Co, 
cf. 3.2.14, 3.2.15 and the fact that each connected component of ShHi{Gi, Xi)e{G2,X2)^o 
is geometrically connected over Kq (as Sh.p{Gi, Xi, Hi) exists). This together with [Mul, 
p. 112] implies that the Galois-dcsccnt datum is effective, and so that Gp exists: it has the 
EP as Cp has it and as Spec(£^(Gi, Xi)^^-)) is an etale cover of Spec(£^(G2, -^2)(p)) (so B) 
of 3.2.2 4) applies). 

The last part of the Lemma involving connected components over O^^^^ is trivial. 
This proves the Lemma. 

6.2.3.1. Remark. Prom the proofs of 6.2.2 and 6.2.3 we deduce that for any finite map 
{G^,X^,H^) {G'^,X^,H^) a connected component of Shj^i (G^, X^)c is a Galois cover 
of a connected component of Sh//2 (G^, X^)c, with a Galois group which is an M-torsion 
abelian pro-finite group, with M equal to the second power of the least common multiple 
of orders of elements of the center of the simply connected group cover of G^^®^ (we can 
assume that G^ is an adjoint group and that G^*^®"^ is simply connected; now everything 
results from the Step C) of the proof of 6.2.2). 

6.2.4. Corollary. Let (G, X, H) be a triple having an integral canonical model M. We 
assume that it has the EP, and that its extension to Vq has the EEP. We also assume that 
either 

a) the prime p (such that H C G(Qp)j is relatively prime to the order of the center 
of the simply connected semisimple group cover of G^'^^ and M. is a quasi-projective integral 
model, or 

b) there is a pair {G2,X2) for which condition b) of 6.2.2 is satisfied. 

Then any other triple (Gi,Xi,iJi) such that (G^^,^^'^) = {G'f.Xf) and there is 
an isogeny G"^^"^ G^^^ , has also an integral canonical model Mi having the EP. 

Proof: This is a direct consequence of 6.2.2, 6.2.3 and 3.2.7 10). 

6.2.4.1.* Corollary. Under the assumptions of 6.2.2 b), any integral canonical modelJAz 

of a Shimura quadruple (G3, X3, H^, v^) having the same adjoint quadruple as (G, X, H, v) 
is a quasi- strongly smooth integral model (cf. def. 3.4.8). Moreover, if p does not divide 
t(G^'^), then M3 is in fact a strongly smooth integral m,odel. 

Proof: We first deal with the case when p does not divide t(G^^). Let C -fff be two 
compact open subgroups of Gs{A^j) such that the morphism M3 — * Ms/i/f is a pro-etale 
cover and the generic fibre of the finite morphism q: "Ms/Hf — > Ms/i/f is a Galois cover. 
We need to show that q itself is a Galois cover. This is just a problem of connected 
components. We use the notations of 6.2.2. So we can move over Vq. We can assume that 
we are dealing with a connected component 63 of M3V0 which over an embedding of Vq 
into C corresponds to complex points defined by equivalence classes of the form [x, 1], with 
X running through the points of a connected component of X3 (cf. 3.3.2 and 2.3). 

We first treat the case when there is an isogeny G2'"' — > G^^^. Using a cover 
{G4,X4,H4,V4) {G3,X3,H3,V3), with Gf"^ = Gf, the arguments of [Mi4, 4.11 and 
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4.13] allow us (cf. 6.2.3, 5.8.1 and 5.8.2) to assume that Gf^"" = But this case results 

from 6.2.2.1 (cf. the part of the proof of 6.2.2.2 referring to automorphisms). 

To see the general case, the same argument using a cover allows us to assume that 
G^*^^ is the simply connected group cover of Gp^ (cf. 6.1.2 and 6.2.3). We consider (cf. 
3.2.7 10)) a cover /s: (G5, Xg, i/g, vg) ^ {G2,X2,H2,V2) such that Gf"^ = Gf^ Let 
65 be a connected component of the extension to Vq of the integral canonical model of 
(G5, X5, iTfj, ^Js) dominating C2 and such that its complex points can be described in a 
similar manner as the complex points of 62 or of C3. We can assume that iff is as small 
as we want. This together with 6.2.3 allow us to shift our attention to quotients of C5. We 
get everything in the following context: 

a) we have a compact subgroup Hf^ of Gi(A^), i e {2,5}, acting freely on and 
producing a quotient Gi/HfQ of finite type; moreover f^{H^Q) C i^fo' 

b) the natural morphism Q^/H^q — > Q2/H2Q is an etale cover (cf. also 6.1.2); 

c) we have a finite group C(2) which is the quotient of a subgroup of the group 
Aut((G|*^, Xf^, iyf^)) leaving invariant Cj and normalizing i^fg, i e {2,5}, through a 
subgroup of it acting trivially on Q^/H^q. 

We need to prove: if C{2) acts freely on the generic fibre of C^/H^q then it acts 
freely on Cg/if^Q. This is easy: We can assume that C(2) is a cyclic group of order p (cf. 
3.4.5.1); as C(2) also acts on Q2/H^o such that the etale morphism Cg/iyfo Q2/H^o (cf. 
c)) is C(2)-equivariant, the statement follows from 6.2.2.1.1 and from b) above. So C(2) 
does act freely on Q^/H^q. This ends the proof of the Corollary for the case when p does 
not divide ^(6*^^). 

We now assume that p\t{G^'^) and Hqs x is p-smooth for ((^3,^3). We need to 
show that M3 is a pro-etale cover of Ms/i^os- As this is a problem of connected components 
of M3V0, we can assume (cf. def. 2.11), that there is a prime I different from p and such 
that the image of Hqs in G^{Qi) is contained in a compact, open subgroup Hq^i having no 
pro-p subgroups. Let -f^ol*^ be a compact, open subgroup of G^'^{A^j^'^) containing the image 

of Hqs in it; here A^'' denotes the ring of finite adeles whose both p- and /-components are 
omitted. 

As the natural 0(„3-)-morphism M3 -^so^y ) pro-etale (see 6.4.5 b)), and as the 
quotient O^^g) -morphism M3 — > Ms/i^os factors through the natural morphism M3 

^3O(.3)/^0l, With 

rrad . Triad ^ IT^d 

-"03 -"03 ^ -"03^ 

we can assume G3 is adjoint. Based on 3.4.5.1, it is enough to show that the morphism 
Ml*^ Mij'^/ifol'^ is a pro-etale cover; here the role of Hq^^ is that of an arbitrary compact 
subgroup of G2,^{A^'''). Based on this and on 3.2.16, we can assume G3 is Q-simple. We 
can assume (cf. 6.5.1.1 i) and the first part of 6.6.5.1): 

- the /2 of 6.2.2 b) is such that centralizer Cz^^^ of the Zariski closure of G2 in 
GL{Lp) is reductive; 

- we have an injective map {G2, X2, H2,V2) ^ {G2, ^2, H2,V2), with G2 as the 
subgroup of GL(W) generated by G2 and by the center of the generic fibre C of C'z(p) and 
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with H2 = 62 (Qp) n GL{Lp){Zp); 

- we are deahng with a subgroup of G2'^(Ap which has the above shape and 
properties (so in particular, Hq^ x ^f*^ is p-smooth for (Gl^jXf^)). 

The natural map ((^2, ^2, #2, ^2) ^ {Gf,Xf,Hf,vf) = {Gf,Xf,Hf,vf) is 
a cover and so we can assume that a connected component of 'M^y^JHq^'^ is a quotient of a 

connected component of the integral canonical model M2V;) of (G2, ^2, -^2, V2) through a 
group of automorphisms GA of Msvo leaving invariant and defined by translations by a 
subgroup of G'2(Ap whose image in Gf{Qi) is trivial, cf. [Mil, 4.13] and 3.3.1. liheGA 
fixes y e C°(F), then as in 6.2.2 F) we get that h acts trivially on G° (we need to work 
precisely with our present Warning: here we dot need to bother about Hodge cycles 
which are not defined by endomorphisms, i.e. in connection to the Z(p) -automorphism a 
we get (as in 6.2.2 F)) we are bothered just about Z(p)-polarizations, level structures (and 
if one desires, about Z(p)-endomorphisms). So is a pro-etale cover of C'^ /GA. This ends 
the proof. 

6.2.4.2*. Variant. What follows is a natural extension of 6.2.2 G) and so provides a 
variant of the last paragraph of 6.2.4.1; so we can assume G^^ is Q-simple. If {G^^,X^'^) 
is of some A^ Lie type with p\n + 1, then we can proceed as in 6.2.2 G) to get that we can 
assume that moreover h G G'(Aj). If (G^'^, X^^) is not of An Lie type with p\n + 1, then 

Qgad (see 2.3.5.2) is relatively prime to p and so for any h G G^'^(Aj) there is g G N, with 
{q,p) = 1, such that belongs to the image of G"^«"^(A5) in G"''^(AJ). So, as in 6.2.2 G), 
we can assume that h G (j'(Ay); we conclude: 

Regardless of how G^'^ is, in the last paragraph of 6.2.4-1, the use of "Z(^py" in front 
of polarizations (and isogenies) can he entirely avoided. 

6.2.5. Remark. There are examples of almost healthy normal schemes which are not 
noetherian. Such examples can be constructed by taking the normalization of a DVR in an 
infinite Galois extension of its field of fractions, having a Galois group of finite exponent. 

6.2.6. Remarks. 1) There are variants for 6.2.2, 6.2.3 and 6.2.4 (which might be useful 
in the case of Shimura varieties of special type). For instance: 

- in 6.2.2 if we do not assume that E{G, X) — E{Gi, Xi) then we have to work with 
triples instead of quadruples (to be compared with 6.2.3); 

- in 6.2.3 or 6.2.4 we can work with quadruples but then we either have to restrict 
to smooth integral models having a weaker extension property (like the WEP or REP) or 
we need to find extra arguments to be able to shift the EP. 

Also there are variants for 6.2.3 and 6.2.4 for p = 2. The limitations for p = 2 
come only from the fact that we can not presently prove 6.1.2 for p = 2 and from the the 
fact that we do not know the uniqueness of an integral canonical with respect to a prime 
dividing 2 (cf. 3.2.4). These variants will be stated in [Va5]. 

2)* The integral canonical models of 6.2.4 are quasi- projective as M is so (cf. its 
proof; see also the proof of 6.4.1). 

6.2.7. Warning. Any attempt to try to prove 6.1.2 directly (using arguments similar to 
the ones in 3.4.5.1 and 6.2.2) is meaningless (cf. the two examples below). So we can not 
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handle 6.1.2 just by using geometrically connected components and using 3.2.11 (which 
provides with Vq- valued points). However see 6.8. 

Example 1. Let y := Vq[x\ [j^^] , and let Yi := Y[y\/{y'^ + 2pxy+p). So Spec(yi) is a 
finite cover of Spec(y), which becomes an etale cover by inverting p. Moreover the generic 
fibre of Spec(Yi) is geometrically connected over Kq. Obviously Yi is a regular ring which 
is not an etalc y-algcbra. 

Example 2. Let Y := Vo[x] [ pp-i(i_-B)p-i-a:p(p-i)p-i ] let Yi := Y[y]/{yP+pxy+p{l-x)). 
The situation is as above. The extra nice thing is that Spec(Yi) has plenty of Vo-valued 
points (which is not the case in the above example), as it can be easily checked. 

6.3. Conjugates of integral canonical models of Shimura varieties. We use the 

notations pertaining to conjugates of Shimura varieties used in [Mil, p. 335-356]. Let 
(G, X, H, v) be a quadruple having an integral canonical model M over 0(^,) and let p be 
the rational prime divided by v. Let r be an automorphism of C and let a: be a special 
point of X. We denote by tv the prime of tE{G,X) such that 0(t-^) is rO^^yy Let "^'^H 
be the image of H under the isomorphism G{Qp) — > '^'^G(Qp) defined by spp{T). It is a 
hyperspecial subgroup of '^'^G{Qp). 

6.3.1. Lemma. The integral model tM is an integral canonical model of ("^'^G, '^'^X, '^'^H, tv) 
(having EEP ifM. does). 

Proof: Here tM is defined in the same manner as tE{G,X). Obviously tM has the EP. 
It has the EEP if M does have it. The scheme tM has a ■^'^G(Aj)-continuous action due 
to the fact that M has a G(A^)-continuous action and due to [Mil, Ch. 2, 4.2 b) and 5.5 
b)]. Using again the loc. cit. and the smoothness of M, we get that tM is also a smooth 
model (over 0(t-„)). This ends the proof of the Lemma. 

6.4. The main results. 

6.4.1.* Theorem. Let Sh{G,X) be a Shimura variety of preabelian type. Let p>5 be a 
prime such that G is unramified over Qp. Then Sh.p{G,X) exists and has the EP. As a 
scheme it is a pro-etale cover of a quasi-projective smooth scheme over (the normalization 
inE{G,X) of)Z^py 

Proof: Let (G, X, H, v) be a quadruple of preabelian type with v dividing a rational prime 
p>5. From 6.4.2 below we deduce the existence of an injective map f:{Gi,Xi) > 
{GSp{W, ip), S) which is a good embedding with respect to p and such that {G^^^Xf^) = 
J(^ad j^ad^ We use the notations of the SQSPT introduced in 3.2.7 3). Prom 3.2.7 2) 
and 5.8.2 (cf. def. 5.8.1), we deduce that (Gi,Xi,iyi) has an integral canonical model 
having the EEP. Prom [Mu, p. 139] and 5.6.2 we deduce that as a scheme it is a pro- 
etale cover of a quasi-projective smooth scheme over Z(p). The statement of 6.1.2 implies 
that (G4, X4, H4) has an integral canonical model having the EEP, which as a scheme is a 
pro-etale cover of a quasi-projective smooth scheme over From 6.2.3 we deduce that 
{G2,X2, H2) has an integral canonical model which as a scheme is a pro-etale cover of a 
quasi-projective smooth scheme over Z(p) . It has the EP and its extension to Vq has the 
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EEP. From 6.2.2 b) we deduce that (G, X, H) has an integral canonical model M. As the 

quotient of a quasi-projective smooth scheme through a free action of a finite group is still 
a quasi-projective smooth scheme (cf. [Mu, p. 112]), we deduce that M is a pro-etale cover 
of a quasi-projective smooth scheme over Z(p). From 3.2.2 4) we deduce that it also has 
the EP. This ends the proof of the Theorem. 

If (G, X, H,v) is of abelian type then we can use a SQSAT with not depending 
on i e {1,2,3,4} (cf. 3) and 10) of 3.2.7 and 6.4.2). So we can use 6.2.3 (instead of 
6.1.2) for concluding that H4) has an integral canonical model having the EEP 

and which as a scheme is a pro-etale cover of a quasi-projective smooth scheme over Z(p) 
(as {Gi, Xi, Hi) has an integral canonical model having these properties). 

6.4.1.1. Remarks. 1)* From 6.4.1 we deduce that any integral canonical model of a 
quadruple {G,X,H,v) of preabelian type, with (f,6) = 1, is a quasi-projective integral 
model. 

2) We refer to 6.4.1 with Sh(G, X) of compact type. It is expected that Shp(G, X) 
is a pro-etale cover of a projective smooth scheme over Z(p) . 

From the proof of 6.4.1 (see also 6.8) we deduce that for seeing this, we can assume 
that we have an embedding [G, X) {GSp{W, S) good with respect to p. As different 
quotients of Shp{GSp{W,'ilj), S) have (plenty of smooth projective) toroidal compactifi- 
cations (cf. [FC]) which are moduli of semi-abelian varieties, we deduce that different 
quotients of Sh.p(G,X) admit compactifications (obtained by taking the normalization of 
some Zariski closures in the mentioned toroidal compactifications), which are projective 
schemes and moduli of semi-abelian varieties. One needs to show that, in our case, these 
quotients of Shp{G,X) are in fact identical to their compactifications. This is equivalent 
to showing that over these compactifications we have in fact abelian schemes (and not just 
semi-abelian schemes). It is expected that this is an easy consequence of [FC, iv) of 10.1, 
p. 88]. 1 

3) Theorem 6.4.1 fulfills the expectation of [Mi4, 2.17]. 

6.4.2. Theorem. Let Sh(G, X) be an adjoint Shimura variety of abelian type. Letp> 5 be 
a prime such that G is unramified overQp. Then there is a Shimura variety Sh(Gi, Xi) of 
Hodge type having Sh(G, X) as its adjoint variety and having a good embedding in a Siegel 
modular variety with respect to p, and such that for any other Shimura variety Sh(G2, X2) 
of abelian type having Sh(G, X) as its adjoint variety, there is an isogeny Gf'^^ G2'^^. 

The proof of 6.4.2 is presented in 6.5 and 6.6. 

6.4.2.1.* Corollary. Any integral canonical model M. of a Shimura quadruple (G, X, H, v) 
of preabelian type, with {v,6) ~1, is a quasi- strongly smooth integral model. If p does not 
divide tiG""^), then M is a strongly smooth integral model. 



1 Using a slightly different approach, in a manuscript to be made available in August 
2003 it is checked that Shp(G, X) is a pro-etale cover of a projective smooth scheme over 
Z(p) if each simple factor (Go,Xo) of {G^^,X^^) is such that Gqk has compact, simple 
factors. 
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This is a direct consequence of 6.4.1, 6.4.2 and 6.2.4.1. We would like to remark that 
if (G, X) is of abelian type then we do not need to use 6.1.2 (cf. the proofs of 6.2.4.1 and 
6.4.2). 

This Corollary implies that many other smooth integral models are strongly smooth, 
cf. 3.4.8.1. 

6.4.2.2.* Corollary. // in 6.4-2.1 above there is a quadruple {Gi,Xi, Hi,vi) having 
the same adjoint quadruple as {G, X, H,v), admitting an embedding {Gi, Xi, Hi,vi) ^ 
{GSp{W, tp), S),Kp,p), and such that there is an isogeny G'^^^ — > Gf^^, then M^sh has the 

EEP. 

Proof: This is a consequence of 6.2.2 b), 6.2.3 and 6.1.2 (cf. 6.4.1 and the def. of the 

EEP). We just need to add that in 6.2.2 D) it was essential just that over M2 we have 
a principally polarized abelian scheme which is the pull back of a universal one and it 
did not matter that it is special in the sense of 5.6.7; 3.2.7 4) and 3.2.9 imply that we 
have a similar principally polarized abelian scheme over the integral canonical model of 
{Gi, Xi, Hi, v\). If the pair {G, X) is of abelian type then we do not need to use 6.1.2. 

6.4.3. Let {G,X) define a Shimura variety of preabelian type. Let § be the set of primes 
whose elements are 2, the primes p for which G is ramified over Qp, and 3 if G is unramified 
over Q3 but Sh3(G, X) does not exist (if a quadruple (Gi, Xi, ffi, fi) with vi dividing a 
rational prime p > 3, has an integral canonical model, then we expect that Shp(G'i, Xi) does 
exist; this is motivated by rm. 8) of 3.2.7 and by the proof of 5.1, where was irrelevant 
with which prime of the refiex field dividing p we were working). Let A^. be the ring of 

finite adeles with all the qf-components, G S, omitted. We have A/ = (IlgeS 'Q'?) ^ -^Z- 
Let be a compact open subgroup of G(A^) which is a product of its qf-components (for 
primes ^ §) and such that every q'-component of it is a hyperspecial subgroup H*^ of 
G{Q.q)- We call such a subgroup of G(Aj) hyperspecial. It is defined by the property that 
it is a compact subgroup of G{A^) of maximal volume (with respect to any Haar measure 
on G(A|)): this is a consequence of [Ti, p. 55]. 

6.4.4. * Theorem. Let Hg be an open subgroup of G{Y[g^§ Qp) such that H§ x is 
smooth for {G,X). We assume that H§ x is §i-smooth for {G, X), where §1 is the set 
of rational primes not belonging to § and dividing t{G''^'^) . Then, there is a quasi-projective 
smooth scheme ^{Hs) over the normalization 0(^g^ of Z^jj^ — ] in E{G, X) , whose generic 

fibre is Sh^g ^z/s (G, X) and such that the normalization Sh{G,X) of 3vl{H§) in the ring 
of fractions 0/ Sh(G, X) has the properties: 

a) It admits a G{Y[q^g Qq) x -continuous action; 

b) For every prime q ^ §, the group G{Qq) acts continuously on Sh{G, X) x 0(§) [i] 

and the quotient of Sh{G,X) x Z(-q) by gets a G{A'j)- continuous action, together with 
which it is the integral canonical model of the triple {G, X, H'^) . 

Proof: It is enough to show that there is a finite set Si of rational primes containing S 
and a quasi-projective smooth scheme Mi over the normalization 0(§^) of Z[i=p^^ ] in 
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E{G,X), whose generic fibre is 811^^^.^^ {G, X), and such that for any prime p ^ Si 
the normahzation of MiZ(p) in Sh//p (G, X) is the integral canonical model of the triple 
{G, X, HP): if g G §1 \ §, and if M*^ is the integral canonical model of the triple (G, X, H*^), 
then M.'^/H§ x Y[p^su{q} ^ quasi-projective smooth scheme over the normalization 

of Z(q) in E{G, X) (cf. 6.4.2.1); but now Mi and M^Hs x Up^§u{q} (^^ g G Si \ S) 
can be glued together along their generic fibres. 

Part a) is trivial. We denote by P{G, X) the statement of the existence of a set of 
rational primes Si and of a scheme Mi as above for the Shimura pair {G,X). Corollary 
6.4.2.1 gives us the right to assume (for proving P{G,X)) that Hg is as small as desired. 
So the fact that P(G, X) is true for (G, X) of Hodge type is a direct consequence of the 
proof of 3.4.7. 

We treat now the case when Sh(G, X) is an arbitrary Shimura variety of preabelian 
type. Let Sh(Gi,Xi) be a Shimura variety of Hodge type having Sh(G^'^, X^'^) as its 
adjoint variety. Let (^2,^2) ^ {G'"^,X^'^) be a cover with G"^*^^ a simply connected 
semisimple group and with E{G2,X2) = E{G^'^,X^'^) (cf. [MS, 3.4]). Let {Gs,Xs) be the 
fibre product of (G'i,Xi) and (G'2,X2) over {G^^,X^'^) (cf. 2.4.0). 

From 6.2.4.1 and the statement of 6.1.2 we deduce easily that P{Gs,X3) is true as 
P(G'i,Xi) is true (i.e. the normalization of a scheme Mi as above, but for (G'i,Xi), in 
the ring of fractions of a quotient of Sh(G3, X3) by a subgroup of G'3(A/) which is smooth 
for (Gs, X3), is a smooth scheme over the normalization O(s^) of ^f-rr^^ ] in E{Gs-i X3), 

for Si a large enough finite set of rational primes). 

We have ^2'^'' = ^3'^'' (both are simply connected semisimple groups having the 
same adjoint group). From 3.2.14 and 3.2.15 (applied to the injective map (G3,X3) ^ 
(G2,X2) X (G3^,X3'^) defined by the natural projection of (G3,X3) on (G2,X2) and by 
the canonical map (G3,X3) (G3'',X3^)) we deduce easily that P(G2,X2) is true as 
P(G3,X3) is true. 

The proof of 6.2.2 implies that P(G^^, X'^^) is true as P(G2, X2) is true. 

The same argument used in getting that P{G^, X3) is true as P(Gi,Xi) is true, we 
deduce from 6.4.5 below (applied to the canonical finite map (G, X) — > (G^*^, X**^)), that 
P(G, X) is true as P(G^'^,X^'^) is true. This ends the proof of the Theorem. 

As in the proof of 6.4.1, if (G, X) is of abelian type, we do not need to use the 
statement of 6.1.2 (as we can use instead of it 6.2.3, 3.2.14 and 3.2.15). 

6.4.5. Lemma. Let f^:{G^,X^,H^) {G^,X^,H^) be a finite map of triples having 
integral canonical models M° and respectively M^ . We assume that the prime p such that 
C G^(Qp) is greater than 2 and that M° and M^ have the BP. We also assume that 
either 

a) the order q of the center of the simply connected semisimple group cover of G^'^^^ 
is relatively prime to p and M° is a quasi-projective integral model, or 

b) * p>5 and (G°,X^) is of preabelian type, or 

c) M° and M^ are pro-etale covers of proper smooth Z^pyschem^es. 

Then the natural morphism M° — > M^ makes M,^ to be a pro-etale cover of an open 
closed subscheme ofM}, and so M° is the normalization ofJA} in the ring of fractions of 
MO. 
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Proof: Let Vq be the completion of the strict hensehzation of Zp. We can move over Vq 
(i.e. we can shift from triples to quadruples). This is allowed as M'^ is a scheme over 
the normalization of Z(p) in E{G^ , X^) and as this normalization is an etale cover of the 
normalization of Z(p) in E{G^,X^) (cf. [Mi3, 4.7]) over which is defined. Let f ° be a 
prime of E(G'°,X°) dividing p and let be the prime of £'(G^,X^) divided by For 
i = 0, 1, let My^ be the extension to Vq of the integral canonical model of the quadruple 
{G\X\H\v')^ 

From 6.2.3 and rm. 10) of 3.2.7 we deduce that we can assume that is a cover. So 
case a) results from 6.2.2. To handle the other two cases we first remark that the normal- 
ization K of My^ in the ring of fractions of My^ has local rings of points of codimension 1 
isomorphic to local rings of My^ of codimension 1. To see this it is enough (due to the EP 
enjoyed by ?\f and My-^) to check that any such ring is a DVR. In case c) this is a conse- 
quence of [Mi4, 4.13], via the same argument used in is) of 3.2.3.2 b). In case b) this is a 
consequence of 6.4.2.2 and 6.2.2: we can assume that G^'^'^^ is simply connected; so, based 
on 6.4.2.2, the proof of (Steps B), C) and D)) of 6.2.2 applies (it shows the existence of a 
natural morphism from the spectrum of such a ring into M.y^ ; using the natural morphism 
My^ — > 3Nf, we get the desired result). 

From this and 3.4.5.2 we deduce that 3\f is unramified over My^^ in all these points. 
As Mj^Tq = y^Ko is a pro-etale cover of M)^^, we deduce from the classical purity theorem 
that K is a pro-etale cover of My^ . In particular IN" is a regular formally smooth scheme 
over Vo having the EP (cf. C) of 3.2.2 4)). As My^ also has these two properties we get 
(cf. rm. 7) of 3.2.3.1) N = M^^. This ends the proof of the Lemma. 

The proof of 6.8.1 shows that in fact we can handle the case a) as the other two 
cases, without reference to the involved 6.2.2, and so without assuming that M*^ is a 
quasi-projective integral model. 

6.4.5.1.* Corollary. Let f:{Gi,Xi,Hi,vi) {G2, X2, H2,V2) be a finite map between 
two quadruples of preabelian type. We assume that vi is relatively prime to 6. Let m: Mi 
M2 X 0(„^) be the natural morphism (cf. rm. 4) of 3.2.7) defined by f. Then m is the 
composite of a pro-etale cover with an open closed embedding. A similar result is true if 
we work with triples. 

6.4.6. Remarks. 1)* If {Y,U) is an extensible pair with Y a healthy regular scheme 
over Spec(Z[i=p^ — ], then any morphism U M(i7§) extends uniquely to a morphism 

Y — > M(i/s) (&!■ a proof of this see 6.7). With the terminology to be introduced in [Va6] 
these schemes M(ifs) are integral canonical models of their generic fibres. 

2) * These smooth schemes M(-ff§) are the analogue of the schemes attached to Siegel 
modular varieties which parameterize principally polarized abelian schemes (of a given 
dimension) and having a finite level symplectic similitude structure. Of course there are 
variants of 6.4.4 (and of 1)) with S replaced by a larger set of primes (not necessarily 
finite). But all these variants are a consequence of 6.4.4 (and resp. of 1)). 

3) * We call Sh{G, X) an extended integral canonical model of Sh(G, X) with respect 
to H^. The scheme Sh{G,X) is also referred to as an unramified Shimura scheme defined 
by {G,X). Let Hyp(G; 2) be the set of hyperspecial subgroup of G(A§). 
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We assume that X = X^^. Then, as schemes, Sh{G,X) and M.{H§) do not depend 
on the hyperspecial subgroup of G(A|). 

To check this let Hf be another hyperspecial subgroup of G(A|). It is enough to 
show the existence of cartesian squares of the form 



Sh^s (G, X) Sh^s {G, X) 



^1 

n 



ShijgxiJs(G',X) > Shjj^^jjs{G,X), 

where (resp. Kf) stands for an arbitrary product of the factors of (resp. of 
iff), where r and ri are the natural quotient morphisms, and where in and i^s are 
isomorphisms (cf. rm. 7) of 3.2.3.1). 

If G is a torus then we have nothing to show. If G is an adjoint group this is a 
consequence of 2.3 and of the fact that any two hyperspecial subgroups of G{A^) are 
G(A^)-conjugate (cf. [Ti, p. 47]). The same argument works in the case when we have a 
cover (G, X) {G^^, X**^) (as we have epimorphisms G(Q/) G*'^(Q/), for any prime I). 

Using the strong approximation theorem for adjoint groups, we get that for any two 
hyperspecial subgroups and Hf of G(Aj), there is g E G^'^(Q) normalizing ifg and 
such that g{H^)g~^ = Hf; as X = X^'^, g takes X into itself and so we can take as i^s 
and in the isomorphisms defined by the inner isomorphism of G defined by g. 

We now refer to the case when X ^ X^^. Let Nx,Hs be the subgroup of G^^(Q) 
normalizing (under inner conjugation) X and ff§. It acts (under inner conjugation) on 
Hyp(G;2). The schemes Sh{G,X) and M(iy§) depend only on the orbit o of H^ under 

c( \ 

this action. We have at most ).(^x) orbits, where c(*) is the number of connected 

components of the complex manifold *. 

Warning: (even subject to the restriction X = X^"^) the association Sh{G, X) to 
(G, X) is not functorial. There are two obstructions to this: the first one is derived from 
3.1.2.2 2), while the second one is derived from the fact that S depends on (G, X). However 
6.7.2 below is quite enough for many functorial purposes in the context of Sh{G,X). 

4) Lemma 6.4.5 has a variant for quadruples complementing 6.4.5.1: If {G^ , X", H^ , iP) 
(G^, X^, H^^ v^) is a finite map between two quadruples, with (v*^, 2) = 1, having integral 
canonical models JAP and respectively M^, and if either a) or c) of 6.4.5 is true, then the 
natural morphism M° — ^ Mq^ is the composite of a pro-etale cover with an open closed 
embedding. 

5) In 6.2.4 a) it is enough to assume that {v, 6) = 1 and that M is a quasi-projective 
integral model. 

To argue this, as in 3.2.7 11), we consider two injective maps (Gi,Xi,ifi) ^ 
(G,X,if) and (G2,X2,ii2) ^ (G,X,if), such that all simple factors of {Gf.Xf) and 
(Gl'^, Xf^) are of preabelian and respectively of special type, and we have a natural identi- 
fication G^*^ = Gf^ X Gl'^. Theorem 6.4.1 (resp. 3.4.1) points out that (Gi, Xi, Hi) (resp. 
that (G2, X2, H2)) has an integral canonical model Ki (resp. has a quasi-projective normal 
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integral model K2 having the EP). As in 3.2.16 we get that {Gi x G2, Xi x X2, -H"i x H2) 
has a quasi-projective normal integral model [N"i2 having the EP. Using the fact that the 
intersection Gf*^^ fl G'^^'^ (taken inside G'^^'^) is a finite group scheme of order relatively 
prime to p, from 6.2.3 and (the proof of) 6.2.2 b) we get that (G, X, H) has a normal inte- 
gral model X over the normalization of Z(p) in E{G2 x Gi,X2 x Xi), which is a quotient 
of 3\fi2 through a free (see 3.4.5.1) action. Prom 3.2.12 we get that: if {G,X,H) has an 
integral canonical model, then !N is smooth; so also X12 and 1^2 are smooth. So we can 
replace {G,X,H) by {Gi x G2,Xi x X2,Hi x H2). So our initial statement follows from 
6.2.2, 6.2.3 and 6.4.1 or from 6.2.4 and 6.4.1 (here we need to add: the centers of simply 
connected semisimple groups of £^65 or Di Lie type have orders a power of 2 or 3). If 
we exclude the Eq Lie type, then we can replace {v, 6) = 1 by (v, 2) = 1. 
The same applies to 6.2.2 a). 

6)* The philosophy of 6.4.4 is: to generalize Serre' s Lemma [Mul, p. 207] to the 
context of Shimura varieties of preabelian type, most common we just have to check things 
in characteristic zero. 

6.4.7. Remark. If {G,X) is the pair (Gi.Xi) of 5.7.5 for / = 10, then different open 
subschemes of the schemes M{H§) x 0(s) [-^j are moduli schemes of polarized (or just 
pseudo-polarized) i^3-surfaces having some finite level-structure (cf. [Va6]). 

6.4.8. Remark. For the p = 2 and p — 3 theory of Shimura varieties of preabelian type 
see [Va5] and [Va2]. In [Va2] we prove that 6.4.1 and 6.4.2 remain true for p = 3. So in 
6.4.3 we have 3 e § iff G is ramified over Q3. 

6.4.9. * Remark. We do not know if all integral canonical models whose existence is 
guaranteed by 6.4.1 do have the EEP (cf. 3.2.2 4)). However they do have an extension 
property broader than the EP. This is with respect to any healthy normal scheme (over the 
required localizations of Z) whose local rings of mixed characteristic and of codimension 
1 are DVR's (this can be easily checked starting from 6.1, 6.2 and A) of 3.2.2 4)). In fact 
it is enough that these local rings are certain inductive limits of discrete valuation rings 
(cf. the proof of 6.2.2; for instance if they are inductive limits of discrete valuation rings 
whose transition homomorphisms, at the level of fields of fractions, are of degree dividing 
a fix number M G N). Similarly for the schemes M(if§) constructed in 6.4.4 we have a 
broader extension property than the one mentioned in rm. 1) of 6.4.6. 

Prom 3.2.12 and 6.4.1 we get directly: 

6.4.10. * Criterion. Let {G,X,H,v) be a quadruple of preabelian type, with {v,6) = 1. 
Let JA. be a normal integral model of it over 0(^,) having the SEP. Then M is the integral 
canonical model of {G, X, H, v) ( in particular JA is a smooth integral model and has the 
EP). 

6.4.11. The compact case. In this section we assume that the pair {G,X) of 6.4.3 
is of compact type and that the expectation of 6.4.1.1 2) has been accomplished; for 
instance this is the case if each simple factor of G'^'^ has over M compact, simple factors. 
So Sh^g {G-i X) is a smooth projective scheme over E{G., X). Prom 6.4.1.1 2) and 6.4.4 
we get directly: 
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A. Corollary. Sh^j^ (G, X) has good reduction with respect to any prime v of E{G, X) 
not dividing a prime of $. 

A similar thing can be stated for any connected component of Sh^g ^^^s (G, X)c'- 

B. Corollary. The scheme is naturally defined over a finite field extension E{&) of 
E{G,X) unramified outside $, and its canonical model over has good reduction with 
respect to any prime of E{Q^) not dividing a prime of §>. 

C. Moreover, M{H§) is the unique proper smooth scheme over 0(s) having Sh^j^ ^fjs {G, X) 
as its generic fibre. To see this let yi{H§) be a proper smooth scheme over (9(§) having 
Shj^g xi?s (G*, X) as its generic fibre. Using the extension type property enjoyed by M(i7§) 
(cf. 6.4.6 1)) we deduce the existence of a morphism Z:3\f(i7§) M(iir§) which is the 
identity on generic fibres. From [Hart, 11.3, p. 279] we deduce immediately that / is an 
isomorphism. The same thing remains true if instead of 0(§) we work with any regular 
flat 0(§) -scheme D of dimension 1 such that any smooth D-scheme is healthy (see 3.2.2 
1)), and if lii^Hg) is replaced by its extension to D: the same proof applies. 

D. We can use C to give a second definition of an integral canonical model of a 
quadruple {G,X,H,v) with (f,6) = 1: 

Theorem. An integral model of (G, X, H, v) over 0(„) is the integral canonical model of 
{G, X, H, v) iff it is a smooth proper integral model. 

This Theorem answers (slightly restricted) a question of M. Flach. 

6.5. A proof of 6.4.2 in the case when p does not divide B{G). 

6.5.1. First we show that to prove 6.4.2 it is enough to treat the case when G is a Q- 
simple group. To check this let {G,X) be a product of two Shimura pairs (G*,X*) of 
adjoint type, z = 1, 2, for which 6.4.2 is true. As G is unramified over Qp we deduce that 
the group G' is also unramified over Qp, i = L^. Let {G\,X{) ^ {GSp{W\i)'), S') be 
an embedding good with respect to p, with (G^^^'^, X'^^'^) = (G*, X*), and such that for any 
other Shimura pair (G^, X2) of preabelian type having (G% X*) as its adjoint variety, there 
is an isogeny G'^i^^ G^^^^ (i = T^). Let (Gf , Xf ) be a Hodge quasi product of the two 
Shimura pairs {G\, Xl) and (G?, X^) of Hodge type (cf. Example 3 of 2.5). Now the Segre 
embedding (Gf,Xf) {GSp{W^ © W'^,'iIj^ © •0^), 5"*^) is a good embedding with respect 
to p (cf. 4.3.17). Moreover Gf'^^'' = G\'^''' x G?'^^^ So for any Shimura variety (Gi,X|) 
of abelian type such that its adjoint variety is the adjoint variety of (Gf , Xf), there is an 
isogeny G^'^^' Gf'^'" (cf. [De2, 2.3.8]). 

So we can assume that G is a simple Q-group. We deduce the existence of a totally 
real number field F and of an absolutely simple adjoint group G** over F such that G = 
Rcsf/qG^ [De2, 2.3.4]. As before Vq := W{Z/pZ). For any number field E we denote by 
i?(p) the normalization of Z(p) in E. Let Gz(p) be an adjoint group over Z(p) having G as 
its fibre over Q (cf. 3.1.3) and let Gz^p^ be the simply connected semisimple group cover 
of it. We have: 

a) The group Gvq is a product of [F : Q] copies of a split adjoint group of the same 
Lie type as G (this is obvious). 
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b) As G is unramified over Qp, F is unramified over p and Cp. is unramified over 
Fj, where F Qp = Yli^i^ with Fj local fields (we have Gq^ = Hie/j, Res^./Q^Gf,.). 

Proposition [De2, 2.3.10] admits a Z(p)-version: 

6.5.1.1. Theorem. Let K he a quadratic totally imaginary extension of F, unramified 
over p. Then there is a Shimura variety Sh(Gi,Xi) of Hodge type such that: 

a) Sh(G, X) is its adjoint Shimura variety; 

b) for any Shimura variety Sh(Gi,Xi) of ahelian type with {G\^^Xf^) = {G,X), 
there is an isogeny Gf'^^ — > Gf'^'^; 

c) its reflex field is the composite field of E{G,X) and E{Resx/qGrnjhT) (where 
{ResK/q'GsmihT) is a dimensional Shimura pair defined as in [De2, 2.3.9]); 

d) it has a good embedding in a Siegel modular variety with respect to p. 

Proof: The proof is divided in two parts. First we treat the case when p does not divide 
B{G), then we continue in 6.6.5 with the general case. In this section 6.5, the symbols S, 
K, Ks, {G2,X2) and {G3,Xs) will have the same significance as in [De2, 2.3]. So is a 
set of extremal nodes of the Dynkin diagram of Gc, (^2,^2) and (^35X3) are Shimura 
pairs, while Ks is a product of finite field extensions of Q. If {G,X) is of Bi, Ci or 
type (resp. of Ai or Df type), then to each simple factor of G^ corresponds one (resp. 
two) elements of S. We itemize the things we need. 

i) We start with a self dual representation I^(p) of Gz^^) over which over Vb is 
isomorphic to ©s6S^(*)"^ fo^ a convenient number n G N (to be compared with [De2, 
2.3.10]). Here Vp{s) is the Fo-i'epresentation of Gy^ given by the fundamental weight 
corresponding to s e /S (cf. [De2, 2.3]). 

ii) The totally imaginary quadratic extension K of F is assumed to be unramified 
above p (i.e. Spec(i^(p)) is an etale cover of Spec(Z(p))). 

iii) The etale Q-algebra Ks is unramified above p as splits over Vq. 

iv) The Zariski closure of Gs in GL{Wz(^^), with := -?^(p) ®f^^^ '^{p)-. is a 
reductive group Gs^^^^ over Z^p) (cf. [De2, 2.3.10] for the meaning of G3) (moving over Vb 

this becomes obvious). Let G'^'^^'^ be the subgroup of G3 generated by Gg^'^ and by the 
maximal subtorus of Z{Gs) which over M is compact (cf. [De2, 2.3.3 and end of 2.3.10]). 
Let G3 be the subgroup of G3 generated by Gp''^'^^ and by the one dimensional split torus 
acting as scalar multiplication on 

So any homomorphism S — > G3K defined by some x E X3 factors through G3K (of course 
instead of G3 we can work equally well with the smallest subgroup of G3 satisfying this 
property). We get a Shimura pair (G3,X3); here Xs is a disjoint union of connected 
components of X^ defined by a G3(]R)-conjugacy class of an arbitrary x G X3. This is 
a slight restatement of [De2, 2.3.3]: we do not always have X^ — Xs, as it can be seen 
easily (to be compared with 2.5.1) through examples in which F is a totally real quadratic 
extension of Q. 

Let G3Z(p) (resp. GgJ'^®'') be the Zariski closure of G3 (resp. of Gg"'"'^®'') in Gs^^^^ . 
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From loc. cit. we get that G3 is included in the group of symplectic simihtude 
isomorphisms defined by a non-degenerate alternating form on W. 

v) There is a perfect alternating form ip: Wzj^j <8) W^Z(p) — such that we get an 
injective map /: (Gs^Xs) * (GSpCW^ip), S^) (here we write as an exception for what 
we have always denoted by 5", not to create confusion with the meaning of S in [De2, 2.3]). 

This is so due to the fact that [De2, 1.1.18 b)] admits a Z(p)-version. To see this we 
first remark that the alternating bilinear forms Wz^^^ ®W^Z(p) — ^ ^(p) fixed by G'^^^']^ form a 
free module M over Z^^^. Choosing n big enough (see 6.6.5 d) for an explicit presentation) 
we can assume that we have such bilinear forms which are as well perfect. 

In fact using the natural embedding SLm{'^{p)) ^ Sp2m{'^{p)) (as in 6.6.5 dl); here 
Sp2m{'^{p)) is the group of symplectic isomorphisms defined by a perfect alternating form 
on Z^^, etc.), m := dim^j^j (VFz(p)), wc get the existence of such a perfect alternating 
bilinear form after we replace (if needed) n by 2n. This replacement corresponds to a 
replacement of VF(p) by VF(p) © VF(p) and of Wz^^^ by VFz(p) © ^Z(p) (cf. the way we defined 
W(^p) in i) and the definition of the connected component of the origin of Z{Gp~'^'^^)). We 
would like to point out that this fact is convenient for notations (and so used in what 
follows) but is irrelevant for what follows: we can work equally well (to be compared with 
6.7.2) without having (or knowing) that the representation G'^z'^'^)^ ~^ ^-^(^^(p)) 
under the above natural embedding SLm{'^(p)) ^ Sp2m{'^{p)) is a sum of two copies of its 
representation on Wzf^^y ■ 

Now we look at M as a group scheme over The intersection of a non-empty 

open (in the real topology) subset of M(]R) with the set of Z(-p)-valued points of the dense 
open subscheme M{pa) of M corresponding to perfect alternating bilinear forms is not 
void. Argument: M{pa) has Z(p)-valued points; if ifj: Wz/^^^ © ^^(p) ~^ ^(p) corresponds to 
z G M(pa)(Z(p)), then we can choose i/j such that mod p is ifj mod p (standard argument 
involving approximations with respect to non-equivalent valuations). 

vi) Using 5.7.4 and 5.6.9 we get that if p does not divide B{G) (see 5.7.2 for the 
meaning of it), then (G3, X3) > (GSp(VF, -i/^), S^) is a good embedding with respect to p. 

For checking this we first remark that we have 

Wvo := Wz(^) ® Vb = ®ii,s)€ixsVp{sy 

as Gs^y'^-modules, with / := {1,2, ...,2?i}, the upper indices i just counting the numbers 
of copies of Vp{s) we get. Moreover G^Vo leaves invariant any summand of this direct sum 
decomposition. Let qI{Wvo) = mo ©nti, with tUo the free Vo-submodule of End(VFv'o) leav- 
ing invariant any subspace V^(s)* of Wvoi and with rrii the free Vo-submodule of End(WVo) 
taking, V(io, so) G / x 5', the summand V^(so)*° of W^Vo into ®(i,s)€i{io,so)^p(^y (here 
/(zq. So) := / X 5" \ {(zo, so)})- Let ttq be the projector of 0l(VFv;J on rrio associated to the 
above direct sum decomposition. Now to get the first sentence of vi) we just have to apply 
5.7.4 to the bilinear form b on 0I(VFt/o) defined by 

b{x,y) := ©(i,s)e7x57(i,s)Tr(i,s)(7ro(a:),7ro(y)). 
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Here x,y & qI{Wvo), 7(i,s) are invertible elements of Vq having all their partial sums still 
as invertible elements of Vq, and Tr(j is the trace form on End(l^(s)*). The element 
Tr(i,s)(7ro(2;), T^oiy)) of Vq makes sense as mo = ®(i,s)e/xsEnd(V^(s)*). Obviously b is fixed 

by Gsvo so by GsVo- 

This ends the proof of 6.4.2 and 6.5.1.1 in the case when p does not divide B{G) (cf. 

[De2, 2.3.10 to 2.3.13] for the requirements on E{G3, X^) = E{G3, X^) and on Gf"" = Gf' 
expressed in 6.5.1.1 b) and c)). 

6.6. The proof of 6.4.2 and 6.5.1.1 (the general case). We continue to use the 
same notations as in 6.5. We present two proofs of the general case of 6.4.2: the first one 
(6.6.3), based on the (sophisticated) Proposition 6.6.2, and a second one (6.6.5) which is 
a simplified, down to earth, explicit version of the first one. 

6.6.1. Notation. For any totally real number field Fi D F, we denote by Sh^^ {G, X) 
the adjoint Shimura variety defined by the pair (G^^ , X^^), where G^^ := Resi?^/QG|^_^ 
and X^^ is the Hermitian symmetric domain obtained as the G^^ (M)-conjugacy class of 
homomorphisms S — > G^^ generated by the composite of any x E X with the natural 
inclusion G-r ^ So X^^ is a product of [Fi : F] copies of X. We get a natural 
injective map fF,:Sh{G,X) ^ Sh.^'{G,X). In particular Sh^(G',X) = Sh{G,X). 

6.6.2. Proposition. There are injective maps 

(^4, X4) <^(G'°, XO) ^{G\X^) ^{GSp{W, V'), >S°) 
having the properties: 

a) there is a Z(^pylattice LofW such that if: induces a perfect bilinear form if:: L ® L ^ 

and the Zariski closures of G4, G° and in GSp{L, if:) are reductive groups 
o?;er Z(p) denoted respectively by G^ii^^y ^'^^ ^^^(p)' 

b) (Gl^,^!*^) = {G,X) and there is a totally real number field Fi D F such that 
Sh(G'0^d^j^Oad) ^ Sh^'{G,X); 

c) the map fo induces the canonical homomorphism fp^: G = G^'^ — > G^^'^ = G^^ ; 

d) if{G,X) is of Ai, Bi or Df (resp. of Ci or D^) type, then G^^ ^ is contained and 
has the same derived subgroup as the centralizer in G\^ ^ of a torus of G\^ ^ (resp. 
of a semisimple Z(^pysubalgebra SA of End{L) such that we have a relative standard 
PEL situation {Giz^^^y SA) as defined in 4-3.16); 

e) the homomorphism. G^'^'^'^ G^'^'^'^ induced by fi is of the form Resp^j^f^^ for 
f^^'-Gp_^ G]p^ a group homomorphism between semisimple groups over Fi, with 
G^pf a simple Fi-group and with Gp^ a cover of Gp^; 

f) /2 'is an injective map obtained through the Z^^pyversion of [De2, 2.3.10] explained in 
6.5.1.1 for the totally imaginary quadratic extension K ®p Fi of Fi, with L = Wz^^^ 
and with the number n (mentioned in i) of 6.5.1.1) a power of 2 (so the maximal 
torus of Z{G^) is naturally a subtorus of ResK/qGrn, cf. [De2, 2.3.13]); 

g) p does not divide B{G^^'^); 
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h) Gf = GO^b; 

i) if{G,X) is ofDf type, with I en, I > A, then the embedding Gf^ ^ G^'^®" can be 
lifted to an embedding at the level of simply connected semisimple group covers. 

Moreover if{G,X) is of Ai, Bi or Df type, we can also get E{G^,X'^) = Q. 

Proof: The proof of 6.6.2 presents no difficulty. The statement of the Proposition makes 
its proof obvious (of. also [Va5]). If (G, X) is of Bi (resp. Df) type, we can take {G^, X^) 
of -Bz+a (resp. Df^^) type, with a a non-negative integer; if (G, X) is of G; (resp. Df) 
type, we can take (G^, X^) of Cai (resp. Dfi) type, with a G N; if G is of Ai Lie type we 
can take G^ of G/_|_i Lie type (to be compared with 6.6.5 below). In practice we take the 
number a to be (when allowed), 1 or 2. We will just add that we need Fi to be a totally 
real number field, containing F, unramified above p and big enough. 

For the last property (concerning the cases when we can take E{G^ , X^) = Q) 
needed for the proof of the Langlands-Rapoport conjecture (of 1.7) see [Va2]. We need 
6.6.2 (presently) only for the p = 2 and p = 3 theory of Shimura varieties of preabelian 
type. 

6.6.3. Remark. Property 6.6.2 a) implies that G4 and G^ are unramified over Qp. From 
5.7.1 and 6.6.2 f) and g) we deduce that the injcctive map (G^X^) ^ {GSp{W, ijj) , S^) 
is a (very) good embedding with respect to p. From this, 4.3.14 and 6.6.2 d) we deduce 
that (G*^, X'^) > {GSp{W, ijj, S^) is a good embedding with respect to p. Now this, 4.3.16 
and b), c), f) and h) of 6.6.2 imply that (G4, X4) •— > (GSp(II^, -0), S'^) is a good embedding 
with respect to p. This ends the first proof of the general case of 6.4.2. 

We present now what 6.6.2 becomes in the case of classical Spin modular varieties of 
odd dimension (and rank 2). 

6.6.4. Example. Let Z > 3 be an integer. Let Sh(Gi, Xi), z = 0, 1, be two adjoint Shimura 
varieties showing up in 5.7.5, with Gj = S0{2, 2Z — l-|-2z). The canonical inclusion jq: Gq ^ 
Gi (corresponding to the identification of the group of invertible matrices of dimension 
2/ + 1 with the subgroup of invertible matrices of dimension 2/ + 3 having on the last two 
lines and columns just two diagonal I's) induces an injective map jo: (Go, Xq) > (Gi, Xi) 
and Go is contained and has the same derived subgroup as the centralizer in Gi of a torus 
of Gi of dimension 1. 

If (G, X) = (Go, Xo) = (Gf, Xq^^) and if p is a prime not dividing B{G) = 6(2/ - 1), 
then in 6.6.2 we can take G4 = G'-' = G^ and for the map /2 we can take the map associated 
to the Spin representation described in 5.7.5. So Gf^ = Gm- If p>5 divides 21 — 1 then 
in 6.6.2 we can take G4 = G°, the adjoint of /i to be jo, and as /2 the map associated 
to the Spin representation of the simply connected group cover of Gi. So, regardless of 
how p > 5 is, 4.3.14, 5.1 and 5.7.5 put together imply that Shp(Go, Xo) exists; so (cf. 6.2.2) 
Shp(Go,Xo) exists as well. 

6.6.5. An explicit proof of the above Z(p)-version of [De2, 2.3.10]. Here we present 
the second part of the proof of 6.5.1.1. Let T be a maximal torus (cf. the argument in 
3.1.4 based on [Ha, 5.5.3]) of a simply connected semisimple group G^p^ ^ (cf. 3.1.3) over 

having as its fibre over F the simply connected semisimple group cover of G*, such 
that for any embedding F ^ R, Tk is compact. Then Tp splits over a Galois extension E 
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of F unramified above p. Choosing the smallest such Galois extension, we get that E is a. 
CM-field (as is a compact torus for any embedding F ^ R). We need T (and E) just 
to fix a little bit the notations. 

We consider homomorphisms (between reductive groups over £'(p)) 

such that the following hold: 

a) ^S(p) is a free £'(p)-module of finite rank. 

b) The group Ge(^p) is semisimple and G^^^ is a split simple group over i?(p) such that 
p does not divide B{G'^). 

c) The homomorphism ho is an isogeny. Here G^£^^^ is the pull back of G^^^ to £'(p) . 

d) The homomorphism hi is an E'^p^-version of the homomorphism f^^ mentioned in 
6.6.2 e). Namely: 

dl) If G^ is of Ai Lie type, then we take VFe^^j of dimension 2{l + 1) over E^p^ and we 
take ho to be an isomorphism. Let ipo: ^^^(p) ^We^^^ ^ -E'(p) be a perfect alternating 
form. Wc choose a basis {ei, 62, €21+2} of We^^^^ with respect to which •i/'o has the 
standard form, i.e. if 1 <i <j <2{l + 1), then 'i/'o(ei, Cj) = 1 if j = i + / + 1 and 
otherwise. We identify C^^^^ with SLiJ^i^^ ^. We take /i2 o /ii such that it takes 
A G SLi^i^^ ^ (-^(p)) i'^^o ^'^^ element of G'L(VF£;^^j) that acts as A on the submodule 
of W^S(p) generated by the first / + 1 elements of the chosen basis and as {A^)~^ on 
the submodule of W^e^^^ generated by the last I + 1 elements of the chosen basis. If 
p does not divide B{G^) = 6(Z + 1), we take Ge^^,, = G%^^^ (with hi as identity). 
If p divides 6(/ + 1), we take <5s(p) = Sp{WE(^pyi^o)-i and hi and h2 as the obvious 
monomorphisms (as p does not divide B{G^) = 6(Z + 2); we recall that p > 5). 

d2) Let now (G,X) be of Df type. We take G%^^^ = Gf^^^ = Spin(2l) E^^^y We take 
/i2 o /ii to be the composition of the embedding Spin{2l)E^p^ >• Spin{2l + 2)s(p) 
(which results by passage to simply connected group covers of the homomorphism 
SO{21)e(^p^ SO{2l + 2)e^p~^ described in terms of matrices by the rule: A G 
SO{2l)Ef^p^{E(^p^) goes to the matrix having A on the first 21 lines and columns and 
having on the last two lines and columns just two diagonal I's) with the Spin rep- 
resentation of Spin{2l + 2)^^^^. If p divides B{G^) = 6{2l — 1), we take Ge^^^^ = 
Spin{2l + 2)s(p) {B{Gf) = 6{2l + 1)) and if p does not divide B{G^) we take 
= Ge(^ ) {and the obvious homomorphisms hi and h2). 

d3) If is of Bi Lie type, then the situation is entirely analogous to the situation 
described in d2) (to be compared with 5.7.5). 

d4) Let now G' be of Q Lie type. We take Gf^^^ = G|^^^ = SpiW^^^^,ipi), with W^^^^ 

a free module over ^^(p) of dimension 21 and with ipi : — > £^(p) a perfect 

alternating bilinear form. We take: We( n = Wh ®Wh a direct sum of two copies 
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of W^^^y Let V'o be an alternating form on it such that: il)Q{x^y) is tpi{x,y) if x,y 

belong to the same copy W^^^^ of We^^^ , and is equal to otherwise. We take h2 o hi 

to be defined by: A e S'p(W^^^^ , acts on W^j^^j as A on each copy W^^^y 

If p does not divide B{G^) = 6{l + 1), then we take Ge^^^^ = ^ , and if p divides 

B{G^), then we take Ge^^^ = Sp{We^^^ , V'o) (as p does not divide B{Gf) = 6{l + 2)). 

d5) If (G, X) is of type, the situation is entirely analogous to the one described in 
d4) (we just have to replace alternating forms by symmetric bilinear forms), except 
that ho is not an isomorphism but an isogeny of degree 2. We have: is the 

split form of S0{2l)E^py 
e) If (G,X) is of Ai, Bi or Df (resp. of Ci or Df) type, then G%^^^ is the de- 
rived subgroup of the centralizer in Ge^^) of a torus T of Ge^^^ (resp. of a sim- 
ple -E'(p)-subalgebra SA of 'EindiWE^^)) such that we have a relative PEL situation 
{GE,^,.SA)),ci. dl)tod5). 

The composition h2 o hi o ho is the representation 

- in the case dl): direct sum of the representations associated to the fundamental 
weights corresponding to the roots cti and ai (see [De2] for the notations and the role of 
the roots; see also [Mi3, 1.21]); 

- in cases d2) and d3): direct sum of two copies of the Spin representation; 

- in cases d4) and d5): direct sum of two copies of the representation associated to 
the fundamental weight corresponding to the root ai. 

6.6.5.1. We now come back to i) to vi) of the proof of 6.5.1.1. All the above part of 6.6.5 
had just the role of making 6.5.1.1 i) well-fitted for the general case. 

We take := WE^^^y The group GmiF) acts on VF(p) [^] by multiplication (VFei^^j 
is a module over cf. a)). We get the situation: 

^ ^^^E(P)/^M^%p) ^ ^° •= R'ess(^^/Z(^)G's(^^ ^ GL(Wz(^)), 

with G''^(Z(p)) = Ge^pi (-E'(p)) acting on W^Z(p) = -^(p) (^fFfp) ^{p) through its canonical action 
on VF(p). This is the explicit version of 6.5.1.1 i). 

We keep n) and in) of 6.5.1.1. We have n = 2[E : F]. 

Case 1. We consider first the case when Sh(G, X) is a Shimura variety of Bi, Gi, 
Df or Df type, or of Ai type but with trivial involution (cf. [De2, 2.3.12]). We choose G3 
as explained in [De2, 2.3.13] (i.e. we choose G2 as small as allowed). So the maximal torus 
of the center of Gs^^p^ commutes with G^. This takes care of 6.5.1.1 iv). We keep 6.5.1.1 

v). The injective map /: (Gs.Xs) ^ {GSp{W,ij), S^) (we recall that W = Wz^^, Q) is 
a good embedding with respect to p, with Wz^p^ a good Z(p)-lattice for the map /. This 

is a consequence of the feet that the family of tensors fixed by G3 formed by the set of 
elements of the algebra L of endomorphisms of Wz(p) fixed by G3Z(p) and by the family 3^ 

of 3 tensors of degree 4 (as in 4.3.10 b) but for the embedding Gq ^ GL(W)) is enveloped 
by W^Z(p) and is Z(p)-very well positioned for G3. To check this we use 4.3.6 2). Remark 
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4.3.13 takes care of the maximal torus of Z{G^), while 4.3.16 takes care of To see 

this last part we just have to remark that (cf. 6.6.5 d) and e)): 

- if {G, X) is of Ai, Bi or Df (resp. of Ci or D^) type, then we have a relative PEL 
situation {G^, L, ResE^^-^/Zfp-^T) (resp. relative PEL situations {G^, SAS) and {G^, L); here 
SAS is SA viewed as a -algebra); 

- the family of tensors 3^ is Z(p)-well positioned for the group Gq and is enveloped 
by Vrz(^), cf. 4.3.10 b) and 6.6.5 b) and d). 

This ends the explicit (second) proof of 6.4.2 as well as the proof of 6.5.1.1, in the 
case of the types listed above. 

Case 2. We consider now the case when {G,X) is of Ai type and has a non-trivial 
involution (as def. in [Del, 3.7]). We first remark that ResKs/Q^m acts on (cf. the 

proof of [De2, 2.3.10]). We have to take some precautions: keeping 6.5.1.1 iv), the maximal 
torus S of the center of Gsz^p^ does not commute with However Sq is generated 

by two subtori: one is Res/^/QG^ (it commutes with (jq), and another one which is a 
subtorus T{Ks) of ResKg/Q^m producing an isogeny Res^/QGrn, x T{Ks) ResKs/q'^m 
(cf. [De2, 2.3.10]). But T{Ks) lies inside Gq (cf. dl) above); in fact T{Ks) is a subtorus 
of the generic fibre of ResE^^-^/z^p-^T (cf. e) and dl) above). So keeping 6.5.1.1 v), we 

still get (the argument is the same as in Case 1 above) that the map /: (Gs, X^) 
{GSp{W, ifj) , S^) is a good embedding with respect to p: again we have a relative PEL 
situation (G'^, L, ResE^^^/^^^jT) (cf. 4.3.16). In other words the family of endomorphism 
of VFz(p) commuting with GsZfp) , together with the family 5" of three tensors (defined as 
in Case 1) is Z(p)-very well positioned for G3 and is enveloped by Wz^^^ (cf. dl) above). 
This completes the explicit (second) proof of 6.4.2 as well as the proof of 6.5.1.1. 

6.6.5.2. PEL type embeddings for the Ai type. ^ We assume now that (G, X) is 
of Ai type. If / = 1, it is easy to see that, replacing if needed (G3, X^) by an enlargement 
(see def. 4.3.1) of it in {GSp{W, -0), S^) (so we are not anymore interested to have Gs as a 
subgroup of G3), the injective map (6*3, X^) ^ {GSp{W, ijj), S^) is a PEL type embedding 
and the conditions of [Ko, Ch. 5] are satisfied for p (i.e. we are in a situation as used in 
4.3.11): we just need to choose z G M(pa)(Z(p)) as mentioned in 6.5.1.1 v). We now check 
that a similar result holds for / > 2. 

As we took = -ft^(p) ®F(p) W(p), the subgroup G^z^^^ of GSp{Wz^pyil^) fixing aU 

endomorphisms of Wzf^^^ fixed by Gsz^p-, , is reductive and has a derived subgroup which 
over Vq is isomorphic (for / > 2) to two copies of in such a way that the embedding of 
Gg^ in G4|^^^ is the diagonal embedding. Even if we replace G3 by the smallest subgroup 
of it through which all homomorphisms Resc/iaG^ Gsr defining elements of X3 factor, 
in general we can not "get rid" of the second copy of Ggy^ . 

There is a very simple way to adjust this so that we do get (with perhaps different 
notations) an injective map fs : (G3,X3) ^ {GSpCW^i/j), S^) such that GsZf^^^ is the 

1 This section is added to this corrected version; it has been entirely incorporated in 
"The Mumford-Tate Conjecture and Shimura Varieties, Part I," , |math.NT/0212066| . 
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subgroup of GSp{Wzf^^^ , ip) fixing all endomorphisms of Wz^^^ fixed by Gsz^^^y • It goes by: 
we entirely "skip" the use of -P^(p) as follows. For the sake of uniformity, below we take 
(G,X) of A; type, with / > 1. 

We work with instead of Wi^^y If / > 2 (resp. if / = 1), then Ks is a totally 
imaginary quadratic extension of F (resp. is F) and so it makes sense to speak about Ks(^p). 
If Z = 1, then E is Q. totally imaginary quadratic extension of F. If Z > 2 (resp. I = 1), let 
GT be Resxs(p)/Z(p)'^^m (resp. be ResE(p)/Z(p)Gm)- It acts naturally in a faithful way on 
Let G4Z(p) be the subgroup of GLiW^p)) generated by G'z(p) and GT. Let G4Z(p) 
be the subgroup of GL{W(^p)) generated by G^^^^, by Z{GL{W(^p))) and by the maximal 
subtorus of GT which over M is compact. It is reductive (cf. 3.1.6). 

Let RE be the set of real embeddings of F. For each e^? e RE^ let V{eF) be the 
maximal M-vector subspace of W^^p^ ®'^{p) ^ which the factor of G'^^ corresponding to 
ep acts non-trivially. So GTr acts on it via its factor F{eF) which is a copy of Resc/RGm 
and which is defined naturally by ep] if Z>2, the image /(ep) of F^ep) in GLiy^ep)) is 
the center of the centralizer of the centralizer of the image of G^"^ in GLiyiep))- We have 
a direct sum decomposition 

left invariant by Gm- Let x G X2. We consider a monomorphism hx '■ Hesc/mGm ^ 
GL{W(^p^ '^Z(p) R) having the properties: 

1) if ep is such that Xspec(F) eFSpcc(M) is non-compact, then the resulting homo- 
morphism Resc/]RGr7^ — ^ GL{V{ep)) is the one obtained by composing the homo- 
morphism Resc/RGr„ — > G2R defining x with the natural homomorphism G2R —>■ 
GL{V{ep))- 

2) if Ci? is such that Xspec(F)ei;-Spec(R) is compact, then the resulting homomorphism 
Rcsc/rG^ GL{V{ep)) is a monomorphism whose image is naturally identified 
with I{ep). 

So hx factors through G4K. The Hodge structure of H^(p) ®Z(p) R it defines has type 
{(—1,0), (0, —1)}. So we can define two Shimura pairs (^4,^4) and (G4,X4) similar to 
(G3, X3) and (G3, Xs). Moreover, taking perfect forms i/j and on VF(p) as mentioned in v) 
of 6.5.1.1 and above, the subgroup GsZfp, of GSp{W(^p), if)) fixing all endomorphisms of 
fixed by G4Z(p), is reductive and has G*^^ ^ = G*^^ ^ as its derived subgroup. Warning: 
we do not have to replace by a direct sum of two copies of itself (as this is implicitly 
done by 6.6.5 dl)). Let G5 be the generic fibre of Gz^^y If X5 is the G5(]R)-conjugacy 
class of hx viewed as a homomorphism of G5K, then the pair (G5, X5) is a Shimura pair 
whose adjoint is (G, X). Moreover, we get a PEL type embedding 

h : (G5,X5) {GSp{W^p)[^U),So) 

which has the desired property (i.e. we can take /a := /5). 
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6.6.5.2.1. Remark. In 6.5.1.1 and Case 1 of 6.6.5.1, as above we can "get rid" of K for 
the -Dfi+i typs- But this is not true in general for the Bi, Ci, D^i and types. 

6.6.6. Remark. Except 6.5.1.1 vi), 6.6.3 and 6.6.4, everything else in 6.5 and 6.6 remains 
valid for p = 3 (but working with instead of B{*); here * substitutes a simple adjoint 
group of classical Lie type over a field). Even for p = 2 some part of 6.5 and 6.6 remains 
valid. We will apply use remark in the construction of the p = 2 and p — 3 theories of 
Shimura varieties of preabelian type (cf. [Va5]). 

6.7. The proof of rm. 1) of 6.4.6. See 2.11.1 for the meaning of lC(*)'s. 

6.7.1. Remark. In 6.5.1.1 we can choose the number field K and the Shimura pair 
(Gi, Xi) such that U{G) \ {2} = U{Gi) \ {2}. This is a consequence of the proof of 6.5.1.1. 
Argument: Gf^ is unramified over if K and Ks are unramified over Q^; moreover, if G 
is unramified over then the number fields Ks and F are unramified over / (cf. 6.5.1 b) 
and 6.5.1.1 iii)). So we just need K to be unramified over / for all primes / > 2 such that 
G is unramified over Q^. For instance we can take K = F{i). More generally: we can take 
K = F{\/—d), where d divides the discriminant of F. 

If there is a prime / which mod 4 is 2 or 3 or if there are two distinct primes / such 
that Gq; is unramified, then we can choose K and (Gi, Xi) such that 'U(G) = U{Gi). 

All these extend to the context of 6.4.2 (i.e. when Sh(G, X) is not a simple Shimura 
variety) . 

6.7.2. Lemma. For any Shimura variety of Hodge type Sh{G,X) there is an injective 
map f: {G, X) ^ {GSp{W, S) such that for any prime I e 1C(G) there is a hyperspecial 
subgroup of G{Qi) contained in a hyperspecial subgroup of GSp{W,i(^){Qi) . 

Proof: We start with an arbitrary embedding /: {G,X) ^ (GSpCW^tp), S). It takes care 
of aU primes I G U{G) \ S(/), with S(/) C 11(G) a finite set. For any / e 'B{f) we 
choose arbitrarily a hyperspecial subgroup Hi of G{Qi). It is contained in a maximal 
compact open subgroup of GSp{W,'ilj){Qi). But composing the natural map from (G, X) 
to a Hodge quasi product (cf. Example 3 of 2.5) of n copies of {GSp{W,ip),S), with 
n e N big enough and suitable chosen, with the Segre embedding of this product into 
(Gi, Xi) := {GSp{W®'^, '0®"'), Sn)-i we get that Hi is contained in a hyperspecial subgroup 
of Gi(Q;) (cf. the structure of maximal compact subgroups of GSp{W, il)){Qi)). The good 
values of n depend only on the dimension of W over Q. So some n e N works for all 

I e 3(/). 

In fact we can always take n = 2: Hi is contained in a hyperspecial subgroup of 
GL{W){Qi) (cf. 3.1.2.2 2)) and so 6.6.5 dl) applies. 

Now the injective map {G,X) ^ (Gi,Xi) has the desired property. This ends the 
proof of the Lemma. 

6.7.3. * Now we are ready to prove rm. 1) of 6.4.6. We use the notations of 6.4.3 and 

6.4.4. We assume that 6.4.1 and 6.4.2 are true for p = 3 also (cf. 6.4.8) (otherwise we 
have to assume that 3 ^ S). From 6.4.2.1 we deduce that we can assume that the open 
subgroup H§ of G(nges 'Qg) ^ small as desired. This implies (cf. 6.4.5.1 and 3.2.3.1 
5)) that we can assume that (G, X) is of adjoint type. Remark 3.2.16 allows us to assume 
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that G is a simple Q-group of adjoint type. From 6.7.1, 6.4.5.1, and C) of 3.2.2 4) (and 
6.4.2.1) we deduce that we can assume that {G,X) is of Hodge type. But this case is an 
easy consequence of 6.7.2 and 3.2.15: for H§ small enough we have a (special) (universal) 
principally polarized abelian scheme over M(i/§) (to be compared with 3.4.7 and 4.1). 
This ends the proof of rm. 1) of 6.4.6. 

6.8. About the proof of 6.1.2. Here we present the proof of 6.1.2 as far as the tools 
presented in the present paper allow. For the last part of the non-compact case we have 
to refer either to [Va2] or to [Va3]. We keep the notations of 6.1. 

6.8.0. The part about triples implies and is implied by the part about quadruples. So we 
start using triples. For the case p = 3 we refer to [Va2] or [Va3]. Here we consider p > 3. 
From rm. 10) of 3.2.7 and 6.2.3 we deduce that we can assume that /: {Gi, Xi, Hi) 
{G, X, H) is a cover. Moreover we can assume that G^^^ is a simply connected semisimple 
group. From rm. 11) of 3.2.7 we deduce that we can assume that G^^ is a simple Q-group. 

We can assume that {G\,Xi) is not of abelian type (cf. the proof of 6.4.1). So 
(Gi.Hi) is of DY type (cf. 6.4.2 and [De2, 2.3.10]). In particular the order of the center 
of Gf*^"^ is a power of 2. From [Del, 2.4 and 2.5] and 3.2.8 we deduce that the connected 
components of Sh/j^ (Gi, Xi)c are defined over Kq . As before Kq is the field of fractions 
of Vb = W{¥). 

Let 'N be the normalization of M in the ring of fractions of Shn^iGi, Xi). It gets 
naturally a Gi(Ap-continuous action. So N is a quasi-projective integral model of the 
triple [Gi, Xi, Hi) (cf. 5.6.1 or 6.4.1 for the quasi-projectiveness part). Moreover it has 
the EEP. So we just need to show that it is a smooth integral model. For this it is enough 
to show that it is a pro-etale cover of the open closed subscheme M' of M defined as the 
image of 3Sf in M. We can move over Vq, and so we come back to quadruples. From 6.2.3.1 
we get: 

Fact. A connected component of Sh.H{G, X)^^ is the quotient of a connected component 
of Sh.Hi{Gi, Xi)ko by a 16-torsion pro-finite abelian group. 

6.8.1. Lemma. We assume that for any connected component Cp <?/ Mp there is a Vq- 
valued point of l^Vo giving birth to an ¥-valued point of 'Nvo which is mapped into an 
¥-valued point of C^. Then 'N is a pro-etale cover o/M'. 

Proof: Everything boils down (cf. the above Fact) in showing that: if R = Vo[[xi, Xd]] 
is a ring of formal power series in d variables with coefficients in Vq, then there is no etale 
cover Z of Spec(-R[^] ) of degree 2, such that denoting by Ri the normalization of R in the 
field of fractions of Z, we do have a surjection Ri Vq but Spec(i?i) is not an etale cover 
of Spec(i?). 

The proof of this is easy: Z corresponds to a field extension of the field of fractions of 
R defined by an equation x'^ — 2, where z is an invertible element of the unique factorization 
domain R [i] . As Ri is not an etale cover of R, we deduce that we can assume that z — pzi, 
with zi a unit of R. So we can not have surjections Spec(i?i) -» Vq. This ends the proof 
of the Lemma. 

In fact the result of the above proof remains true if we replace "etale cover Z of 
Spec(i?[^]) of degree 2" by: solvable Galois cover Z of Spec(i2[^]) of degree relatively 
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prime to p. Everything boils down to Kummer extensions, for which the above proof 
apphes (to be compared with Step a) of 3.4.5.1). 

6.8.2. Criteria. The hypothesis of 6.8.1 is satisfied if any one of the following conditions 
is satisfied: 

a) M admits smooth compactifications. 

b) The ¥ -valued points of Mp obtained by specializing Ko-valued special points of 
(cf def. 2.10) are dense in Mf- 

Criterion a) is a consequence of 3.2.11 (which guarantees that K has plenty of Vq- 
valued points) and of 3.3.2. Criterion b) can be easily checked starting from [Mi4, 4.12], 
2.7 and 2.8) (see [Va2]). 

In [Va3] we prove a) (see 1.8), while in [Va2] we prove b) (of. 1.6.1 and the density 
property referred to in 1.6.2). From 6.8.2 a) and 6.4.1.1 2) we get (without a reference to 
[Va3]) directly: 

6.8.3. Corollary. If has compact factors, then 6.1.2 is true. 

6.8.4. Remark. The condition 6.8.2 a) can be replaced by the condition that the con- 
nected components of M-^^ are permuted transitively by G(Ap. This condition is satisfied 
(cf. 3.3.2) if there is an open subgroup Hq C G{Af) such that M/Hq has smooth com- 
pactifications. 

From 6.8.2 a), 6.4.4, and the existence of smooth toroidal compactifications of Sh(G, X) 
(cf. [Har]), we get (without a reference to [Va3]): 

6.8.5. Fact. There is N{Gi,Xi) e N, depending only on the pair {Gi,Xi), such that 
6.1.2 is true if p > N{Gi,Xi). 

6.8.6. The remaining cases. From the above discussion we deduce that the cases of 
6.1.2 which are not covered by 6.8.3 or by the abelian type situation and are needed for 
the complete proof of 6.1.2, can be summarized as follows. Keeping the notations of 6.1.2, 
we can assume (cf. also Example 5 of 2.5) that: 

- {G^"^, X""^) is a simple adjoint variety of Df type (/ G N, / > 4) such that G^ does 
not have compact factors. 

We distinguish two cases: {G^'^,X^^) has a trivial or a non-trivial involution. If it 
has a trivial involution then E{G^,X^^) is a totally real number field, and we can assume 
that the embedding / is a PEL type embedding (cf. Case 1 of 6.6.5 and [De2, 2.3.13]; the 
argument is the same as in Case 2 of 6.6.5). So we are reduced to the situation described 
in the case D of [Ko, Ch. 5] (so E{G,X) = E{G^'^,X^'^), cf. [De2, 2.3.13]; see also [Zi, p. 
107]). If E{G,X) = Q, it is an easy exercise to check that condition 6.8.2 b) is satisfied 
(Hint: use 1.6; in this case the results of the paragraph before 1.6.1 can be easily checked). 

If {G^'^, X^^) has a non-trivial involution, then E{G^'^, X^*^) is a quadratic imaginary 
extension of a totally real number field and the situation still gets reduced to a PEL type 
situation. On the other hand, the ideas of 6.6.2 do not apply: with the notations of 6.6.2, 
if {G,X) is of type and has non-trivial involution, then {G^,X^) is of type and 
has as well non-trivial involution; here a e N. In particular 6.6.2 i) ofi^ers no simplification. 
So we do need, as mentioned above, either [Va2] or [Va3] to handle these two cases. 
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